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In this work we study the existence and uniqueness of mild solutions for stochastic partial integrodifferential equations
under local non-Lipschitz conditions on the coefficients. Our analysis makes use of the theory of resolvent operators as
developed by R. Grimmer [3] as well as a stopping time technique. Our results complement and improve several earlier
related works. An example is provided to illustrate the theoretical results. Copyright (© 2009 John Wiley & Sons, Ltd.
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1. Introduction

In this work, we study the existence and uniqueness of mild solutions to the following partial stochastic integrodifferential
equation:

{ dX(t) = [Ax(t) + [ B(t — 5)X(s)ds + f(t,X(t))] dt + g(t, X(£))dW(t) "

X(0)=x € H

where A: D(A) C H — H is a closed linear operator, for all t > 0, B(t) is a closed linear operator with domain D(B(t)) D D(A).
the mappings f : [0, +00) x H — H, g : [0, +00) x H — L3(K, H) are appropriate functions.

Stochastic evolution equations (SEEs) have attracted much attention over the last decades because of their practical
applications in many areas such as physics, population dynamics, electrical engineering, medicine, biology, ecology and other
areas of science and engineering. Especially, several researchers pay much attention to the existence and uniqueness to SEEs
under some kind of weak sufficient conditions [7, 1]. The so-called non-Lipschitz condition can be considered indeed as such a
weaker sufficient condition and it also has a wider range of potential applications. This condition has been investigated in several
papers. Yamada [11] and Xu [12] studied the solutions to stochastic differential equations (SDEs) under Yamada type non-
Lipschitz condition. Taniguchi[9] generalized the Yamada type non-Lipschitz condition and studied the existence and uniqueness
of solutions to SDEs under Taniguchi type non-Lipschitz condition which includes the special result of [11]. Pardoux[7] has
studied the energy solutions which satisfy the energy equality to the non-Lipschitz SEEs. Cao et al. [1] considered the existence
and uniqueness of solutions to non-Lipschitz SEEs driven by Poisson jumps. Similar to study the case of local Lipshitz condition,
the SEEs only with local non-Lipshitz condition proposed by Taniguchi[9] has recently attracted considerable attention. Taniguchi
[10] discussed the existence and uniqueness of solutions to local non-Lipshitz SEEs driven by Wiener process. Ren [8] considered
the mild solutions of neutral semilinear stochastic functional dynamical systems with local non-Lipschitz coefficients driven by
Wiener process. Motivated by the previously mentioned works, our aim is to exploit the properties of the resolvent operators
theory introduced in [3] jointly with a stopping time technique to prove the existence and uniqueness of mild solutions to Eq.(1).
In this way, we can improve the results obtained in [2] for a neutral functional model which contains our model in the sense that
we need to impose less assumptions to obtain the results (see Remark 3 for more details).
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The outline of this work is as follows. In Section 2, we introduce the necessary notation and spaces, and review some basic
definitions and results for partial integrodifferential equations. In Section 3, the existence and uniqueness of local mild solutions
to our model are discussed and, finally, in Section 4, we provide an example to illustrate the basic results of this work.

2. Preliminaries

2.1. Wiener process

Let H be separable Hilbert space with the norm |.| and ||.||, respectively. We denote by (., .) the inner product in H.

Let K be another separable Hilbert space with the inner product (.,.)x, L(K, H) the space of all bounded linear operators
from K to H, and let @ € L(K,K) be a nonnegative self-adjoint operator. Furthermore, let L5(K, H) denote the space of all
¢ € L(K,H) such that £v/Q is a Hilbert-Schmidt operator and so tr(£Q¢*) < co. The norm is given by

I€]1% = VR = tr(£Qe").
Then ¢ is called a Q-Hilbert-Schmidt operator from K to H. We note that if Q = /, then L3(K, H) implies L»(K, H).

Let (2, P, F) be a complete probability space on which an increasing and right continuous family (Ft):cp.00) Of complete
sub-c-algebra of F is defined. Fo contains all the null subsets of F. Let B,(t)(n=1,2,3,...) be a sequence of real valued
one-dimensional standard Brownian motions mutually independent on (L2, P, F). When one considers the following series

iﬁn(t)em t>0,

n=1

where {e,} (n=1,2,3,...) is a complete orthonormal basis in K, this series does not necessarily converge in the space K.
Thus we consider a K-valued stochastic process W (t) given formally by the following series :

W(t) = iﬁ”(t)\/aem t>0,Q € L(K,K).

n=1

If Q =1, we have to assume that there exists a Hilbert space K; D K such that it converges in K;, being the inclusion K; D K
a Hilbert-Schmidt embedding. However in this paper, and from now, we suppose that operator Q € L(K, K) is a nonnegative
self-adjoint trace-class operator. Thus, the series converges in the space K, that is, it holds that W(t) € L*(Q;K). Let v € K.
The inner product (W(t), v)x given by the above K-valued stochastic process W(t) satisfies the conditions of a cylindrical
Wiener process since

W(t), v)x = (iﬁn(t)\/aen, v) vEK, t>0.

