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ABSTRACT. We study the connections between the Kadec-Klee property for
local convergence in measure Hy, the Kadec-Klee property for global con-
vergence in measure Hy and the Az-condition for Orlicz function spaces L¥
equipped with either the Luxemburg norm || - ||, or the Orlicz norm || - Hg.
Nominally, we prove that for (L¥, || - ||,) the conditions: ¢ satisfies an ap-
propriate Ag-condition and L¥ € H,, LY € Hgy are equivalent, although
L% € Hy is not equivalent to E¥ € H,. In contrast, we also prove that,
in the case of a non-atomic infinite measure space, properties H, and H,
for (L%, || - ”090) do not coincide. More precisely, we prove that if ¢ vanishes
only at zero, then both these properties coincide and they are equivalent
to ¢ € Ag. However, if ¢ vanishes outside zero, then (L%, | -[|%) € Hy
if and only if ¢ € Ag(c0). Since in the last case (L%, || ||g) is not order
continuous, properties H, and Hy differ. Analogous results are also proved
for the subspace E¥ of L¥. It is also worth mentioning that the criteria for
E¥ € Hy as well as for E¥ € Hy were not previously known. It follows from
the criteria that the appropriate regularity Ags-condition for ¢ is necessary
for E¥ € Hy, EY € Hy, E¥ € Hy and Ef € Hy although these spaces are
order continuous for any ¢.

1. INTRODUCTION

If (E,|-||g) is a normed linear space, then E is said to have the Kadec-Klee
property (E € H) if sequential weak convergence on the unit sphere coincides
with norm convergence. It is well known that the classical L,-spaces, 1 < p < oo,
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have the Kadec-Klee property (see [23], [24]). Although the space L1(0,1) fails
to have the Kadec-Klee property, Riesz showed that each sequence {z,} on the
unit sphere of an Ly-space, 1 < p < 0o, convergent almost everywhere to = from
the unit sphere of L,, is also norm-convergent.

Throughout this paper (Q,%, ) denotes a o-finite complete measure space.
Let E be a Banach function lattice over on (2, %, i) (see [14]). The positive cone
Et of E is defined by ET = {z € E: > 0}. E is said to have the Kadec-Klee
property for global convergence in measure (E € Hy), if for all {z,,} and = in the
unit sphere of E whenever x,, — z globally in measure on €2, then ||z, — x| — 0.
E is said to have the Kadec-Klee property for local convergence in measure (i.e.
convergence in measure on subsets of finite measure) (E € H; for short), if for all
{z,} and z in the unit sphere of E whenever z,, — x locally in measure on {2,
then ||z, — x| — 0.

These properties were investigated in [4] and [20] for symmetric spaces defined
on any interval [0, «),0 < @ < 0o, and on the interval [0, 1), respectively.

In this paper we study the connections between the Kadec-Klee property for
local convergence in measure, the Kadec-Klee property for global convergence
in measure and the As-condition in Orlicz function spaces and their subspaces
of order continuous elements equipped with either the Luxemburg norm or the
Orlicz norm.

We start by fixing some notations. In the following R, R™ and N will stand for
the sets of real numbers, nonnegative numbers and positive integers, respectively.
By ¢ : R — [0,00] we denote an Orlicz function, i.e., ¢ is convex, even, left
continuous on the whole of R*, ¢(0) = 0 and ¢ is not identically equal to zero.
For any Orlicz function ¢ we let

ay, = sup{u > 0: p(u) =0}
and
¢, = sup{u > 0: p(u) < co}.
We shall say that an Orlicz function ¢ satisfies the As-condition for all v € R
(at infinity) [at zero] if there are positive constants K and ug with 0 < ¢(ug) < 0o
such that ¢(2u) < Ke(u) holds for all w € R (for every |u| > ug) [for every
|u| < ug]. Obviously, ¢ satisfies the Ag-condition for all u € R if and only if it
satisfies the As-condition at zero and at infinity. We denote these conditions by
v € Ay (p € Ag(00)), [p € Az(0)], respectively.
For any Orlicz function ¢ the statement ” p-satisfies the suitable Ay-condition”,
will mean that:
o satisfies the As-condition for all u if p is nonatomic and infinite.
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 satisfies the As-condition at infinity if p is nonatomic and finite.

 satisfies the As-condition at 0 if y is the counting measure.

In the following, L°(u) will stand for the space of all (equivalence classes of)
Y-measurable real functions defined on 2. For a given Orlicz function ¢ we define
on L%(;1) a convex functional (called a pseudomodular, see [21]) by

I(x) = / o ((t))dp.

The Orlicz space L?(u) is defined to be the set of all x € L%(u) such that I,(Az) <
oo for some A > 0 depending on z. We endow L¥(u) with the Luxemburg norm

Jell, = inf{A > 0: I(a/) < 1}
and with the Orlicz norm
Jolly = sun { [ la(OuOldn: v e 17 0.1, ) <1},
where the function ¢* is defined by the formula

¢ (u) = sup{lulv — p(v) : v > 0}

and called complementary to ¢ in the sense of Young.
It is well known that if ¢ is finitely valued and satisfies the condition
p(u)

lim ——= = o0,
U— 00 u

then the following Amemiya formula for the Orlicz norm is true (see [22])

|2]8 = inf {%(1 + /Q o(kx(t))dp) : k > o}.

