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ABSTRACT. In this paper we first prove a rather general theorem about exis-
tence of solutions for an abstract differential equation in a Banach space by
assuming that the nonlinear term is in some sense weakly continuous.

We then apply this result to a lattice dynamical system with delay, proving
also the existence of a global compact attractor for such system.

1. Introduction. Lattice differential equations arise naturally in a wide variety
of applications where the spatial structure possesses a discrete character. These
systems are used to model, for instance, cellular neural networks with applications
to image processing, pattern recognition, and brain science [18, 19, 20, 21]. They
are also used to model the propagation of pulses in myelinated axons where the
membrane is excitable only at spatially discrete sites (see for example, [8], [9], [41],
[40], [30, 31]). Lattice differential equations can be found in chemical reaction theory
[23, 28, 33] as well. Also, it can appear after a spatial discretization of a differential
equation, as it is the case we are interested in the present paper.

Recently, there have been published many works on deterministic lattice dynamical
systems. For traveling waves, we refer the readers to [14, 36, 15, 54, 1, 5] and the
references therein. The chaotic properties of solutions for such systems have been
investigated by [14] and [17, 42, 16, 22]. The existence and properties of the global
attractor for lattice differential equations have been established, for example, in [2],
(7], [10], [38], [39], [44], [45], [51], [52], [53].

Also, one can find several papers considering stochastic versions of lattice dynamical
systems (see, e.g., [6], [11], [12] [13], [26], [27], [35], [49], [46]).
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On the other hand, the consideration of some kind of delay, memory or retarded
terms in the models are a sensible fact, as they are present in many aspects of
real models (e.g. in control problems). Therefore, our main aim in this paper
is to analyze the existence (and eventually the uniqueness) of solutions and their
asymptotic behavior of the following retarded lattice differential equation

du; .
(Z — (Uim1 — 2w + ui1) + Aug + fi (uig) =0, £ >0, i € Z,
(1)

U; (8) = "/Jz (8) , Vs € [_h7 0]7

where A € R, which is the discretization of the following scalar retarded reaction-
diffusion equation:

du  9%u
E_@—|-/\u—|—f(ut)—0, t>0,z e R,

u(s) =1 (s), Vs € [-h,0].

Here u = (u;)icz € (2, Z denotes the integers set and for a continuous function
u: [=h,T] =Y (where Y is some space), u; denotes the segment of the solution,
i.e., the element in C ([—h,0],Y) defined by u; (s) = u (t + s), s € [-h,0].
Problem (1) has been considered in [48] under some kind of Lipschitz assumption
(even under integral formulation). However, those are not stated in a clear way (in
our opinion) and we do not even see how the existence of solution of the lattice
system can be proved using those assumptions, by following the scheme carried out
by the authors. Subsequently, the same kind of assumptions have been used in
other papers (see, e.g. [46], [50], [47]).
In the present paper, we impose some general assumptions (only some continuity
assumptions and growth conditions on the term containing the delay) and prove
the existence of solutions of our problem, and additionally the uniqueness when we
also assume a local one-sided Lipschitz hypothesis. The asymptotic behavior is also
analyzed by proving the existence of a global attractor, even when our problem gen-
erates a set-valued or multi-valued dynamical system due to the lack of uniqueness
of solutions of our model.
To do this, we first prove some general abstract results on the existence of solutions
for a differential equation with delays in a Banach space (see Section 2). We prove
that if the nonlinear function containing the delay is weakly sequentially continuous
in bounded sets, then at least one local solution exists for every initial data in a
suitable space. This result generalizes a previous one [29] for the case of differential
equation in Banach spaces without delay. As far as we know, in other papers (see e.g.
[25], [34], [43]) some extra assumptions are considered (as for example compactness
conditions).
Next, in Section 3 we apply this general theory to our model (1) under rather general
assumptions of the nonlinear term f.
Finally, we analyze in Section 4 the particular case of a lattice dynamical system
with a nonlinear term of the form

0

filuit) = Foi (ui () + Fui (u (f—hl))"'/_hbi (5,u; (t +5)) ds,

with 0 < hy < h. Under some dissipative and sublinear growth conditions, we define
for this problem a multivalued semiflow and prove the existence of a global compact
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attractor. Additionally, with extra Lipschitz conditions we obtain uniqueness of the
Cauchy problem, so that the semiflow is in fact a semigroup of operators.

2. Existence and uniqueness of solutions for differential equations with
delays in Banach spaces. Let E be a real Banach space with its dual E* and let
Ey = C([~h,0], E), with norms [-||, ||-]|, and ||||E0, respectively, where H<p|\E0 =
maxee(—h,0] [ (t)]|. Also,

Bx (yo,r) ={y € X : ly —wollx <7},

where X = F or Ey, and (+,-) will denote pairing between E and E*.
Let us consider the following Cauchy problem for a functional differential equation
in a Banach space:

du
T It ), )
Up = 1/) S E07

where f : [0,00) x Ey — E. Also, for any v € C([—h, +00), E), the function u; € Ey,
t >0, is defined by u; (s) = u (t + s), s € [—h,0].

Let E,, be the space E endowed with the weak topology. We consider the space
Eow = C([—h,0], Ey). We say that u, — u € Eg,, in Eg,, if

U, ($n) — u(s) in E,, for all s,, — s € [—h,0].