K

Therefore, when the operator Q € L(K, K) is a nonnegative self-adjoint trace-class operator, we usually call the above W(t) the
K-valued Q-cylindrical Wiener process with a covariance operator Q. Next, let ¢(s) be an Lg(K, H) valued Fy-adapted stochastic
process with E[fot l¢(s)|I70ds] < oo. Then we define the stochastic integral

2

/t¢(s)dW(s) €H, t>0,

of ¢ with respect to the K-valued Q-cylindrical Wiener process W(t) by
t et t
([ s0awe.v) =3 [ @)y vasi(s
0 = Jo

for any v € H using the Ito integral with respect to B3,(s).

2.2. Partial integrodifferential equation in Banach space

In the present section, we recall some definitions, notations and properties needed in the sequel.

In what follows, H will denote a Banach space, A and B(t) are closed linear operators on H. Y represents the Banach
space D(A), the domain of operator A, equipped with the graph norm

Iylly = [[Ayll + llyll for yeY.

Copyright (© 2009 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2009, 00 1-8
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The notation C([0,4+o0);Y) stands for the space of all continuous function from [0, +o00) into Y. We then consider
the following Cauchy problem

{ V(t)=Av(t) + [ B(t — s)v(s)ds for t>0, @)

v(0)=wv € H.

Definition 1 ([3]) A resolvent operator of Eq. (2) is a bounded linear operator valued function R(t) € L(H) for t > 0, satisfying
the following properties:

1. R(0) =1 and ||R(t)|| < Né®* for some constant N and 3.
2. For each x € H, R(t)x is strongly continuous for t > 0.
3. ForxeY, R()x € C}[0, +o0); H) N C([0, +00); Y) and

R(t)x = AR(t)x+/tB(t—s)xds

t
R(t)Ax+/ R(t —s)xds for t>0.
0

For additional details on resolvent operators, we refer the reader to [3, 4]. The resolvent operator plays an important role to
study the existence of solutions and to establish a variation of constants formula for non-linear systems. For this reason, we
need to know when the linear system (2) possesses a resolvent operator. Theorem 1 below provides a satisfactory answer to this
problem.

Firstly, we impose the following assumptions on the operators A and B:

(H1) A is the infinitesimal generator of a Co— semigroup (T (t))>0 on H

(H2) For all t > 0, B(t) is a continuous linear operator from (Y, ||.|ly) into (H, ||.||u).
Moreover, there exists an integrable function c : [0, +00) — R™ such that for any y € Y, t = B(t)y belongs to W ([0, +o0), H)
and

H%B(t)yH < c(t)|lylly fory € Y andt > 0.

H

We recall that W*P(Q) = {@ € LP(Q) : D*@ € LP(Q),V|a| < k}, where D*@ is the weak a-th partial derivative of @.
Theorem 1 ([3]) Assume that hypotheses (H1) and (H2) hold. Then Eq. (2) admits a resolvent operator (R(t))t>0.

Theorem 2 ([5]) Assume that hypotheses (H1) and (H2) hold. Let T(t) be a compact operator for t > 0. Then, the
corresponding resolvent operator R(t) of Eq. (2) is continuous for t > 0 in the operator norm, namely, for t, > 0, it holds
that limp_o ||R(to + /7) — R(to)” =0.

In the sequel, we recall some results on the existence of solutions for the following integro-differential equation

V(t)=Av(t) + [} B(t — s)v(s)ds + q(t)for t>0,
v(0)=wv € H.

where g : [0, +oo[— H is continuous function.

Definition 2 A continuous function v : [0, 4+00) — H is said to be a strict solution of Eq. (3) if
1. v € CY([0, +o0); H) N C([0, +00); Y),
2. v satisfies Eq. (3) for t > 0.

Remark 1 From this definition we deduce that v(t) € D(A), and the function B(t — s)v(s) is integrable, for all t > 0 and
s € [0, +00).

Theorem 3 ([3]) Assume that hypotheses (H1) and (H2) hold. If v is a strict solution of Eq. (3), then the following variation
of constant formula holds

v(t) = R(t)vo + /Ot R(t —s)q(s)ds for t> 0. (4)

Accordingly, we can establish the following definition.
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Definition 3 A function v : [0, +00) — H is called mild solution of Eq. (3), for vo € H, if v satisfies the variation of constants
formula (4).

