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Abstract

This paper deals with the local null control of a free-boundary problem for the classical
1D heat equation with distributed controls, locally supported in space. In the main result we
prove that, if the final time T is fixed and the initial state is sufficiently small, there exist

controls that drive the state exactly to rest at time t = T'.
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1 Introduction. The main result

Assume that Lo > 0,7 >0,0< a < b < L, < Lo and yo € L*>(0, Lp) are given. In this paper, we

consider free-boundary problems of the following kind:
Find L € C*([0,T)) with L(t) > 0 for all t and a function y = y(z,t) such that
L(0) = Lo, (1)
yt_ya:m:U1w7 ((E,t) EQL7
y(0,t) =0, y(L(t),t) =0, te(0,T), (2)
y(l’, O) = yo(l’), T € (Ov LO)

and, moreover,
Yo (L(t),t) = —L'(t), te€(0,T). (3)

Here, we have used the notation

Qr={(z,t): 2 €(0,L(t), t€(0,T7)}, w=a,b);
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as usual, 1, denotes the characteristic function of w.

In (I)-(3), v is a control and (L,y) is an associated state. Recall that, for any yo € Hg (0, Lo)
and v € L*(w x (0,T)), there exists at least one local in time solution to (2)-(3). In other words,
there exist T, € (0,7] and a couple (L,y) with

LeCY[0,T.)), L(t)>L. in [0,T.),
Y Yz Yo, Yt € LQ(QE)’ with Q*L = {(mvt) HES (07L(t))a te (O’T*) }7
L(0) = Lo, y(x,0) =yo(z) in (0, Lo),

such that the PDE in is satisfied in )} in the distributional sense and the boundary conditions
and are fulfilled in (0, T}). Furthermore, either T, = T, or at least one of the following identities
hold:

lim L(t)=b or lim |L'(t)] = +oo.
=T t= Ty

This is established in [7]; see also [16].

Free-boundary problems similar to f are motivated by many different applications:

e Solidification processes and, in particular, the so called Stefan problem, see [111 [12].

The analysis and computation of free surface flows, see [I8, 22, 25].

Fluid-solid interaction, see [3], 21, 24].

Gas flow through porous media, see [1J [6], 23].

e Tumor growth and other problems from mathematical biology, see [13} [14], etc.

Note that, for a fixed control v, and (2)) are not enough to identify the state (L, y). We need
an additional information and this is furnished by . In many of these areas, this condition is
completely natural. For instance, in tumor growth modelling, y can be viewed as a pressure (cells
are pushed towards the low density regions) and says that, on the moving tumor boundary,
the growth speed is proportional to the pressure gradient. Of course, this is a version of the well
known Darcy’s law for porous media.

The main goal in this paper is to analyze the null controllability of f. By definition,
it will be said that (I)-(3) is null-controllable if, for any yo € Hg(0, L), there exist a control
v e L*(wx (0,7)), a function L € C*([0,T]) and an associated solution y = y(z,t) satisfying (1))-
and

y(z,T)=0, ze€(0,L(T)). (4)

Notice that, if L and (v, y) solve (I)—(4) and (for instance) y(-,T) € H*(0, L(T)), then L'(T) =
0. Consequently, the null controllability of f is a useful property from the viewpoint of
control theory: roughly speaking, if it is fulfilled, we only have to “work” during a finite time
interval in order to get the desired behavior of the system.

The controllability of linear and nonlinear PDEs has been the objective of a lot of papers the last

years. In the context of the linear and semilinear heat equation, the main contributions have been
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obtained in [8 20} [5], 15l 10 [4]. On the other hand, to our knowledge, for parabolic free-boundary
problems, controllability questions have not been considered in depth; see however [2) [17].

In the sequel, C' denotes a generic positive constant; Cy, C1, etc. are other positive (specific)
constants; when it makes sense, the extension by zero in space of any function f is denoted by f*.