We will say that the function f is sequentially weakly continuous in bounded sets
if t, — ¢, up — uin Epy and |luy||p, < M, for all n, imply f (¢, un) — f (¢,u) in
E,.

On the other hand, we will say that the function f is bounded if it maps bounded
subsets of [0,00) x Ey onto bounded subsets of E.

Definition 1. The map u : [—h,T] — E is called a solution of problem (2) if
ug = ¥, u(-) is continuous, once weakly continuously differentiable in [0,T] and
satisfies

u (t) = u(0) —l—/o f(s,us)ds, forallte|[0,T).

Remark 2. It follows from this definition that for any solution u of (2), the map
t— uy € Ey is continuous.

Remark 3. We note that if f : [0,00) x Ey — E is sequentially weakly continuous
in bounded sets and the map t — u; € Ey is continuous, then t — f (t,u;) is weakly
continuous, hence weakly measurable. If E is separable, we obtain that t — f (t,u;)
is strongly measurable. If we assume, moreover, that the map f is bounded, then
we have that f (-,u.) € L' (0,T; E).

If f:]0,00) X Ey — E and t — u, € Ey are continuous, then the map t — f(t,u;)
is continuous, hence strongly measurable. If we assume, moreover, that the map f
is bounded, then we have that f (-,u.) € L' (0,T; E).

We shall obtain now the existence of solutions for problem (2).

Theorem 4. Assume that E is reflexive and separable. Let f : [0,00) x Eg — E be
sequentially weakly continuous in bounded sets, and let f be a bounded map. Then,
for each v > 0, there exists a(r) > 0 such that if b € FEy and [[{)| g, < 7, then
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problem (2) possesses at least one solution defined on [0,a (r)]. Moreover, u () is

d
a.e. differentiable and d_? = f(t,us) for a.a. t € (0,a(r)).

If we assume additionally that f : [0,00) x Ey — E is continuous, then u €
C([0,a]; E) and the separability of E is not needed.

Proof. Since f is bounded, for any r > 0 there is M (r) such that
IIf (t,v)]] < M for all t € [0,1],v € Bg,(0,r).
Define a (r) = min{1,r/M (2r)}. For any n we take a partition of the interval [0, a] :
Ap 0=t <t <..<tRp) =a

where

|Ap| = 1I<T}€3<XN{‘tZ - tZ_l‘} — 0 asn— oco.

For every n we define inductively an approximation sequence by Euler’s method:
u" (s) = (s) for s € [—h, 0],
u (t) :u"(t;;)Jr(t—t;;)f( Zu?k) for tf <t <ty ,,0<k<N-—1
Let t,s € [0,t}]. Then
[ () = u" ()| = [[(£ = 5) f (0, )| < |t — 5] M (2r) 3)
and, in particular,
[[u™ (t) = u™ (0)]] = [[t.f (0, )| < [t| M (2r) <, (4)
so that
[ (B[ < 2r. (5)

We shall prove (3)-(5) for all ¢,s € [0,a(r)]. Assume that these properties are
satisfied for t,s € [0,¢}_,]. Then, if t € [t}'_,,t}], we have

k—2

w8 = (0) = (¢ = tio) S (o) + D0 (8 — ) £ (8t ).

i=0
[[u" (£) = u" (0)[| < tM (2r) <,
so that
[[u™ ()] < 2r. (6)
Now, for t,s € [t}_,,t}], we obtain
Ju (0) = w ()] = |[(¢ = ) f (tiosuty || < 16— sl 2 (2r).
Finally, if ¢t € [t}_,,t}], s € [0,¢}_,], then

o (6 = w ()] = [ (B0) + (6 = 70) £ (i ) = u” (s)
< (|t—tz,1‘+|t7j,1—s|)M(2r)=|t—s|M(2r). (7)

Hence, the result follows.

Since FE is reflexive, from (6) we deduce that every sequence {u" (¢)} is relatively
compact in Fy,. It follows the existence of a continuous function u (-) and a subse-
quence of {u™ (-)} (denoted again u™) such that u™ (t) — w (¢) in E,, for all ¢ € [0, al.
Indeed, using the diagonal method one can choose a subsequence of {u™ (-)} and a
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function u : QN [0,a] — FE such that u™ (t) — u (t) in E,, for any rational number
t € Q. Since

llu(t) —u(s)|] <liminf ||u" () —u™ (s)|| < |t —s| M (2r), for all t,s € QN[0,al,

the function u can be extended to a continuous function (denoted again u : [0, a] —
E) such that

lu(t) —u(s)] <|t—s|M(2r), forallt,se0,al. (8)
We shall prove that u™ (tg) — u (tg) in E,. Indeed, for any t; € [0,a]\Q, v € E*
we have
(u™ (to) —u(to),v) = (u" (to) = u" (tm) , v) + (u" (tm) — u (tm) , v)
+ (u (tm) — u (to) ,v),

where t,, € Q are such that ¢, — to. For any € > 0 there exist m (¢) and
N (m (g),¢e) such that

(™ (t0) = u™ (b )] < ™ (t0) =™ () o] < 5,
(1 (b) = (t0) )] < [lu(tn) = u(t0)] 0]l < 5.
" (tm) = (£ 0)] < 5

Thus, |(u™ (to) —u (to),v)| < &, so that u™ (tg) — u (to) in E,. In fact, we have
that

u” (tn) — u (to) in B, if t, — to,
which follows by a similar argument from the equality

(u" (tn) —u(to) ,v) = (u" (tn) — u" (to) ,v) + (u” (to) — u (o) , v).
Thus
up (Tn) = u" (tn +T) = u(t+7) =u (1),

for t,, — t € [0,al], 7, — 7 € [—h,0], implies that

up — ug in Eo,, if t, —t € [0, al.