The next theorem provides sufficient conditions ensuring the regularity of solutions of the Eq.(3).

Theorem 4 Let g € C1([0, +00); H) and v be defined by (4). If vo € D(A), then v is a strict solution of Eq. (3).

3. Existence and uniqueness of mild solution

In this section, we prove that there is a unique local mild solution for Eq. (1) under a minimal set of assumptions. We begin by
introducing the following concept of mild solution.

Definition 4 A process {X(t),t € [0,T]},0 < T < +o0, is called a mild solution of (1) if:
(i) X(t) is Fe-adapted, t > 0 with fOT IX(u)|Zdu < o0 a.s;
(i) X(t) € H has continuous paths on t € [0, T] a.s., and, for each t € [0, T], X(t) satisfies the integral equation

X(t) = R(t)xo + /t R(t —s)f(s, X(s))ds + /t R(t —s)g(s, X(s))dW(s), (5)

for any X(0) = xo € H.

Now we can list the following assumptions, some of them were used in the paper [2] where a stochastic neutral functional
integrodifferential equation with delay is analyzed. It is worth emphasizing that the equation in [2] contains our model (1), as a
particular case, by simply making the delay equal zero as well as the neutral term:

(H3) (1) (the growth condition) There exists a function H(t,r): Rt x R™ — R™ such that H(t, r) is locally integrable in
t > 0 for any fixed r > 0 and is continuous, monotone nondecreasing and concave in r for any fixed t € [0, T].
Furthemore, for any fixed t € [0, T] and u € H, the following inequality is satisfied:

F(t, w)* +lg(t, u)lfg < H(t, [u]*). t € [0,T), (6)
(2) for any constant «y > 0, the differential equation

do

i YH(t,0),t €0, T],

has a solution 6(t) = 6(t; 0, 6y) on [0, T] for any initial value 6.
(H4) (1) (the local condition) For any integer N > O there exists a function Gy : Rt x RT™ — R™ such that Gy(t, r) is locally
integrable in t € [0, T] for any fixed r > 0 and is continuous, monotone nondecreasing and concave in r for any fixed
t € [0, T] with Gn(t, 0) = 0, Futhermore, the following inequality is satisfied: for any u, v € H with |ul, |v| < N,
[F(t,u) = F(t. V)P + |g(t, u) — g(t v)lfg < Gu(t |u—v[*), t€[0,T], (M)

(2) For any constant «y > 0, if a nonnegative function z(t) satisfies that
t
z(t) < 'y/ Gn(s, z(s))ds,
0
for all t € [0, T], then z(t) = 0 holds for any t € [0, T].
(H5) (1) (the global condition) There exists a function G(t,r) : R" x RT — R™ such that G(t,r) is locally integrable in

t € [0, T] for any fixed r > 0 and is continuous, monotone nondecreasing and concave in r for any fixed t € [0, T].
Furthermore, the following inequality is satisfied: for any u, v € H,

[F(t,u) = F(t. V)P + gt u) — gt V)l < G(t |u—v[*), t € [0,T], (8)
(2) for any constant «y > 0, if a nonnegative function z(t) satisfies that
t
2(0) < [ 6ls.2(9)ds,
0
for all t € [0, T], then z(t) = 0 holds for any t € [0, T].

Remark 2 Observe that the first condition in (H4) is a generalization of the following Lipschitz condition:

Copyright (© 2009 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2009, 00 1-8
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(1) (the locally Lipschitz condition) for any fixed integer N > 0, there exists an Ly > 0 such that for any u, v € H with |[u] < N
and |v| < N,
If(t,u) — f(t,v)]> + |g(t, u) — g(t, v)|fg < Lnylu—v]’ teloT]. (9)

In what follows, ¢ > 0 will denote a suitable positive real number which may be different from line to line and even in the
same line.

Remark 3 As we have already mentioned, our model is a particular case of the equation analyzed by Diop et al. [2]. For this
reason, using the technique in [2] (namely a Picard iteration method) we can prove in a straightforward way the following theorem
for (1), under the assumptions of global non-Lipschitz and growth conditions on the coefficients f and g.

Theorem 5 (see [2]) Assume that (H1), (H2), (H3) and (Hb5) are satisfied. Then there exists a unique mild solution solution
X(t) to (1).