Moreover, for any « € L¥(u) \ {0} there is a positive number k* at which the
infimum is attained, that is

el = = (1+ [ etat)dn).

In [11] it is proved that the Amemiya formula for the Orlicz norm is true
for any Orlicz function and in [12] it is proved that Orlicz spaces generated by
Orlicz functions satisfying the As-condition have the Kadec-Klee property for
local convergence in measure.

In the sequel we will need some results concerning Banach lattices with order
continuous norms. Recall that a Banach lattice E is said to be order continuous
(OC for short), if @, | 0 implies ||z, || — 0 (see [17]).



1030 T. DOMINGUEZ, H. HUDZIK, G. LOPEZ, M. MASTYLO AND B. SIMS

For the definition of a symmetric space E we refer to [15] (cf. also [1]). Let us
only recall that for x € E, we denote by 2* the nonincreasing rearrangement of z
(see section 3).

The subspace E¥ of L¥ is defined as the space of all order continuous elements
in L¥, where an element « € L¥ is said to be order continuous if |z,[, — 0
whenever 0 < z,, < |z| for any n € N and x,, — 0 p-a.e. in Q. It is well known
that if p is nonatomic, then E¥ # {0} if and only if ¢ is finitely valued and that
E¥ = L¥ if and only if ¢ € Ay (see [3], [19], [21] or [22]). It is also known that
in the case of any nonatomic o-finite measure, x € E¥ if and only if I,(Az) < oo
for any A > 0 (see [5]).

Recall that a Banach lattice (F, <) is called strictly monotone (E € STM for
short) if for any x, y € E with 0 < y < z and y # = we have |y|| < ||
E is called upper (respectively lower) locally uniformly monotone (E € ULU
M, respectively E € LLUM) if for any « € F and {x,} C E, the conditions
0 <z < x, (respectively 0 < z,, < z) and ||z,|| — ||z| imply ||z, — || — O (see
[2], [4], [10], [16] and [20]).

The following lemma will be useful in what follows. An easy proof may be
found in [14].

Lemma 1.1. Let E be a Banach function lattice over a o-finite measure space.
If ©, — x in E, then there exist y € E*, {z,,} C {z,} and €, C RT with
€ny, | 0 such that |z, — x| <epy.

We will also use the following remarkable result from [4].
Theorem 1.1. If E is a separable symmetric space on the Lebesque measure
space ([0, ), m), where 0 < a < 0o, then the following are equivalent:

(i) E is strictly monotone and E has the property Hy.
(ii) E is upper locally uniformly monotone.
(ili) For any © € E and {x,} C E such that 0 < z* < a, forn € N, and
[znl = [lz]| we have ||lz5, — z*| — 0.

2. LUXEMBURG NORM

We start with the following general result.

Proposition 2.1. If E is not an order continuous Banach function lattice, then
E¢ Hy and E ¢ LLUM.

ProoOF. If E is not order continuous, it is well known (see [17]) that there exists
a sequence {z,} in ET with ||z,|| = 1 and suppz,Nsuppx,, = 0 (which implies
that z,, — 0 p-a.e.) and a function x € ET such that x,, < x for any n € N.
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Define
o0
yzzxn and Yn =Y — Tn.
n=1

If we can show that y, — y weakly, or equivalently x, — 0 weakly, the
implication ||y,| — ||ly|l can be deduced because we also have 0 < y,, < y.
Let E* denote the dual space of E. For any nonnegative f € E* and for all

k € N we have
k

k
Zf(xn) = f(zxn) <z*(z),
n=1

n=1
whence it follows that Y7 | f(z,,) converges, and so f(z,) — 0 asn — co. Since
every f € E* can be written as a difference of two nonnegative functionals, we
have shown that z, — 0 weakly. Therefore |ly,| — ||y
We also have that y,, — y p-a.e.. However

1y = ynll = llza] =1
for any n € N, which means that E ¢ Hy. The same proof gives E ¢ LLUM. O

Corollary 2.1. Let ¢ be an Orlicz function. If ¢ does not satisfy the suitable
Agy-condition, then LY ¢ Hy.

PRrOOF. The proof follows from Proposition 2.1 and the fact that the space L?(u)
is an order continuous Banach function lattice if and only if ¢ satisfies the suitable
As-condition (see [5], [6], [13] and [25]). O

If 1 is a finite measure, the Kadec-Klee properties for local and global conver-
gence in measure are equivalent. So, in most of the results in this paper we will
restrict ourselves to studying the case of an infinite measure.

Proposition 2.2. Let (2,3, 1) be a nonatomic and infinite measure space and
@ be an Orlicz function with a, > 0 and c, = co. If L¥ is endowed with the
Luzemburg norm, then LY ¢ H,.

ProOOF. Consider a sequence {A,} of measurable sets such that
w(An) =277
Let A =JA, and define
T =apxo\a and T, = agXo\a + buxa,,

where b, > 0 and ¢(b,)u(Ay) = 1. Such a sequence {b,, } exists by the assumption
that ¢, = oc0.
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We first note that x, — x = byxa,. Therefore, x,, — x globally in measure.
Now we are going to show that

lzlle = llznlly = 1.
We have
Io(x) < Tp(n) = p(ap)u(2\ A) + @ (bn)u(An) = 1,
whence (see [22])

(2.1) zlle < llenlle = 1.
On the other hand for all A > 1,

Io(Az) = p(Aay)u(2\ A) = oo
because p(2\ A) = oo. So ||Az|, > 1 for all A > 1, which implies x|, > 1.
Hence, by using (2.1), we obtain

Izl = llznlle = 1.