It remains to show that w (-) is a solution of (2). For this aim we will pass to the
limit in the integral

u™ (1) = u™ (0) —|—/O fa, (T)dr, t €10,al,

where
Jan () = £ (£ u) for 7 € [1,8,), 0 <P S N = 1.

Since f is sequentially weakly continuous in bounded sets, for any 7 € [0, ¢] we have
fa, (r)=f (t?,u?y) — f(r,u?) in E,.

Then by || fa, (7)]] < M (2r) and Lebesgue’s theorem we obtain for any v € E*
that

([ 1snmare) = [ s, i = [ ir=( [ frunane).,

and then

w0 = w0+ ([ fnun i),
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where we have used that f(-,u.) € L'(0,T;E) (see Remark 3). As v € E* is
arbitrary, we get the equality

u(t)zu(O)—i—/O f(1,ur)dr for all t € [0, a).

This implies that

du
E = f (t,Ut)

in the distribution sense, that is, for any ¢ € C§° (0,a),

[ umé @ir=- [ 1@u)oman
0 0

and also that g (t) = f (t,u) is the weak derivative of u, that is,
d

7 (u,v) = (g,v), for all v € E*,

in the scalar distribution sense on (0,a). Since ¢t — f (¢, us) is weakly continuous, u
is weakly continuously differentiable.

d
Also, since u is absolutely continuous on [0, a] and d_lzf € L' (0,a; E), we obtain that

d
u is a.e. differentiable and d—? = f(t,u;) for a.a. t € (0,a).

Finally, if f : [0,00) x Ey — FE is continuous, then ¢ — f (¢,u;) is continuous, so
that u € C! ([—h,00); E) . O

If the space E is not assumed to be reflexive, we need to assume an extra compact-
ness condition on f.

Theorem 5. Assume that E is separable. Let f :[0,00) X Eg — E be sequentially
weakly continuous in bounded sets. Assume that f ([0,T] x Bg, (0,7)) is relatively
compact in E,, for any T,r > 0. Then, for each v > 0, there exists a(r) > 0
such that if ¢ € Eg and ||¢||g, < 7, problem (2) has at least one solution defined

d
on [0,a(r)]. Moreover, u(-) is a.e. differentiable and d_? = f(t,us) for a.a. t €

(0,a(r)).
If we additionally assume that f : [0,00) x Ey — E is continuous, then u €
C([0,a]; E) and the separability of E is not needed.

Proof. Since f ([0,T] x Bg, (0,r)) is relatively compact in F,,, the map f is bounded.
Then for any R > 0 there is M (R) such that

If (t,0)]| < M for all ¢t € [0,1],v € Bg, (0, R).

We define a (r) = min{1,r/M (2r)} and exactly the same approximation sequence
{u™} as in the proof of Theorem 4, which satisfies (6), (7). Also, we have that

"(t) —u(0

COZO 0,0 i1 e 0.13]

A P . k=1 tigr =8 (o " " P
- T +> 0 ff thougn ) i€ [t 4] kB =1

u™ (t) —u (0)
t

"(t) —u(0
Hence, using (6) we have M € co(f ([0,a] x Bg, (0,2r)), where co (B) is
the convex hull of the set B. By the Krein-Smulian theorem co(f ([0, a] x Bg, (0,2r))
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—u(0)
t

sequence converging in FE,,, and then the same convergence property is satisfied
by {u™(t)}. Arguing as in the proof of Theorem 4 we obtain the existence of
a continuous function w (-) satisfying (8) and a subsequence of {u™ (-)} such that
u” (tn) — u(to) in B, if t,, — to. Also, exactly in the same way it is proved that
u (+) is a solution of (2), and the additional regularity properties, as well. O

u” (¢
is relatively compact in F,,. Hence, the sequence { ®) } contains a sub-

Theorem 6. Assume either the conditions of Theorem 4 or 5. If a solution u (-)
of (2) has a mazimal interval of existence [0,b) and there exists K > 0 such that
lu (@) < K, for all t € [0,b), then b = +oo, that is, u () is a globally defined
solution.

Proof. Since the map f is bounded, from the definition of solution it follows that the
function w (-) is uniformly continuous on [0,b). Hence, the limit lim,_;- u (¢t) = u*
exists. Then, using the initial condition

. u* if s =0,
P (3):{ u(s+b) if s € [=h,0),

and either Theorem 4 or 5 we obtain that the solution w (-) can be extended to the
interval [0,b + «), a > 0, which is a contradiction. O

Let J : E — 2F be the duality map, i.e. J(y) = {€ € E* | (y,€) = |jy|° =
€17}, Yy € E. We will prove two results concerning uniqueness of solutions.

Theorem 7. Assume either the conditions of Theorem /J or 5. Also, suppose that
(f (t0) = f (t.w) ) < B (@) |Jv = wl,

for all j € J(v(0) —w(0)), v,w € Ey and a.a. t € (0,00), where 3 € Li, (0,00),
B(t) > 0. Then, for every ¢» € Ey, problem (2) possesses a unique solution u ()
defined on [0, 0).