However, using a different technique, we will be able to improve the result provided by Theorem 5. Indeed, we will prove that
the existence and uniqueness of mild solution to (1) holds true by assuming (H4) instead of (H3) and (H5). The proof is based
in the theory of resolvent semigroups as well as a stopping time technique. We are therefore on position to prove the main
theorem in this paper.

Theorem 6 Assume that (H1),(H2) and (H4) are satisfied. Then there exists a unique mild solution X(t) to (1).

Proof. Let N be a natural integer and let To € (0, T). We define the sequence of functions {fy(t, u)} and {gn(t,u)} for
(t,u) € [0, To] x H as follows:

B f(t,u) ifjul <N,
it u) = { (e, N9 ifu> N,

[ul

_f oltow) iflul <N,
gn(t, u) = { g(t, My if y > N,

|ul

then, the functions {fy} and {gn} satisfy (H3) and the following inequality
Ifn(t, u) — fu(t, V) + lgn(t, u) — gn(t, v)ﬁg < Gu(t, Jlu—v[), u veH,telo Tol.

Thus, by Theorem 5, there exist the unique mild solutions Xy(t) and Xy(t), respectively to the following stochastic evolution
equations:

Xn(t) = R(t)xo + /t R(t — s)fn(s, Xn(s))ds + /th(s,XN(s))dW(s)

t

Xuaa(t) = R(£)% + /0 CR(E = $)fura(s, Xwoa(s))ds + /0 gner (s Xnsa () dW/(s)

Define the stopping times

oy = ToAInf{t €0, T]: | Xn(t)] > N},
ontr = ToAInf{t €[0,T]: [Xnsa(t)| > N+ 1},
™ = OnNAON+1.
Xnt1(t) = Xn(t) = /t R(t — s)fnt1(s, Xn+1(s))ds — /tR(tfs)fN(s,XN(s))ds

+ / Rt — $)gusa(s, Xnsa(5))dW/(s) — / R(t — $)gn(s, Xn(s))dW(s)

[ R = (s, X (9) — s XDl
+ [ R SYgmeals, Xuea(5) — guls Xu(NIW(S),
Recall that, for a, b € H, |a + b|*> < 2(|a|® + |b[?). Hence,
B_sup [Xwea(s) = Xu() = B_sup | [ R Dlfe(r. Xoes 1) — lr Xu(r)lar

0<s<tATy 0<s<tATy

4 /O “R(s = Plgwe(r Xnaa (1)) — an(r, Xn(r)dW(r)?
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E sup  [Xnii(s) = Xu(s)® < 2E sup \/SR(S—r)[fN+1(r,XN+1(r))—fN(f,XN(r))]drI%I

0<s<tATy 0<s<tATy

+2E  sup I/OSR(S—r)[g/v+1(s,X/v+1(S))—grv(hX/v(f))]dW(r)\2

0<s<tATy

< I+
For 0 < s < Ty, we see that fy+1(s, Xn(s)) = fu(s, xn(s)) = f(s, xn(s)), and

In+1(Ss, Xn(s)) = gn(s, xn(s)) = g(s, xn(s)) Thus, by (H4) and the Jensen inequality, we obtain

L = 2E sup |/SR(S_r)[fNH(r,xNH(r))—fN(r,xN(r))]dr|2

0<s<tATN

s
< ME sup /|fN+1(r,XN+1(r))—fN(r,XN(r))|2dr
0

0<s<tATy

IN

tATY
MIE/ sup G+t (r [Xnga(w)) — XN(u)\z) dr
0

o<u<r

IA

v [ G (& ( sup Xwea(@) = Xutw)F) ) o (10)

0<u<r

By (H4), Liu [[6], Theorem 1.2.6, page 14] and the Jensen inequality, there exists a positive constant M; such that

L = °E sup | /OSR@—r)[gNH(r,xNH(r))—gN(r,xN<r>>1dw<r)|2

0<s<tATy

IA

tATN
/\/11/ Gn+1 <r,E ( sup [ X1 (u)) — XN(u)\2)) dr (11)
0 o0<u<r
From (10)-(11), we have

t
B sup [Xuna(sAT) ~ Xa(s AT < (M4 M) [ Guns (r,za(sup \xNHwAm))—m(uAm)\%ﬂ))dr
0

0<s<t o<u<r

By (H4-2), we have

B sup [Xun(s) = Xu(s) ) =0,

0<s<tATy
which means thats for 0 < t < Tg A Ty, we obtain
Xns1(t) = Xn(t)  ae. (12)
From Chebyschev's inequality and the fact that E(supo< <, [[Xn(t)[|?) < K, it follows that
Plw<To) < P(sup [IXn(D)IF) > N)

E(supg<i<t, [[Xn (1))
N2

<

Ki
< W—>O as N — +4o0.