In order to finish the proof, observe that

L/?(xn - .%‘) = @(bn)M(An) =1,
which implies that ||z, — x|/, = 1 for all n € N. O

Proposition 2.3. Let ¢ be an Orlicz function with a, = 0 and ¢, = oo and
E¥ be endowed with the Luzemburg norm. Assume ¢ does not satisfy the As-
condition at 0. Then E¥ ¢ H, whenever (,%, ) is a nonatomic and infinite
measure space.

PROOF. Since ¢ ¢ Ay(0), there exists a sequence {uy} of positive real numbers
with u,, — 0 and

©(2un) > 2"p(un)
for all n € N.

Let € E¥, x > 0 and |z, = 1. We claim that there exists a sequence
{A,} in ¥ such that pu(A,) = oo and I,(2xx4,) < 27" for all n € N. Indeed,
by o-finiteness of the measure space, there exists a sequence {C),} in ¥ such that
Cn 1,0 < u(Cy) < oo for every n € N and J,, C,, = Q. The Lebesgue dominated
convergence theorem yields I, (2zxo\¢,) — 0 as n — oo.

Since p(2\ Cp) = oo for any n € N, the claim is proved for {A,} being a
subsequence of the sequence {Q\ C, }.

Let B, C A, be for any n € N such that zxp, € L and p(un)u(Bn) =27".
Define

u U
fXBn =zxa\B, + (T + 2°)XB,-

Ty =+ 5
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Then z,, € E¥ for all n € N. Since z,, > z > 0, we have ||z,|, > ||z], = 1. On
the other hand

20 + up,
Ipo(zn) = Io(zxon,) + 1o <2XBn>

1
< Iy(zxa\B, + i{fw(QxXBn) + Ip(unxs, )}

1. _ _
< 1+§{2 T2 =1427",

whence 1 < [|z,||, < 1427 ie. [|z,]lp — ||2|l, = 1. Since z,—z = 2u,xp, and
u, — 0, we conclude that z,, — z globally in measure. However, I,(4(z, —x)) =
©(2un)(By) > 2"p(un)p(By) = 1, whence ||z, — z[|, > 1 for all n € N. This
yields E¥ ¢ H,. O

Proposition 2.4. If (0, X, 1) is a nonatomic measure space and ¢ is an Orlicz
function with c, < oo, then LY equipped with the Luzemburg norm fails to have
property Hy.

PROOF. Choose a sequence {A,} of measurable and pairwise disjoint sets such
that p(A,) > 0 for any n € N and > oo | ¢(by)u(A,) < 1, where 0 < b, T ¢, as
n — oo. Define

[e%S)
Ty = ZkaAk and x:ZkaAk'
k#n k=1

Then we have
I (z,) < I,(x) <1.

On the other hand for any A > 1, we have
I,(A\x) > I, (Axy,) = oco.

Therefore, ||z||, =1 and |||, =1 for all n € N.

Since p(A,) — 0 as n — oo, we have that z, — x globally in measure.
However, for any A > 1, I,(A(z —x,)) = oo for n large enough. This implies that
|z — 2|y > % for n large enough, and consequently L¥ ¢ H,. O

Proposition 2.5. Let ¢ be an Orlicz function, (Q, 3, u) be a nonatomic measure
space and E¥ be endowed with the Luxemburg norm. Assume that @ does not
satisfy the Ag-condition at oo and ¢, = co. Then E¥ ¢ H,.

PROOF. If we assume that ¢ ¢ Ay(00), then for all ¢ > 0 and n € N there exists
Up,c > N such that

P (2un,c) > cp(tn,c).
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Taking ¢ = 2"*! gives the existence of u,, > n such that
©(2uy,) > 2" p(u,) for all n € N.

Take any = € E¥ such that > 0 and ||z||, = 1. In the same way as in the proof
of Proposition 2.3 one can find a sequence {A,} C ¥ and a subsequence {v,} of
{un} such that xxa, € L™, I (xxa,) < 27" and ¢(v,)u(A4,) = 27", Defining
Tn =T + FXA,, We have

1
1= I@(x) < Icp(xn) = Iw(xXQ\An) + Icp(i(xXAn +vnXxa,))

1
< 14 5{l(axa,) + ealva)u(Aa)} = 14277,

whence 1 < ||z, < ||zn]le, < 142" for any n € N. Moreover, from the equality
T, —x = %xa, and the fact that p(A,) — 0 as n — oo it follows that z,, — =
globally in measure. However, x,, € E¥ and I,(4(z, — x)) = ©(2v,)u(4,) >
2"o(vn)u(An) = 1, whence |z, — x|, > ; for all n € N. This means that
E® ¢ H,. O

Proposition 2.6. Let (2,X, 1) be a nonatomic and infinite measure space and
@ be an Orlicz function with a, > 0 and ¢, = co. Then E¥ ¢ Hjy.