Proof. By either Theorem 4 or 5 there exists at least one solution defined in some
maximal interval [0, o). We will show that for this solution ax = oo.

d
Since d_ltL exists for a.a. ¢t € (0, «), Lemma 1.2 in [4, p.100] implies that

o 6 ()] = (iu (1) ,j) = (f (tyur) . ) for all j € J (u(f) and aa. t.

dt
Hence,
1d o d - | |
SO = o (- () = () ~ 7(0,0),) + (7 (1,0)..)
< B0 Juell3, + 7 1F (6O + ()
< B+ 1)l + 7 17 60
Thus,

tl t
@1 <l )+ [ 517 01 ds+2 [ (8 + 1)l ds
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and
2 2 ‘1 2 ¢ 2
el s, < 1¥lE, + |2 £ (s,0)]|" ds + 2 ; (B(s) + 1) ||luslg, ds.

Denote C () ||¢||E0+f I (s,0)|1* ds, v (t) = 2(8 (t)+1). By Gronwall’s lemma,

t
|, < C () +/ v (s)C (s)el: 7545 < K for all t € [0, ).
0

Therefore, Theorem 6 implies that o = +o0.
We shall prove that this solution is unique. If w (-), v () are two solutions with the
initial data 1, then

) d
Sl (®) =0 O = @) = v @) 3 lu ) — v @)

= (f (tue) = f(t,00),9) < B () e = vell,
where j € J (u (t) — v (t)). Thus,

t
o) =0 O < [ 28(5) s = vl s
and then
t
|lue — ’Ut”on < /0 206 (s) |lus — U5H2E0 ds for all t > 0.

Again by Gronwall’s lemma we have that u = v. O

Theorem 8. Assume either the hypotheses of Theorem /J or 5. Also, suppose that,
for any M > 0, there exists 3(-,M) € Li,.(0,00) such that 3(t,M) > 0 for a.a.
€ (0,00), and the following inequality holds:

(f (t0) = £ (8w) ) < B (M) [lo = wl, , 9)

for all j € J(v(0)—w(0)), and all v,w € Eo with ||v| g, ,|ullg, < M, and a.a.
€ (0,00). Then, for each r > 0, there exists a(r) > 0 such that if y» € Ey and
]l g, <7, problem (2) has a unique solution defined on [0,a (r)].

Proof. We know by Theorems 4 or 5 that there exists at least one solution defined
n [0,a(r)]. Suppose that we have two different solutions u,v defined in [0, a (r)].
Then, arguing as in the proof of the previous theorem, we have

5 lu(®) = v O < Bt M) [lue —vel, . (10)

where M > 0 is such that [lu¢| g, , [[vell p, < M for all ¢ € [0,a(r)]. Then, using
Gronwall’s lemma we obtain that v = v. O
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3. Lattice dynamical systems with delay: setting of the problem. Consider
the following first order lattice dynamical system with finite delay

du; .
v — (ui—l —2u; + ui-i—l) + Au; + fz (uit) =0,t>0, 1 €7,
dt
(11)
u; (8) =1 (s), Vs € [=h,0],

where A € R, which is the discretization of the following scalar retarded reaction-
diffusion equation:

du 0%u

i Mt f(u) =0, t> 0,z €R,

u(s) =1(s), Vs € [—h,0].
We consider the separable Hilbert space (* = {v = (vi);cz : ;707 < 00} with
norm ||v| = \/3,c, v? and scalar product (w,v) = Y, ., w;v;, and also the Banach
space £2° = {v = (v;),;cy : SUP;ez |vi] < o0} with norm [[v|| = sup,ez [vi .
Further, we shall use the notation E = ¢2, Eyg = C ([—h, O],€2), E, =C([-h,0,R),
with the norms ||ul| z, = maxse(—p,o0) [lu ()], lull 5, = maxse(—p,o)|u(s)]. Also, put

Eo = C([=h,0],£>) with norm |lul|, = maxse[_p,o [|u(s)]|- We note that
FEy C Ey, as

Ju(t) —u(s)l = sup i (8) = wi ()] <[> |ui (£) = wi (s)]?
€ i€Z
= [Ju(t) —u(s)ll, Vt,s € [=h,0],

HuHEw: max sup|ul|< max |u1 HuHEO
s€[—h,0] ;

We consider the following conditions:

(H1) The operator f : Eg — E given by the rule (f (v)), = fi (vi), i € Z, is well
defined and bounded.
(H2) The maps f; : C([—h,0],R) — R are continuous.

and

We shall first prove the existence of solutions for problem (11). For this aim we
shall rewrite it in abstract form. We define the operator A : E — E by

(Av), := —vi_1 + 2v; — Viq1, © € Z.
Also, we define the operators B, B* : E — E by
(Bv); :=vigz1 —vi, (B™), :=vi_1 — ;.
It is easy to check that
A= B"B = BB",

(B*w,v) = (w, Bv).

Then the operator F': Ey — E is defined by
F(v)=—Av(0) — f (v) = Av (0)
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and (11) can be rewritten as

d
_u =F (ut) ’ t> Oa

u(s) =1 (s), Vs € [-h,0].

Lemma 9. Let (H1)-(H2) hold. Then the map f : Ey — E is sequentially weakly
continuous in bounded sets. Also, the map A : E — E is weakly continuous.