The main result in this paper is the following:

Theorem 1.1 Let us assume that Lo > 0, T >0 and 0 < a < b < L, < Ly < B are given. Then
7 is locally null-controllable. More precisely, there exists € > 0 such that, if yo € HZ(0, Lo)
and ||yoll mp(0,L,) < €, there exist L and (v,y), with

LeCY[0,T)), L.<L(t)<B, veL*wx(0,T)), y*<cC[0,T]; H} (0, B)),

that satisfy 7 and ,
The plan of the proof is the following:

e First, we prove that there exists € > 0 such that, whenever HyOHHé(O,LO) < ¢, for each 8 >0
there exist uniformly bounded Lg and (vg, yg) satisfying (I)-(3) and

lys(-, T2 0,007y < B- (5)

This is achieved by solving an appropriate fixed point equation in a closed convex set M C
C([0,T7)):
L=Ag(L), LeM.

e Then, we take limits as § — 0. Thus, from the estimates deduced for Lg and (vg,yg), we

see that, at least for a subsequence, we have

Lg — L strongly in C'([0,T]),
vg — v weakly in L?(w x (0,7)),
Y5 — y* strongly in Co([0,T); Hi(0, B)),

where (v,y) is a control-state pair satisfying 7 and .

The rest of this paper is organized as follows.
In Section [2, we prove that, for any L € C1([0,T]) satisfying

the linear system is approximately and null-controllable. We also prove that the solutions
to satisfy an additional regularity property. Section |3|is devoted to prove Theorem [1.1] In
Section [4] we present some additional comments and we give some indications on future work.

Finally, Section [5|is an Appendix where we sketch the proof of a Carleman estimate.
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2 Some controllability results for the classical heat equation

in a non-cylindrical domain

In this section, we assume that Lo >0, T >0and 0 <a <b < L, < Ly < B are given.
We fix yo € H}(0, Ly) and we assume that L € C*([0,T]) is a prescribed function satisfying (6));
in particular, note that L(t) > b for all ¢ € [0, T].

Throughout this paper, we will use the notation

Ne =k No = loliry.0) "

2.1 The problems and the results

Let us consider the linear system
Yt — Yoz = Ve, (x,t) S an
y(0,¢) =0, y(L(t),t)=0, te(0,T), (8)
y(x,0) = yo(z), =z € (0,Lp).

For every v € L?(w x (0,T)) and every yo € HJ (0, Lg), there exists exactly one solution to ,
with
Yy Yz s Yza, Yt S L2(QL)

and, consequently,
y* € C°([0,T}; Hy (0, B)).

Indeed, an appropriate change of variable allows to rewrite as a similar problem for a parabolic
PDE of the form

Zr — zge W€, T)ze = w

in a cylindrical domain, with a bounded coefficient A and a square-integrable right hand side w;
see the precise definitions of £ and 7 below, after .
The following controllability result is satisfied by :

Theorem 2.1 For any yo € H} (0, Lo) and any B > 0 there exist pairs (vg,yg), with
vg € L2 (w x (0,1)), yj € C%([0,T]; Hy(0, B)),

satisfying and
lys (-, Tl L2 0,L(1)) < B- (9)

Furthermore, vg can be found such that

lvgll L2 wx 0.1)) < Cillvoll i (0,0 (10)

where Cy depends on Ny, L., B, w and T, but is independent of (.

An immediate consequence is the null controllability of :



Corollary 2.1 For any yo € H}(0, Lo), there exist pairs (v,y), with
ve L (wx (0,7), y* € C%(0,T]; H (0, B)),
satisfying and . Furthermore, v can be found such that

[vllz2(wx0,7)) < Cillyollzp (0,20 (11)
where Cy only depends on N, L., B, w and T.