ProoF. Devide Q into AU B, where u(A) = p(B) = co and AN B = (. Let
A =U2,A,, where A, are pairwise disjoint and p(A4,) > 1 for any n € N. Take
aop > 2a, and By € ¥ N B such that ¢(ao)u(By) = 1. Define

T = agxB, and T, = T+ a,xA,-

Then I,(xz) = I,(xz,) = 1, whence ||z|| = ||z,|| = 1 for any n € N. Since the
sets A, are pairwise disjoint, we have z, — « p-a.e.. However, [,(2(z, — z)) =
©(2a,)pu(An) > ¢(2a,), whence ||z, — x|, > (1/2)min(1, ¢(2a,)) > 0. Since
x € E¥ and x,, € E¥ for each n € N, the proof is finished. O

Proposition 2.7. Let (Q,%, u) be a nonatomic and infinite measure space and
@ be an Orlicz function with a, > 0 and ¢ € Asy(00). Then E¥ € H,.

PROOF. Assume that x € S(E?), {z,} C S(E¥) and z,, — z globally in measure.
We have I,(x) = I,(z,) =1 for each n € N. First we will prove that

(2.2) I (zpxa) — I (zxa) for any A € X.

By the o-finiteness of p and the fact that z,, — z globally in measure we
know that {x,} contains a subsequence convergent to x p-a.e.. Assume without
loss of generality that =, — = p-a.e.. Since ¢ € Ay(c0) and consequently ¢ is
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continuous, we have ||pox,||p1 = I,(x,) = I,(z) = ||[¢oz| L and pox, — pox
p-a.e.. Since L' € Hy, we get ||¢ oz, — ¢ 0o 2|1 — 0. Hence for any A € %,
we get ||[pox,xa —poaxxalpr — 0, whence I, (zn,xa) — Iy(xa). Now we are
ready to prove that ||z, — x|, — 0. Since E € H, if and only if E* € Hy for
any order continuous Banach function lattice (see Proposition 1 in [12], where it
was proved that £ € Hy if and only if E+ € H, whenever E is order continuous,
and observe that the proof works also for Hy in place of H; ), we may assume in
the remaining part of the proof that z,, > 0 and = > 0. We need to show that
I, (M, —x)) — 0 for any A > 0. Choose any A > 0 and define for any N

Ap ={t € Q:|zp(t) —x(t)] > ap/A}.

We know that p(A,) — 0 as n — oo, so passing to a subsequence if necessary,
we may assume without loss of generality that pu(US;A4,,) < .

Let A =U52 A, and A’ = Q\ A. Then p(Az,(t) —z(t)]) =0 for any n € N
and t € A’. Consequently, I,(A(z,, — x))xas) = 0 for any n € N. To finish the
proof we only need to show that I,(A(z, — z))xa) — 0. Let us prove first that
I,((xn —x)xa) — 0. By the superadditivity of ¢ on RT and the fact that z,, > 0
and x > 0 p-a.e., we have

(2:3) po((zn —2)xa) <lpo(znxa) = o (Tnxa)l.
By condition (2.2) and the fact that L' € H,, we have

¢ o (znxa) —¢o (znxa)llzr — 0.

So, inequality (2.3) gives ||po((@n—z)xa)| Lt = Ip(zn—2)xa) — 0. Given A > 0,
we may assume passing to a subsequence if necessary that p(A(a, — z)xa) — 0
i — a.e.. Moreover, by inequality (2.3), Lemma 1.1 and the assumption that ¢ €
Ay(0), it follows that this sequence has an integrable majorant. Consequently,
the Lebesgue dominated convergence theorem yields I,(A(z, — x)) — 0. This
finishes the proof. O

We remark that the only reason that Proposition 2.7 is not true for L¥ instead
of E¥ is that if ¢ does not satisfy suitable As-condition, then for x € L¥ it can
happen that [|z||, = 1 and I,(z) < 1.

The previous results can be summarized in the following theorem.

Theorem 2.1. Let (2,X, 1) be a nonatomic measure space, ¢ be an arbitrary
Orlicz function, and (L¥,| - ||,) be the Orlicz space endowed with the Luzemburg
norm. The following statements are equivalent:

1. CPGAQ.
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2. L“’(u) € Hy.
3. L¥(u) € Hy.
Assuming additionally that c, = oo, we have:
4. E¥ € Hy if and only if L¥ € H,.
5. E¥ € Hy if and only if, either
(i) ap =0 and ¢ € Ay, or
(ii) ap, >0 and ¢ € Ay(oc0).

PRrROOF. It is known (see [5] and [12]) that L¥ € Hy if and only if ¢ € As. The
implication 2 = 3 is obvious. By Corollary 2.1 and Propositions 2.2-2.5 we get the
equivalence 2 <= 3. Statement 4 follows by Propositions 2.3, 2.4 and 2.6 and
by the first part of the theorem. Finally, statement 5 follows from Propositions
2.2, 2.3, 2.5 and 2.7 and the first part of the theorem. O

Remark 2.1. If ¢, = oo and a, = 0, statement 4 of Theorem 2.1 can also be
deduced in a different way, by observing that under the assumptions, E¥ is the
STM (see [16]). Consequently, by Theorem 1.1, E¥ € ULUM and, by Theorem
2,3 in [10], p € A,.