Proof. Let v" — v € Eg, [v"| g, < M) for all n, and let w € £? be arbitrary. For
any € > 0 we take Ko () > 0 such that >, - g, |wi|* < e. Since f is bounded,
there exists My > 0 such that ||f (v™)| < Ma, ||f (v)|] < Ma, for all n. Also, as
vl — v; in C([—h,0],R), for all 4, (H2) imply the existence of N(Ky,e) such that
Yjiexco [ fi 0F) = fi (vi)[* < €% if n > N. Hence,

(F @) = f ), w) < [ D 1fi (o) = fi (0

‘i‘<K0

+ @I+ @D D Tl
li|> Ko

< e||lwl| + 2Mae.

The result for the operator A can be proved similarly. This completes the proof. O

Theorem 10. Let (H1)-(H2) hold. Then for each r > 0 there exists a(r) > 0
such that if 1 € Eo and |||z, < 7, then problem (11) has at least one solution
defined on [0,a (r)]. Moreover, u () is a.e. differentiable and Cfl—? = F (ut) for a.a.
t e (0,a(r)).

Proof. Lemma 9 implies that the operator F' is sequentially weakly continuous in

bounded sets. Since f is bounded, F' is also bounded. The result follows from
Theorem 4. O

In order to obtain that the map f is continuous, we need an assumption which is
stronger than (H1).

(H3) The operator f : Eg — E given by the rule (f (v)), = fi (vi), i € Z, is well
defined, and for any v € Ey, we have

ST Ui <C(vllg,) | max Y wi(s)+bk |, forall K € Z7,
> U Sk

where b — 07 as K — oo, and C (-) > 0 is a continuous non-decreasing
function.

Remark 11. Condition (H3) implies that the map f is bounded.
Lemma 12. Let (H2)-(H3) hold. Then, the map f: Ey — E is continuous.
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Proof. Let v™ — v in Ey. Then for any € > 0 there exists K( ) such that
S <o, e 3
li|>K | |>K
Then by (H3) one can choose K; (¢) > K () such that
ST < Ry ST I (00)? < Be,
=K 1=K

for some R > 0. On the other hand, by (H2) we obtain the existence of N (g, K)
such that

Z Ifi W) = fi (v)]? <eif n> N.

|i‘<K1
Thus,
ST = f)lP < S0 1f @) = fi ()
i€Z li| <Ky
+2 Z |f1 | +2 Z |f1 'Uz
i > K1 li| > K1

<e+2Re,if n> N.
O
Corollary 13. Under conditions (H2)-(HS3) the solution given in Theorem 10 be-
longs to the space C1 ([0, a]; E) .

In order to obtain the uniqueness of solutions we need an additional Lipschitz
assumption.

(H4) For any M > 0 there exists 5 (M) > 0 such that
(f (2) = f (v),2(0) = v(0)) = =B (M) [|= — vl .
it {12l g, s [0l g, < M-

Theorem 14. Assume (H1)-(H2) and (H4). Then the solution given in Theorem
10 is unique.

Proof. Let z,v € Eo, ||z g, , [|vlg, <M, and w = 2z — . It follows from (H4) and
(Aw(0),w(0)) = (Bw(0), Bw(0)) > 0 that

(F'(2) = F (v),2(0) =v(0)) = — (Aw(0),w(0)) = A[wl| g, — (f () = f (v),w(0))
< BM)[lwlg, -
Then the result follows from Theorem 8. O

We now aim to study the asymptotic behaviour of solutions for problem (11). In
particular, we will show the existence of a global attractor.

When conditions (H1)-(H2), (H4) hold, if we assume that every solution is global
(this is true if we obtain an estimate of the solutions by Theorem 6), then we can
define a semigroup of operators S : RT x Ey — Ey by

S (tv 1/)) = Ug,
where u (+) is the unique solution to (11) with ug = . Moreover, it is easy to prove

using (10) and Gronwall’s lemma that the map S is continuous with respect to the
initial data ug.
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On the other hand, if we assume only (H1)-(H2) and that every solution is global,
then we can define a multivalued semiflow by G : Rt x Ey — P (Ey) (P (Ep) is the
set of all non-empty subsets of Ey) by

G (t,v) = {us : u () is a solution of (11) with ug = 1}. (13)

Since we do not have uniqueness of the Cauchy problem, this map is in general
multivalued. In a standard way (see [38, Lemma 13]) one can prove that it is a
multivalued semiflow, that is:

1. G(0,-) = Id (the identity map);

2. G(t+s,u9) C G(t,G(s,up)) for all ug € Ey, t,s € RT.
Moreover, it is strict, that is, G (t + s,up) = G (¢, G (s,ug)) for all ug € Ey, t,s €
RT.
In the following sections we will show, for more particular cases of the map f, the
existence of global attractors for (11). For this aim, we recall now some well known
results of the general theory of attractors for semigroups and multivalued semiflows.
Let S : Rt x X — X (G : Rt x X — P(X)) be a semigroup (a multivalued
semiflow) in the complete metric space X. The set By is called absorbing for the
semigroup S (the semiflow G) if for any bounded set B there is a time T (B) such
that S (¢t,B) C By (G (t,B) C By) for any t > T.
The semigroup S (the semiflow G) is asymptotically compact if for any bounded
set B such that U;>7ppyS(t, B) (Us>7(p)G(t, B)) is bounded for some T'(B), any
arbitrary sequence y, € S (tn,B) (yn € G (tn,B)), where t,, — o0, is relatively
compact.
Recall that dist(A, B) = sup,¢ 4 inf,ep ||z — yl| is the Hausdorff semi-distance from
the set A to the set B.
The set A is called a global attractor of S if it is invariant (S(¢,.4) = A for any
t > 0) and attracts any bounded set B, that is, dist (S(¢, B), A) — 0 as t — oo.
The set A is called a global attractor of G if it is negatively semi-invariant (A CG(t,.A)
for any ¢t > 0) and attracts any bounded set B, that is, dist (G(t,B), A) — 0 as
t — oo. It is invariant if A =G(t,.A) for any t > 0.
We state two well-known results about the existence of global attractors.