Note that this states slightly more than convergence in probability of 7y — To. One can find, for almost every w € Q, an Np(w)
such that 0 < To < Tp,.
Define X(t) by X(t) = Xn,(t).t € [0, T]. Since X(t A Tn) = Xn(t A Tn), then we have

X(t A Tn)

R(t)x + /WN R(t — )fu(s, X(s))ds + /WN R(t — $)gn(s, X(s))dW(s)
— R(Dx+ /WN R(t — s)F(s, X(s))ds + /WN R(t — $)g(s, X(s))dW(s).

Letting N — oo,

t

X(t) = R(t)onr/t R(tfs)f(s,X(s))ds+/ R(t — 5)g(s, X(s))dW(s).

Hence we have that X(t) is a mild solution to (1). The proof is complete. O
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4. Example

In this section, we provide an example to illustrate our main results. We consider the following stochastic partial functional
integrodifferential equation:

SB(6.6) = 5Bt &)+ [ bt =) 55, €)ds

() (B(t, ) B(t, )dt +mp(t, £)dwW(t)
(13)

B(t,0) =p(t, ™) =0, t=>0,

B(0.€) =Bo(§), €0,

where W (t) denotes a R-valued Brownian motion, A\?(t) > 0 is a locally integrable function, f; : R* — Ris a bounded continuous
functions, b€ C*(R™,R) and By : [0, 7] — R is a given function such that Bo(-) € L?(0, ), is Fo-measurable and satisfies
E|1Boll* < oo.

Let H = L?(0, 7r) with the norm || - || and e, := \/gsin(nx), (n=1,2,3,---) denote a complete orthonormal basis in H. We

assume that there exists the product uv € H for u, v € H. We note that there exists an M > 1 such that |uv| < M|ul| ||v]].
Let W(t) := 322, vV Anbn(t)en (An > 0), where 8,(t) are one dimensional standard Brownian motion mutually independent of
an usual complete probability space (€2, ]-' {Fi}t=0.P).

Define A: D(A) C H — H by A= Z;, with domain D(A) = H*(0, ™) N H§(0, 7). Then

A——Zn2<f7,en>e,,, h e D(A),
n=1

where e,, n=1,2,3,---, is also the orthonormal set of eigenvectors of A. It is well-known that A is the infinitesimal generator
of a strongly continuous semigroup T (t) on H, given by

T(t)h = Ze_”Qt < h e, >e, for heH,

which is compact.
Let B: D(A) C H — H be the operator defined by

B(t)(Z2) = b(t)AZ for t >0 and Z € D(A).
Let ¢ be as follows :
0,x=0,
P(x) = cx(logt),0 < x <34,
cd(log3) ., x>6
or
0,x=0,

#(x) = 3 cx (log %)% loglog 2,0 < x<§
cé (log %)% loglog 3, x > 6
with ¢ > 0 and 0 < § < 1 is sufficiently small. Assume that the following inequality is satisfied :
() = A(WV)P <@ (Ju—v]) uveR (14)
For t>0, ¢£€[0,7] and 1t a H-valued function, define the operators f, g : RT x H — H by

fe9)€) = MOAE)EP(E).
g(t,P)(€) = my(§).
If we put
X(t) = pB(t, &) for t>0 and £€]0,7]
{X(O) = Xo,

then equation (13) takes the following abstract form

dX(t) = [AX(t) + /t B(t — s)X(s)ds]dt + f(t, X(t))dt + g(t, x(t))dW(t)
X(O) = xp € H. °

(15)
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Since fi(u) is a bounded function, there exists B; > 0 such that |f(v)| < Bz for any v € H. For any nonnegative real number
r € RT we set

Ou(r) - =2MPNe(r),
V(r) : = (2M°Bi +itrace(Q)) r.

We define p(t) by

Jrifa) <1,
p(t) = {AQ(t) if A(t) > 1.

Then p(t) is a locally integrable function. And we have that
M)A (W) u — ARV + |yu — 'ylvﬁg <p(t) (dn (Ju—v?) +V (Ju—V]?)),uveH.

On the other hand, set
a:= 2M’B} +vitrace(Q)) .

Since ¢ is a concave function, it follows that ¢(r) > ¢(1)r for 0 < r < 1. Thus it holds that

+o0 1 +o0o 1
/m e+’ T /m 2PN + ar "
¢(1) R
(a+2M2N2¢(1)) Jor  &(r)
= Q.

Thus by the example of Lemma 3 [[9], p. 157] we have that (H4) holds. Therefore by Theorem 6 the proof of the example
is complete.
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