The proof of Theorem follows rather standard arguments. The main tool is a global Carle-
man estimate for the solution to the adjoint system of , that is given by

— Yt — Pax :g(xat) (x’t) EQLa
©0(0,t) =0, o(L(t),t)=0, te(0,7), (12)
p(z,T) =" (x), = €(0,L(T)),

where g € L?(Qr) and »? € L?(0, L(T)).

This will be established in the next section.

2.2 A Carleman estimate

In the sequel, we will denote by ¥ the lateral boundary of Qp:
Yp={(z,t):x=0 or x=1L(), 0<t<T}.
We begin with a simple result:

Lemma 2.1 Let wy be a non-empty open set with Wy C w. There exists a function ag € CH(Qr)
with ag 4 € C°(QL) such that

ap(z,t) =0 Y(z,t) € ¥,

lag | >0 in Qr \ (wo x (0,T7)) and
T —0b

Oéo(fﬂ,t) =1- m

Vz € (b, L(t)), Vte[0,T].

For the proof, it suffices to take (for instance)

, if 0<x<a,

2(r—a) b—a ) a+b
_ f a<
-l—p( b—a ’ 2a)7 hasws 2 7

2(b—x) b—a . a+b
— <
1+p<ba’%M®M)’ if —5-se<h

z
a
1

ap(x,t) :

if b<z<L(1),

where
p(w, 2) := 2w + (10 — 62)w® 4 (82 — 15)w* + (6 — 32)w®.



In particular, notice that |ag .| > 7 in QL \ (wo x (0,T)), where

1
— = max {a, max (L(t) — b)} .
n 0<t<T
Let us introduce the weights £ and « and the functions a; and ~y, with
o) ()= Y ) mao(a )1, 2 (8) it (Tt
T,l)i=——F~5—, AT, )= , 1T, 1) =0\, ) Y = - )
V(1) V(1)

where A > 0 and k£ > 2 are real numbers.
We will present now a Carleman estimate for the solution ¢ of the adjoint system . It is

inspired by the ideas in Fursikov-Imanovilov [I5] and is contained in the following theorem:

Theorem 2.2 Let ag, a, v and £ be the functions defined above. There exist positive constants
Ao, so and Cy, only depending on Ny, L., B, w and T, such that, for any s > sg, any A > Ag,
any g € L*(Qr) and any T € L*(0,L(T)), one has

S 267 o2+ onal?) + 025+ X686

T T
+/ 6’2”“(”’”A8§(L(t),t)I%(L(t)vt)IthﬂL/ e 2 ODN (0, 1) [ (0, 1) dt (13)

0 0
<o [[ erelgpasars [ ernisgipp ).
L wx (0,T)

where  is the corresponding solution to .

The proof is given in the Appendix (see Section [5).

2.3 An observability inequality and the controllability properties of

The first consequence of Theorem is an observability inequality. We will consider the homoge-

neous adjoint system
— ¢t —Poe =0, (2,t) €QL,
v(0,t) =0, @(L(t),t)=0, te(0,T), (14)
p(2,T) = ¢ (), =€ (0,L(T)),

where o1 € L2(0, L(T)).

Proposition 2.1 There exists Co > 0, only depending on Ny, Ly, B, w and T, such that, for any
ol € L2(0, L(T)), the associated solution to satisfies

Lo
/ lo(z, ) de < Cs // (|2 da dt. (15)
0 wx(0,T)

Proof: Let us take A = \g and s = sg in . Then

// e 20 P dadt < c// e 20 | da dt
QL (.UX(O,T)
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and, consequently,

3T/ 3T/

4 pL(t) 4,L(t)
/ o dedt < C / 20003 012 0 dt < c// o dedt.  (16)
0 0 wx(0,T)

On the other hand, by multiplying the PDE in by ¢ and integrating in (0, L(t)), we get
the identities