Theorem 15. ([32] and [24]) Let x — S(t,x) be continuous for any t > 0. Assume
that S is asymptotically compact and possesses a bounded absorbing set By. Then
there exists a global compact attractor A, which is the minimal closed set attracting
any bounded set. If, moreover, the space X is connected and the map t — S (¢, x)
is continuous for any x € X, then the set A is connected.

We recall that the map x — G(t, ) is called upper semicontinous if for any neigh-
borhood O of G (¢, z) there exists § > 0 such that if ||y — x| < d, then G(t,y) C O.

Theorem 16. ([37]) Assume that G is asymptotically compact and has a bounded
absorbing set By. Also, let the map x — G(t,x) be upper semicontinuous and have
closed values. Then there exists a global compact attractor A, which is the minimal
closed set attracting any bounded set. If, moreover, the semiflow G is strict, then
A is invariant.

4. A lattice system with sublinear retarded terms. We shall consider a func-
tion f : Eg — E given by the rule (f (v)), = fi (v;) and
0

fi(v) = Fo,i (v (0)) + F1 i (v (—h1)) + / b; (s,v; (s)) ds,

—h
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where h > hy > 0, that is, putting v = uy = u (¢t + -), problem (11) can be rewritten
as
dui
dt

= (i1 = 2ui +uir1) + Mg+ Foi (uq (t) + Fui (ui (t— he))

+ [0 bi (s,ui (t+5))ds =0, t >0, i € Z,
u; (8) =; (s), Vs € [—h,0].

(14)

We consider the following conditions:

(C1) A>o0.

(C2) Fy,; are continuous and satisfy that F; (v)z > —Cp;, Cpy € £1.

(C3) |Foi(z)| < H (|z])|z| + C14, for all z € R, where C; € ¢2, and H (-) > 0 is a
continuous and non-decreasing function.

(C4) Fy,; are continuous and verify that |Fy; (z)| < K |z| + Ca, for all z € R,
where Cy € (2, K; > 0.

(C5) |bi (s,2)] <mos(s)+mu(s)|z|, for all z € R and a.a. s € (—h,0), where b;
are Caratheodory, that is, measurable in s and continuous in x.

Also, mg; (-), m1i(-) € L' (=h,0), mg;(s),m1,(s) > 0 and defining

My = f_oh moi (s)ds and M;; = f_oh mi,; (s)ds we assume that
M2 =3, M2 < oo, r=0,1.

Let us check conditions (H1)-(H3). First, in order to obtain (H1) we prove that f

is well defined and bounded. We note that

0
|fi (vi)| < [Foi (vi (0))] + | Fi (vi (—ha)) +/—h|bi (s, vi (s))|ds. (15)
For the first term by (C3) we have
[Fos (v () <2 (H2 (Jui ) [ex ) +C2,) < 2x(llell ) [v: (0) +2CF., (16)

where x(||v]|z,) = max;ez (H? (|v; (0)])), which exists because H (-) is non-decreasing
and v € Ey. Then,

Y 1o, (v ()7 < 2x(loll g,) [0, + 2[ICa . (17)
i€z
For the second term, by (C4), we obtain
D Fu (v (=h))[* < 2K Joi (=ha)[* +2 | Coll” < 2KF |[ol|, +21IC2|*. (18)
i€Z i€z

Now, for the term with the integral delay, by (C5), we proceed as follows:

0 0
/ s (5, ()] ds < / (moi (3) +mas (5) |vi (5)]) ds < Mo + |[oll . M

—h —h
Then
0 2
2 2
T ( [ o) ds) <2 M2 42l ST M2, < 20E 42 oll3, M2
icz N\ —h i€ icZ

(19)
Then, using (17)-(19) in (15) we obtain that f is well defined and bounded.
Now, we check (H2), i.e., that the maps f; : C([—h,0],R) — R are continuous.
We consider {v"}, .y € C([—h,0],R) and v € C([—h, 0], R) such that v™ — v° in
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C([-h,0],R). Now, we take
|fi (") = fi (UO)} < }FOZ' "(0)) — Fo ( O( )} + |F1,¢ (0" (=h1)) — F1; (UO (—h1))|

’/ (s, 0" ds—/ohbi(s,vo(s))ds.

From (C2) and (C4), Fy; and Fy; are continuous functions. Also, from (C5) and
Lebesgue’s theorem the last term converges to 0. Thus, the continuity of f; follows.
To check (H3) we observe that

= ([ mowone) 225 ([ o)

li|>K li|>K
+2Z(/ ma,; (8) v ( )|d8>
li|>K
2
<2 Z ]\/[0.,1'4‘2”1)”}50 Z M121
i[> K li|> K

Also, by (15), (16) and (C4) we have

S AP <R [ xlg) 3w OF + 3 G2+ K2 S o (b))
\

ji|=K liI>K iI>K i K
2 2 2 2
+ E Cy, + E Mg, + vl %, E M7,
1> K 1> K > K

<C(Ivllg,) nax > wi(s) + bk |,
il>K

where b — 0% as K — oo, and C'(-) > 0 is a continuous non-decreasing function.
Thus, (H3) holds.