Example 2.1. Consider the Orlicz function ¢(u) = max(0, |u| — 1) and assume
that (2,3, ) is a nonatomic measure space. Then L' + L> = L¥ and

[zl = inf{max(||ull1, [[v]|e) : u € L' v € L™ andu + v = z}.
If u is finite, then L¥ = E¥ and L¥ € Hy since p € Ay(00). If u is infinite, then
L¥ ¢ H, (see Proposition 2.2) but E¥ € H, (see Proposition 2.7). Recall that L¥

consists of those x € LY that u({t € Q : |z(t)| > A\}) < oo for some A > 0 and E¥
consists of those x € L° that u({t € Q: |z(t)| > \}) < oo for any A > 0 (see [9]).

3. ORrLiCcZ NORM

As usual, L' := L'(p) and L™ := L°(u) denote the Lebesgue spaces of
p-integrable functions and u-essentially bounded functions, respectively. These
spaces are equipped with the standard norms. The spaces L' N L™ and L' + L™
play an important role in the interpolation theory of symmetric spaces (see [1]
and [15]). Usually these spaces are equipped with the following norms:

2l Linzee = max{[|z][1, [[«]loo }

and
2|1 gpee = inf{|julli + |v]joo : 2 =u+v, u € L', v € L*>}.
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It is well known that for the Orlicz functions ¢ (u) = |u| for |u| < 1, ¥(u) = 0o
for ju| > 1 and ¢(u) = max(0, |u| —1), we have L' NL> = LY and L'+ L> = L?,
with the equality of norms if LY is equipped with the Luxemburg norm and L¥ is
equipped with the Orlicz norm (see [7], [8] and [9] for details). Note that the func-
tions ¥ and ¢ are mutually complementary in the sense of Young and, moreover,
the spaces (L' 1L, [l g ), (L} + L%, o1 p) and (L%, . ]), (£, ]1%)
form two couples of mutually dual spaces in the sense of Kéthe. Hence

l2llg = llzll 4o
holds for all € L. In addition, the Amemiya formula for the norm in L'+ L
is proved in [9].
For any z € L°(p) the decreasing rearrangement of z is the function 2* defined
for any t > 0 by
z*(t) = inf{A > 0:d,(\) < t},
where d, is the distribution function defined by
(V) = u({w € Q: [2(w)] > A}).
For our purpose, it is worthwhile to note (see for example [17]) that
(+y) (s +1) <a™(s) +y"(t)

for any s,t > 0 and that for all z € L' + L™ we have

1
[ :/ o* (t)dt.
0

From Proposition 2.2 we know that (L%, || -||,) does not have the Kadec-Klee
property for global convergence in measure if a, > 0 and ¢, = co. However, this
fact is not true when the Orlicz norm is considered, because by Proposition 1.2
in [4], it follows that L' + L> € H,. We will present here a simple alternative
proof of this fact.

Assume that {z,} C L' + L>*, z € L' + L, 2,, — z globally in measure and
|znllLropes = ||#||p1ore = 1 for all n € N. Since x,, — z globally in measure,
xy — x* a.e., and thus

17;9((0,1) - x*X(o,l) a.e.

(see [15]). Bearing in mind that L' € Hy and |z}, x0,1)ll2r = [|#*x0,0)ller = 1,
we deduce that

1
/ |z (s) — z*(s)|ds — 0.
0
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By Lemma 1.1 there exists a subsequence (27, ) of (27;) and y > 0,y € L*(0,1)
such that [z}, () —2*(t)| < y(t) a.e. in (0,1).

By the assumption that z,, — z — 0 globally in measure, it follows that (z,, —
x)* — 0 a.e.. Moreover,

(@), — )" () < a7, (8/2) +27(8/2) < 227(8/2) + y(t/2).

Since 2z*(t/2) + y(t/2) € L'(0,1), by applying the Lebesgue dominated con-
vergence theorem, we obtain

/ 1% —a)*(t)dt — 0,
0

which is equivalent to
[#n, — @ll14pee — 0.
Thus, since for each subsequence of {x, — x} we can extract a subsequence

which converges to 0 strongly in L' 4+ L, the proof is finished.

Proposition 3.1. If ¢ is an Orlicz function with c, = 0o not satisfying the As-
condition at oo and (0, %, p) is a nonatomic measure space, then (E?, ||-||%) ¢ H,.

PROOF. If p is finite this is obvious, because we have
Hy, < Hy= 0C = Ay(c0).

So, assume that g is nonatomic and infinite and that ¢ ¢ Ag(c0). Then there
exists a sequence {u, } of positive real numbers such that u, T co and

©(2un) > 2"p(un)-

Take any nonnegative 2 € E¥ with [|z[|), = 1. Since ¢ ¢ Ay(cc), we have
p(t)/t — oo as t — o0, and so, in the Amemiya formula for the Orlicz norm
|- 119, the infimum is attained at some k > 0, that is, ||z = £ (1+ I, (kz)). Note
that, since [|z[|), = 1, necessarily k > 1.