T/4 T/4
1 d L(t) 1 L(t)
sy [ ek ds) T @lee®0P+ [ jeaPds =0 vee ©.1).
2 dt 0 2 0
Since ¢(L(t),t) = 0, we deduce that

d L(t) )
Gl word) =0
0

and, integrating in time, we deduce that

L(0) L(t)
/ oz, 0)[2 dz < / (e )P dz Vi € (0.T)
0 0

and
T [LO 3T/4 1 L(t)
7/ (2, 0)2 dar < / / o, )2 da dt. (17)
2 Jo T/4 Jo
From and , we find and the proof is done. O

By duality, using classical arguments, it is not difficult to deduce from Proposition [2.1] the
controllability result in Theorem see [5]. Thus, let yo € Hg (0, Lg) and 3 > 0 be given and let

us introduce the function Jr, g, with

1
T =3 [ oo 617 4 B 0y + (600 0) 0] 2020
wx (0,

Vol e L0, L(T)),

(18)
where, for each o7 € L?(0, L(T)), we have denoted by ¢ the unique solution to . Then, Jr, 5
possesses a unique minimizer @g and the “best” control is given by

g = ¢B|wx(o,T) ’

where (g is the solution to (14) associated to g&?;
Furthermore, from the inequality Jz, 5(¢5) < Jr(0) = 0 and (15), we deduce that

1 . .
5// \‘Pﬁ\zdwdt+5H<P§HL2(0,L(T))
wx(0,T)
< —(&5(,0),90)£2(0,L0)

L.
EH@B(HO)H%Z(O,LO) +C2Hyo|\2L2(o,LU)

1 .
ifesPdsdtr Gl
wx(0,T)
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and, consequently,

08122 o 0.1 < // o ool 2806 sy < Cololsory 19
wx (0,

This way, we find the estimates and 7 where the constant C; only depends on Ny, L.,

B, w and T; see for instance [I5] 9] for more details.

2.4 A regularity property

Let (v,y) be a control-state pair furnished by Theorem or Corollary and let us introduce
the set

Ry :=Qrn{(z,t) : x>0},

where b < b’ < L,. We will see in this section that, for some x € (0,1/2] only depending on Np,
L, B, w, T and Ny, one has
ye 0" (Ry). (20)

where Cj:;”’“/ *(Ry) is the space of functions z € C°(Ry) that possess continuous partial derivatives
with respect to = in Ry and satisfy

( |z(z,t) — z(z', )] n |2z (2, t) — 2z (2, 1)

su
p |m—x’|—|—\t—t’|"/2 |x_l./|n+|t_t/|l{/2

(2,t),(2" ,t')ERL

)<+oo.

Indeed, let § > 0 be sufficiently small to have b < b’ —§ < b’ +6 < L,. In view of Theorems 10.1
and 11.1 in [19], pp. 204-211, there exists x € (0,1/2] depending on Ny, L., B, w, T and Ny such
that

y e Cot™™ (o — 8,0 + 0] x [0,T)). (21)

Let us now introduce the following change of variables in Ry:

1 K 1
= ———— (V(L(t) — Lo(z =V :L—b’2/7d
3 L(t)fb’( (L(t) = ) + Lo(x ), 7=(Lo ) o (L) — )2 s
and let us set z(&,7) := y(x, t). Then, it is not difficult to see that z is well defined in the rectangle

R., where
1

T
L / L R XAV
R = (1, Lo) x (0,51), Sp = (Lo—V) /O T
and, moreover,
Z-,——Zgg-i-h(f,’r)z&:o, (f,T)ER*,
2V, 7) =y t), 2(Lo,7)=0, 7€(0,5L),
Z(Ea O) = yo(f)a 5 S (07 LO))

where h € C°(R,) and ||h||s is bounded by a constant only depending on Ny, b, Ly and T.
Consequently, taking again into account Theorems 10.1 and 11.1 in [I9] and the facts that y
satisfies (21) and z(b',7) = y(V',t), we deduce that

z € 017?’5/2(1“7*),
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whence we get .
Now, let the function Vj, be given by

Vi(t) := yo(L(t),t) Yt e [0,T]. (22)

Obviously, Vi, € C*([0,T]). Furthermore, from the estimates in the proofs of Theorems 10.1
and 11.1 in [19], we also have
VL ller oy < Csllyolloos (23)

where C3 only depends on Np, L., B, w, T and Ny and is non-decreasing with respect to Np
and Np.