Then Theorem 10 and Corollary 13 imply that for any ¥ € Ej there exists, at least,
one solution u (-) € C* ([0, ), E) in a maximal interval [0,«). In order to obtain
that every solution is globally defined we need to get some estimates. This will be
done in the next section.

4.1. Estimate of solutions. Now, we shall obtain some estimates of solutions.
Such estimates will imply that the solutions are bounded uniformly with respect to
bounded sets of initial conditions and positive values of time. This result allows us
to define also a bounded absorbing set.

Proposition 17. Assume (C1)-(C5). Also, let
oMieh < 1, (20)
K2< e (A=), (21)

where n € (no,m) and n; are the two solutions of the equation ne="™ = 2Mj.
Then, every solution u (+) with ug = 1» € Ey verifies

el < Rae™ P ||, + Re, Vi€ [0,T7), (22)

where T* is the mazimal time of existence, L = 2Mie™ and R; > 0 are some
constants depending on the parameters of the problem.
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Remark 18. We note that (20) implies that ne=" > 2M; if n € (o, m1), so that
n > L. Also, (21) implies that \ > 7.
Proof. We multiply (14) by u = (u;),c in 2. Then

1d )
5l + (Au, w) + A ()]

= =) Foi (g (8) s (8) = Y Fu (ug (8= 1)) wi (1)

i€ i€EZ

_Z/ s S U t+s))d5 U; (t) (23>

i€Z

Multiplying (23) by e, and using (Au,u) = ||Bu|® and (C1)-(C4), we have, for
any € > 0 to be determined later on,

d
L @) < (n—22+ e u )] + 207 [Coll

et
+25 (K2 u(t - m)* + |G

_gentz/ (s, us (t + 5)) ds s (t). (24)

€L

Now, integrating the last inequality over [0, ¢] we obtain
¢
2
e Jlu (®)]* < Jlu (0)1* + (n — 22 + 6)/ e |lu(s)]* ds + p ICollpr (™ —1)
0

2 2K% [
+ o Gl (e = 1) + Tl/ € flu (s — o) |* ds
0

- 2/ e’ (Z/ (ryui (s +1))dr u; (s)) ds. (25)

€L

We proceed to estimate the two last terms in (25). First,

t t—hq
[ erlut-mPds= [ et ) a
0 —hq
0 t
< e / Ml ()2 d 4 e / Ml ()2 dl
—h 0

nh t
<l (- e [ Mu@Pan (20

Next, we analyze the last term in (25). By (C5),

Z/ (s,ui (t+s))ds u; ( Z/ (Mo, (8) [u; (t)]) ds (27)

€L i€Z

+Z/ s (5) fus (¢ + )] |us (8)]) ds

€L

Now, we estimate the two terms in (27) separately. On the one hand,

Z/ (0 () s (D)) ds = 3" Mo Jus (0] < Jlu @) Mo (28)

€7 €7
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On the other,

Z/ mzwwﬂwmmﬁqw@§X[km$m§W@

€L €7
< luell g, MafJu @)l

2
< el M- (29)

Now, using (28) and (29) in (27), we have

(Z/ (ryui (s + 7)) dr g (s)>

i€EZ

ds

sz/ * (el Mo + s, 241 ds
0
t

t 2
M
ge/ e ||u(s)||2ds+é—no(e"t—1)+2M1/ e ugll%, ds, (30)
0 0

with € > 0 arbitrary.
Using (26) and (30) in (25) we obtain
t 2 2K 2 s
O < [ + (-23+ e e+ 2820 e u o) s
+UM“+%+W%Mﬁw—n
+ 2, (1= o) + 20 [y e Jlug |, ds.

6

Taking e = A, condition (21) implies that n — A+ é 4+ K1
Then

< 0 for € small enough.

Ca 2
WMUW<MUW+@'M+M+W%MNW—D

(31)
2K s
L[] %, (€™ = 1) + 2My [y € ||ug||%, ds.

Let 6 € [—h,0]. Replacing t by ¢ + 6 in (31), using that ||u (t + 0)|| = || (t + 0)]| <
[l g, if t + 6 < 0, and multiplying by e 149 wwe have

-+ O < 40 g3, + (e 4 28 4 2C),1) (1 - ene+9))
e MO ZEL g2 (e 1) 20y O [ ens |2 ds.

Using that 0 € [—h, 0] and neglecting the negative terms we get

2 2 2||C
emmhﬁwww%+0“m+o+ﬂmm)
2 4 oM, e fo ens ||us||E0 ds.