Further (see the proof of Proposition 2.3) there exists a sequence {4, } in 3
with p(A4,) = oo for any n € N such that

I,(2kxxa,) <27™
Let for any n € N, B,, C A,, be such that
(un)p(Bn) =27"
and define
=34 =z +(z+ =)
In =T 2% XB., XQ\ B, o XB,, -
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Since x, > x > 0, we have [|z,,[|% > [|z[|, = 1. On the other hand

1
0 _ : -
||$n||ga = ;}I;%p(l'i‘fw(pxn))

—_

< 1+ I,(kxy))

Un

5 XB.,)

(1 + I (kxxonB,)) + Ip(kxxB, +

1
+ §(I¢(2kxXBn) + Iw(unXBn))
1.1 1

< 1+42(=+—
< 14505 +50)

<
— 1.

As a consequence, we obtain ||z, ||?, — |lz[| and, since u(B,) — 0, x, — =
globally in measure.
In order to finish the proof, we show that ||z, — || > 2. We have

Lo (4k(zn — 2)) = I, (2unxB,) = ¢(2un)(By)) > 1

for all n € N. Hence ||z, — x|, > 1/4k, and so the proof is finished, by observing
that ||z, — z||% > ||z, — ||y, and z,, € E¥ for all n € N. O

Proposition 3.2. Let (2,%, p) be a nonatomic measure space and ¢ be an Orlicz
function such that a, = 0, ¢, = 00, and lim;_.o ¢(t)/t = co. Then Ej ¢ H,
whenever o ¢ A,.

PROOF. First we will show that Ef ¢ H, if ¢ ¢ As(oc) (it does not matter
if u(2) = oo or p(2) < oo in this case). Take any z € S(EJ) such that
w(2\ suppz) > 0). The assumption ¢ ¢ Ag(co) implies that there exists a
sequence {u,} of positive numbers such that ¢(2u,) > 2"p(u,) for each n € N
and u, — oo. Passing to a subsequence of {u,} if necessary we may assume
that @(up)p(By) = 27" for a sequence {B,} in ¥ N (2 \ suppz). Defining
Tn = T + upp(By), we easily see that z,, € EJ for any n € N, z,, — x glob-
ally in measure and 1 < [|lz,,[|9, < 14 27", However

% > gmin{1, T2, — )} = gminf1, @(2u)u(Ba)} > 1/2,

which means that Ef ¢ H,.

Assume now that p(Q2) = co and ¢ ¢ Ay(0). Then there is a decreasing
sequence {uy,} of positive numbers with w,, — 0 such that ¢(2u,) > 2"p(u,) for
each n € N. Take any nonnegative z € Ef with |lz[|), = 1. We know (see the
proof of Proposition 2.3) that there is a sequence {A,,} C ¥ such that u(A,) = co
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and
I,(2kxxa,)<27"
for each n € N, where k > 1 satisfies k=" (1 + I,(kz)) = [|lz[|} = 1.

Let B,, C A, be such that p(u,)u(B,) = 27™. Defining x,, = = +u,u(By), we
can prove in the same way as in the proof of Proposition 3.1 that 1 < ||mn||2J <
1+ 27" for each n € N and x,, — z globally in measure, but |z, — x| > 1/4k
for all n € N. Consequently, Ef ¢ H,. O

Proposition 3.3. Assume ¢ is an Orlicz function with ¢, < co and (Q,%, 1) is
a nonatomic measure space. Then Ly ¢ Hg.

PROOF. Let {\;} be a sequence of positive numbers with Ay, < cyarpri for any n €
Nand A; T ¢, as k — oo and {A,} C X be a sequence of pairwise disjoint sets of
finite positive measure such that o(Ax)p(4,) < 27%. Define 2 = Y77, Adcpxa,
and x,, = Zk;ﬁn AkCoXA,- Then 0 <z, <z and z,, — z a.e. in Q. Since L{ has
the Fatou property, we get [|z,[|% — [|z[|2. Moreover,

Io(@n — x) = p(Ancy)pu(An) <277
and
Io(AMan — 2)) = p(AAncopu(An) = 00
for any A > 1 and n large enough. Therefore
lzn =2l > llan — 2], =1
for n € N large enough. Since z,, — = globally in measure, L ¢ H,. O

The results of this section are summarized as follows.

Theorem 3.1. Suppose that (Q, %, u) is a nonatomic measure space and @ is
an Orlicz function with lim;_. p(t)/t = 00, a, = 0 and ¢, = oo. Let L and
EF be the spaces LY and E¥ equipped with the Orlicz norm. Then the following
conditions are equivalent:

(1) Lg € Hy.

PRrOOF. The implications 1 = 2 = 3 are obvious. Let us prove that 3 < 4.
It is obvious that 4 = 3. If EY € H,, then by Propositions 3.1 and 3.2, we get
¢ € Ay. Consequently (see [3], [5] and [12]), Ly € H, and so Ej € Hy, too.
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Therefore, the equivalence 3 <= 4 and the implication 5 = 1 are proved. By
Propositions 2.3 and 2.5, we get 4 = 5. (]

Remark 3.1. The equivalence of conditions 1, 2 and 5 in Theorem 3.1 holds
for L¥ generated by an Orlicz function ¢ with a, = 0 without the assumption

that c, = oo because, by Proposition 3.3, the condition c, = 0o is necessary for
LE € Hy.

Remark 3.2. If, in addition, we assume that the measure u is separable and
¢, = 00, then the space E§ is separable and E§ # {0}. Applying Theorem 1.1,
we can recapture some implications of Theorem 3.1 in a different way. Namely, if
a, =0, then E§ € STM. We also know that ¢ € Ay is necessary for E§ € ULUM
(see [10]).