3 Proof of the main result

We will first see that there exists ¢ > 0 such that, if No = [[yollgz(0,2,) < €, for any small 8 > 0,
there exist uniformly bounded Lg € C*([0,T1]) and control-pairs (vg, ys) satisfying (I)—(3) and (9).
To this purpose, we will use a fixed point argument.

Thus, let 8 > 0 and R > 0 be given, let us set

M:={0eCY[0,T]): L. <L < B, {0)=1Lo, Np:=|l]sc <R}
and let us introduce the mapping Ag : M — C1([0,T]), defined as follows: for each ¢ € M,
L =Ag(¢) ifand only if L(t) = Lo — /Ot Y. ((s),s)ds ¥Vt e [0,T], (24)
where y is the solution to the linear system
Yt — You = V1w, (2,1) € Qu,

y(ovt) =0, y(f(t),t) =0, te (OvT)a (25)
y(l’, 0) = yO(x)7 T € (Ov Lo),

and v is the B-control of minimal norm in L?(w x (0,7T)) associated to ¢, i.e. the unique solution

to the following extremal problem:

Minimize / / |v|? da dt
wx(0,T) (26)
Subject to v € L*(w x (0,7)), ([25), ().

Let us see that, if Ny is small enough (depending on R but not on /), we can apply Schauder’s
Theorem to Ag in M and deduce the existence of a fixed point.

Obviously, M is a non-empty bounded, closed, convex subset of C1([0,T]). In view of Theo-
rem [2.1| and the strict convexity of the norm in L?(w x (0,7)), possesses exactly one solution
for each £ € M and the mapping Ag is well-defined.

o Let us see that Ag is continuous.
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Thus, let us assume that ¢, € M for all n > 1 and ¢, — ¢ in C*([0,T]). Let us denote by
(v™,y™) the control-state pair associated to #,, (v" is the solution to for ¢ = ¢,, and y" is the

corresponding state). Then, we know that

n ~

U= Pn

wx(0,T)°

where ¢,, is the solution to for L = £, and T = ¢ while ¢! is the unique minimizer of
Ju, .3 (see for the definition of this functional).
From , we see that @I £2(0,¢(7)) is uniformly bounded. Consequently, at least for a

subsequence (again indexed by n), one has:

oI — HT weakly in L?(0,£(T)),
$n — ¢ strongly in L?(w x (0,7)),
S&n(+,0) = 4(+,0) strongly in L?(0, L),

where ¢ is the solution to for L = ¢ and o7 = $T. In particular, this implies:
liminf Jg, 5(27,) 2 Jes(@7). (27)

Let us check that ¢7 is the unique minimizer of Je,g. This will prove that the whole sequence
{5 converges to ¢T.

Thus, let T € L?(0,4(T)) be given and let the functions ¢l € L%(0,£,(T)) be such that their
extensions by zero converge strongly in L?(0, B) to the extension by zero of ¢’. Let us denote
by ¢, (resp. ) the solution to with L = ¢, and o7 = @I (resp. L = £). Then, it is clear that
©n — ¢ strongly in L?(w x (0,T)) and ¢, (-,0) = ¢(-,0) strongly in L2(0, Ly) and, consequently,

Jen6(pn) = Jep(eh). (28)
A direct consequence of and is that
Jep(@T) < liminf Jg, 5(47,) < liminf Jo, 5(07,) = Jea(e”)

and, since 7 is arbitrary, $7 minimizes J; g in L2(0,4(T)).

An immediate consequence is that the controls v™ converge strongly to the solution to .
Also, the states y" converges strongly (for instance in the L? sense) to the associated state y.
Finally, from the estimates in Section it becomes clear that y”(£,(-), ) = y=(£(-), ) strongly
in CY([0,7]) and Ag(£,) — Ag(¢) strongly in C*([0,T7).

Hence, Ag is continuous.

e The mapping Ag is also compact. In fact, all the Ag(¢) with £ € M belong to a fixed compact
set of C'1(]0,7T]) (independent of j3).

This can be seen as follows: in view of and the estimates (where Vp, is given by
and C3 only depends on Ny, L., B, w, T and Ny), the Ag({) belong to a fixed bounded set
of C1*#([0,T]) for some x € (0,1/2] that is independent of ¢; this, together with the compactness
of the embedding C***([0,T]) < C*([0,T7), allows to conclude.
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e Finally, let us see that, if Ny is small enough (uniformly with respect to ), Ag maps M into
itself. In fact, this is clear from (23)): by construction, Ag(¢) € C*([0,T]) and Ag(¢)(0) = Lo; we

also have

[As(0) (D] = lya(€(1), )] < Csllgolloc < CaNo and [Ag(£)(t) — Lo| < CsT[yollec < C14TNo

for all ¢t € [0,T], where C3 and Cy4 depend on R, L., B, w, T and Ny and are non-decreasing with

respect to Ny. Therefore, if we choose ¢ sufficiently small and Ny < e, we will have

. R B-Ly Ly— L,
Ny < —
0 = i (04 ’ T ’ 4T > ’

|[Ag(0) (t)] < R and L. < Ag(¢)(t) < B Vte[0,T],

whence the desired property Ag(¢) € M holds.

Let Lg be a fixed point of Ag for each S > 0. Then, it is clear that Lg satisfies, together with
some vg and yg, (I)-(3) and (9). Moreover, Lz and vg are uniformly bounded in C**%([0,T])
and L?(w x (0,T)), respectively.

Consequently, our assertion is proved.

Now, at least for a subsequence, one has
Lg — L strongly in C1([0,T]) and vz — v weakly in L?(w x (0,7))

as  — 0. Obviously, L satisfies . Also, it is clear that the unique solution to satisfies

and .
Hence, Theorem [I.1]is proved.

4 Some additional comments

In Theorem we have established the null controllability of f with distributed controls,
locally supported in space. It is unknown whether a similar global controllability result holds.
Notice that the proof of such a result seems difficult: for general initial data in Hg (0, Lg), even
when v = 0, the existence of a global in time solution to the free-boundary problem (1)—(3) fails,
see [7].

To our knowledge, there are, at least, two other ways to prove Theorem via a fixed point

argument:

e We can work directly with § = 0 and introduce other controls for (not necessarily of
minimal norm in L?(w x (0,T))). A good candidate is the control furnished by the Fursikov-
Imanuvilov method, described in [I5]. In this case, it can be proved that the mapping Ay is

continuous.
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e Alternatively, we can introduce a multi-valued mapping (assigning to each ¢ the whole family

of null-controls) and, then, apply Kakutani’s fixed point theorem.

On the other hand, it would be interesting to extend Theorem at least, to the following

situations:

1. Free-boundary problems for semilinear parabolic PDEs with (Lipschitz-continuous) nonlinear

terms of the form
Yt _yxm+f(yayx) :Ulwv (‘T7t) S an

y(ovt) =0, y(L(t)at) =0, te (O’T)v
y(I,O) = yo(l’), (S (O,Lo),
v (L(t),t) = =L'(t), t€(0,7),

2. Two-phase Stefan-like problems with the following structure:

Yt — @Yzx = vy, (7,1) € Qr,

zt —bzye =0, (z,t) € Dy,

y(0,t) =0, y(L(t),t) ==2(L(t),t) =0, 2(B,t)=0, te(0,T),
y(z,0) =yo(z), =€ (0,Lo),

z(2,0) = zo(z), =« € (Lo, B),

(aye — bze)(L(t),t) = —L'(t), t€(0,T),

where Dy, stands for the set

Dp={(z,t):z € (L(t),B), te(0,T)}

3. Radially symmetric and star-shaped systems, etc.

Some of these extensions will be considered in the next future.
Finally, let us mention that the exact controllability to the free trajectories of 7 is also a

challenging and very interesting question.