Theorem 3.2. Assume ¢ is an Orlicz function such that a, > 0 and ¢(t)/t — oo
ast — oo and (2,3, ) is a nonatomic measure space. Then L§ € Hy if and only
if ¢ € Ag(c0). If we assume additionally that ¢, = 0o, then E§ € Hy if and only
Zf (2 € AQ(OO)

PROOF. The necessity of ¢ € Ay(c0) for L € H, follows by Propositions 3.1 and
3.3 and by Remark 3.4. When ¢, = oo, the necessity of ¢ € Ay(00) for Ef € H,
follows by Propositions 3.1 and 3.2.

We present a proof of sufficiency of the respective conditions for L € H, only.
The proof for E§ in place of L§ is the same. Let z € S(L{) and {z,} be a
sequence in S(L{) such that x, — x globally in measure. By the assumption
that lim; o ¢(t)/t = oo, there are k > 1 and k,, > 1 for n € N such that

1 1
lzlly = (1 + Lp(ka)) and flng = 7, (L Lo(knzn)).
We need to prove that I,(A(z, —x)) — 0 for any A > 0. Choose an arbitrary
A > 0 and define

Ap ={t € Q:|z,(t) —z(t)] < ay/A}.
The assumption that x, — x globally in measure yields p(A)) — 0 as n — oo,
where for any A € ¥, A" := Q\ A. So, one can find a subsequence {A;, } of
{A},} such that (A, ) < 27%. Defining A = J;—; A, we have u(A) < 1. Note
that A’ = (o=, An, and |z, (t) — z(t)| < ay,/A for all k € N whenever t € A’
Consequently, I,(A(zn, — x)xa) = 0 for all k € N. In order to prove that
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I,(A(zp, —x)) — 0, we need to show that I,(A(zn, —2)xa) — 0. Let k and k,
be as above. We first prove that the sequence {k,} is bounded. Define

Co={teQ:|z(t)| > e}

for each € > 0. Clearly, it is possible to choose an €9 > 0 such that a := u(Cg,) >
0. Since z,, — x globally in measure, there exists m € N such that

p({t € Cyy : |xn(t) — z(t)] > €0/2}) < a/2 for all n > m.
Let D,, = {t € C¢, : |zn(t) — z(t)] < e0/2}. Then we have u(D,,) > a/2 for all
n > m, and so
| en@)] = [2(®)] | <e0/2

for all ¢t € D,, and n > m. Consequently, whenever n > m, we have
|zn(t)] > €o/2 for all t € D,.

Assuming that ¢ := sup,, k, = oo one can find a subsequence {ky,} of {k,} such
that ky,, — oo as j — co. Hence we get,

1 1
1= Hxnj||2> = (I Ip(kn,zn,) 2 ?I<P(k”jxnj)
nj

mnj
1
> ?‘P(knjg/z)ﬂ(Dnj) — 00,

n;
a contradiction, showing that sup,, k, < co. So, one can find a subsequence of
{k,} convergent to a positive number ¢. Assume without loss of generality that
kn, — ¢ as n — oo. Since the measure space is o-finite and z,, — z globally
in measure, we can assume without loss of generality that z,, — x p-a.e. in Q.
Consequently, ¢ o k,x, — @ olzx p-a.e. in Q). By the Fatou Lemma, we get

I,(lx) < liminf I, (k,x,),
whence

1 1
(3.1) 1=z]% < (Ut Lp(t2)) < liminf o= (14 Ly (knan)) = 1

n—oo n

for all n € N. This implies the equality I,(¢x) = ¢ — 1. Moreover, I,(knz,) =
kn, —1 — ¢ —1 as n — oo, whence we get by (3.1) that I,(knz,) — I,(¢x) or
equivalently, || o knzp|lp1 — |l@ o xz||r. We get || 0 knzn — @ o lz||pr — 0 as
n — oo by L* € Hy. Consequently, ||(p o kn2, — @ olx)xpllzr — 0 as n — oo for
any D € X. This yields that

(32) Lp(annXD) - IAP(E'IXD)a
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for any D € ¥ as n — co. Recall that we want to show that I, (A(z, —2)xa) — 0
as n — oo. Taking into account that k, — ¢, ¢ € Ag(co) and u(A) < oo, we
conclude from (3.2) that I,(z,xa) — I,(zxa). Since z,Xa — Txa in measure
and L' € Hy, we get || o 2, xa — w0 xxalzr — 0 as n — oo. Consequently, in
view of Lemma 1.1, we may assume by passing to subsequence if necessary that
the sequence {|¢ o 2, X4 — ¢ o x|} has a majorant z € L. Since

Ty — X

Yo

1
Xa < s{powaxateorxal
1
< Sfleomaxa+eomxal +2p0mxa}

1
< —
< 2z+cpox

and 2/2 + ¢ ox € L', the Lebesgue dominated convergence theorem yields
I (xn —2)xa/2) — 0 as n — oo. Further pu(A) < oo, z, — 2 in measure
and ¢ € Ay(oc0) implies that I, (A(z, —x)xa) — 0 for any A > 0. In consequence,
we get [lzn, — 2|9 — 0 as n — oo, which finishes the proof. O

REFERENCES

[1] C. Bennett and R. Sharpley, Interpolation of Operators, Pure and Applied Mathematics
129, Boston 1988.