5 Appendix: proof of Theorem

Let us introduce 9, with ¢ := e**. Then

sDt — sat esa,(/} + esa 'l/}t, (px — Sal‘ esa,(/) + esa '(/}:m
Pz = (Ve + SQai Y+ 28,0, + SQzz ).

Taking into account that

2 2
Qg = _fw = —)\040,9;57 Qg = —A Oéo,wf - AaO@w&a

T -2t (eQAHalHoo _emlwt)) — Aag €,

WT T kR

12



we see that, for A sufficiently large, one has:
lag] < CNE,  Jawe| < ON%E, |ay| < CEVFVE L ONE < ONE/?

(recall that k > 2; also, note that, here and henceforth, A and the constants C' depend on Np,).
We also have that ¢(z,0) =0 in (0, L(0)) and ¢ (z,T) =0 in (0, L(T)).
In the new variable 1, the PDE in reads

(wt + 2504wa) + (wmx + 820492##) = _e—ag - Sammw - Satw~

Let us introduce the following notation:

Uy = vy + 2501,
Vi =1, + 52053261/).

Then one has:
U+ Vi) = —e “g — sazt) — sagi).

whence
1UN1Z20,) + IVEIT2 0, + 20U, V) 2y

= |le”%g + saz ¥ + Sath%%QL) (29)

< 0// e*2a|g|2da:dt+c// Ns2€314|? da dt.
L QL

After some computations, we see that
Vi) = [ (Camlnl deds
QL
- // (333aiam + 282alawt) |2 da dt
T y 1 T
+/ (saw(L(t),t) - 2L’(t)> [ (L(t), t)|? dt — / s, (0,1)|1(0,1)]? dt.
0 0
Note that
—aZa, = MagL ]| + Nap x| a0 2.8% > ONE —CX3¢® in Qr \ (wo x (0,7)).
On the other hand,
az(L(t),t) >C >0 and —a,(0,t)>C >0 in (0,7).
Consequently, we get the following for all sufficiently large s and A:
0.V )isan 2 C [ /Q (€)X ? + (5€)°M[[?) dr
L

T
0o [ (OO L0, 0F +€0.0/6,0,0F) de 0
B C// 0.7) ((85)/\2|'¢$‘2 + (85)3)\4‘1“2) dx dt.
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From and , we deduce that
00 a0y + IVl + [ (GONI? + (56 A o7)
L

o [ [ (60016200 + £0.00.(0.0) deds

(31)
<c // e=20| g2 dar dt + // (€PN [[2 da dt
L wo x(0,T)
+C / / (5€) A2t 2 da dit.
on(O,T)
Now, we can argue as in [I5] to get from (BI); see also [9]. The steps are the following:

e First, we note that
Vol 2 € [[ 60 el drdt—C [[ ot anae @)

e Then, we see that
U0l 2 € [ 60 il drat—C [[ onpf ara

e Also, we prove that, for each € > 0, we can find C. such that

2|2 da d L 12 dad : 541012 de dt.
/Lox<o,T§sf) [ ? de tgs//QL<s5> [hral? da t+c//wm<ss> B2 dodt. (34)

Putting 7 together, we deduce that
S GO P+ el + N+ (5N IP) v
L

s / (E(L(E), Dla( L), 1) + €00, D)]a 0, D)) dt

0
<C ( / e 2% g|? dxdt—i—// (55)3)\4|1/)|2dxdt> .
L wx(0,T)

Finally, coming back to the original variable ¢, it is very easy to obtain .
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