[2] B. Bru and H. Heinich, Monotonies des espaces d’Orlicz, C. R. Acad. Sci. Paris 301 (1985),
893-894.

[3] S. Chen, Geometry of Orlicz Spaces, Dissertationes Math. 356 (1996).

[4] V. 1. Chillin, P. G. Dodds, A. A. Sedaev and F. A. Sukochev, Characterization of Kadec-
Klee properties in symmetric spaces of measurable functions, Trans. Amer. Math. Soc.
348 (1996), 4895-4918.

[5] P. Foralewski and H. Hudzik, Some basic properties of generalized Calderdn-Lozanovskit
spaces, Collectanea Math. 48 (1997), 523-538.

[6] H. Hudzik, On some equivalent conditions in Musielak-Orlicz spaces, Comment. Math.
Prace Mat. 24 (1984), 57-64.

[7] H. Hudzik, Intersections and algebraic sums of Musielak-Orlicz spaces, Portugaliae Math.
40 (1993), 287-296.

[8] H. Hudzik, On smallest and largest Orlicz spaces, Math. Nachr. 141 (1989), 109-115.

[9] H. Hudzik, On the distance from the subspace of order continuous elements in L' + L,
Functiones et Approximatio 25 (1997), 157-163.

[10] H. Hudzik and W. Kurc, Monotonicity properties of Musielak-Orlicz spaces and dominated
best approzimation in Banach lattices, J. Approx. Theory 95 (1998), 353—-368.

[11] H. Hudzik and L. Maligranda, Amemiya norm equals Orlicz norm in general, Indag. Math.
11 (2000), 573-585.

[12] H. Hudzik and M. Mastylo, Strongly extreme points in Kothe-Bochner spaces, Rocky Moun-
tain J. Math. 3, Vol. 23 (1993), 899-909.



1044 T. DOMINGUEZ, H. HUDZIK, G. LOPEZ, M. MASTYLO AND B. SIMS

[13] A. Kaminska, Flat Orlicz-Musielak sequence spaces, Bull. Acad. Polo. Sci. Math. 30 (1982),
347-352.

[14] L. V. Kantarovich and G. P. Akilov, Functional Analysis, 2nd edition, Moscow 1978 (in
Russian).

[15] S. G. Krein, Yu. I. Petunin and E. M. Semenov, Interpolation of Linear Operators, Nauka,
Moscov 1978 (in Russian).

[16] W. Kurc, Strictly and uniformly monotone Musielak-Orlicz spaces and applications in best
approzimation, J. Approx. Theory 69 (1992), 173-187.

[17] J. Lindenstrauss and L. Tzafriri, Classical Banach spaces II, Springer-Verlag, Berlin (1979).

[18] W. A. J. Luxemburg, Banach Function Spaces, Thesis, Delft 1955.

[19] L. Maligranda, Orlicz Spaces and Interpolation, Seminars in Math. 5, Univ. Estadual de
Campinas, Campinas SP, Brasil, 1989.

[20] A. Medzhitov and P. Sukochev, The property (H) in Orlicz spaces, Bull. Polish. Acad. Sci.
Math. 40 (1992), 5-11.

[21] J. Musielak, Orlicz Spaces and Modular Spaces, Lecture Notes in Math. 1034, Springer
Verlag 1983.

[22] M. M. Rao and Z. D. Ren, Theory of Orlicz Spaces, Pure and Applied Mathematics, Marcel
Dekker. New-York, 1991

[23] F. Riesz, Sur la convergence en moyenne I, Acta Sci. Math. 4 1928/29, 58-64.

[24] F. Riesz, Sur la convergence en moyenne II, Acta Sci. Math. 4 1928/29, 182-185.

[25] B. Turett, Rotundity of Orlicz spaces, Indag. Math. 38 (1976), 462-469.

Received April 6, 2001

(Tomas Dominguez) DEPARTMENT OF MATHEMATICAL ANALYSIS, UNIVERSITY OF SEVILLA
APDO., 1160 41080 SEVILLA, SPAIN
E-mail address: tomasd@cica.es

(Genaro Lépez) DEPARTMENT OF MATHEMATICAL ANALYSIS, UNIVERSITY OF SEVILLA APDO.,
1160 41080 SEVILLA, SPAIN
E-mail address: glopez@cica.es

(Henryk Hudzik) FACULTY OF MATHEMATICS AND COMPUTER SCIENCE, ADAM MICKIEWICZ
UNIVERSITY, UMULTOWSKA 87, 61-614, POZNAN, POLAND
E-mail address: hudzik@amu.edu.pl

(Mieczystaw Mastylo) FACULTY OF MATHEMATICS AND COMPUTER SCIENCE, ADAM MICK-
1IEWICZ UNIVERSITY, AND INSTITUTE OF MATHEMATICS (POZNAN BRANCH), POLISH ACADEMY
OF SCIENCES, UMULTOWSKA 87, 61-614, POZNAN, POLAND

E-mail address: mastylo@amu.edu.pl

(Brailey Sims) SCHOOL OF MATHEMATICAL AND PHYSICAL SCIENCES, THE UNIVERSITY OF
NEWCASTLE, CALLAGHAN NSW 2308, AUSTRALIA

E-mail address: bsims@frey.newcastle.edu.au