We can rewrite this expression as

t
et ||Ut||2EO <C(t)+ L/ ens ||u5||2E0 ds, (32)
0
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where we have used the notation

. 2102 M2 2
Cy = % + =2+ Collp
n en
2
02 = —2K1 €277h,
A1
L = 2Mye™,

c) = (enh + 02) ||¢||2E0 + Cre™.
Applying Gronwall’s inequality and using 7 — L > 0 (see Remark 18) yields
¢
e ugll g, < C(t) +L/O O (s) L t=9) s

LCy

. 1

=C@t) + LY, (e"h + Cg) 7 (e" —1)+ oL (e™ — M)
. R LC

< O+ [0l (7 + o) e 4+ e,

and then

_ - A A\ LC
uell, < ™ (€7 + Co) Il +Co+ Il (€7 + Co) =B 4 ==L (33)

From here (22) follows. O

Corollary 19. Assuming the conditions of Proposition 17, Theorem 6 implies that
every local solution of (11) can be defined globally. Also, as shown in Section 3, the
map G defined by (13) is a strict multivalued semiflow.

Corollary 20. The bounded set defined by
Bo:={¢€Ey: |[¢llg < Ro},
with Ry := +/1+ R, is absorbing for the multivalued semiflow G.

4.2. Estimate of the tails. In order to obtain the existence of a global attractor
we need to use an estimate of the tails of solutions.

Lemma 21. We assume the conditions of Proposition 17. Let B be a bounded set
of Ey. Then, for any € > 0 there exist T (¢, B), K (¢, B) such that

2
max i (t+ <et>T, 34
Jpax Yo lut+s)<e (34)
|i|>2K (¢,B)
for any initial condition ¢ € B and any solution u (+) with uy = 1.
Proof. Define a smooth function 6 satisfying

0,0<s<I1,
O(s) =< 0<6(s)<1,1<s<2,
1, s > 2.
Obviously |¢(s)| < C, for all s € RT. For any solution u (-), let v (t) := (v; (),
be given by v; (t) = pr.iu; (t), where pg; := 0 (liK‘) We multiply (14) by v. We
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note that u (-) € C* ([0,00), E) implies

du; (t
——ZPK.HUHQZ 4 ()vi(t), Yt > 0

. , dt
€L i€Z

Following now the arguments in [38, p.571], and thanks to Proposition 17, there
exists another constant C' (depending on the bounded subset B and the parameters
of the problem) such that

(Au (t),v (1)) > —%, Vi > 0.

Hence,
ZPKHUz < )\ZPK1|U1 ZpKzfz uzt)uz()+g'
2 dt K
1E€EZL 1EL 1€EZ
Then, arguing as in the proof of Proposition 17 we have
7 (e’”me Jus (t ) <M (n=20+) ) prilui (1) (35)
€L €7
2C
+ 2¢eM Z pk,iCo,i + ?ent
€L
2 2K?
Zent 02 42 s (£ — B2
+€e ieZZPK,z 2t p ieZZpKﬂul( 1)|

+2e"tzpm/ i (s,us (E4 )| ds |ug ()] .

€L

Integrating over (0,t) we get

" (Z PKi Wi (f)|2> = Zpk,z‘ Ju; (0)]? (36)

S/ €7
77 2)\+€/ensszz|uz |d8

1€EZ
2y (Do &+ L pct)
77 €L €7
2K2
/e"SZpKz|uZ s—h1)| ds
1E€EZL
+2/e"SZpK1/ s (s 4 )| dr s (5) ds
i€Z

Next, we estimate the last two terms in (36). The first one, arguing as in (26), is
estimated by

et
e’ PK.i Ui s—h1)| ds <
[z ;

€L

h
1 - efnh)

e"h/ e”SZpKJUZ )P ds. (37)

1E€EZL
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As for the second term, using assumption (C5) and

~ t
‘/677 ZPKJ% |/ mOz d’l‘dS < g‘/o e’

1 2
P (S)H ds

i€Z
E'EZ pKyiMO%i t
]
/ e”SZpK1|Uz |/ myi (1) |u; (s +r)|dr ds
0 i€Z
t =
S/ e’ pf(,ius Zpszz |Mlz ds
0
t 1 2
<y [ e ok, s
0 o
we obtain

/ e"SZpKz/ (ryu; (s+ 7)) dr |u; (s)|ds (38)

€L

e[t 1 2
<= / e’ llpku (S)H ds +
2.Jo

t
+M1/ 677
0

Taking into account all these estimates together we obtain

e prci |ui (t)

. M2,
ZzGZZp;; 0,7 (ent . 1)

12
S 2
Pl ds.
B E

0

icZ
2K? .
<Y pralus OF + (n—2x+ e+ —Lem 4 ¢ e” S pica lus (s)[ ds
€L i€Z
2 ¢ 1 Y icn PKiMG
Z(em -1 Cos ~ - iC2 _ €L ) 0,i
—i—n(e )<ZPK, o, +K+€ZpK, 271—1——%
i€EZ €7
2K2 nh t 1 2
+ e ’ 1 — e_"h) +2M1/ e™ || picus ds.
€ 0 Eo
In a similar way as in Proposition 17 we have
€™ prc ui (t)
i€z
< Z PK,i|ui (0)
=
C i pK,iMQi
+ e”lt - 1 ZpK zCOz ZpK 10221 —Z = —~ 0,
TI €L )\ 1E€EZL 2¢
2K2 nh t 1 2
+ — e 1 — e_"h) + 2M1/ e ||pious ds
A 0 Eq
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and
1 2 2K?2 12
nt é < nh 1 2nh ‘ 2 H
€ ‘pKut o — <€ + )\77 € > pK Eo
2 c 1 >ien PEMG,;
Zent Oy — 4 = 02 SR it
+ 776 <ZpK,z 0,7 + K + A ZpK,z 2,0 + 2¢
€7 €L
t 1 2
+ 2Mle’7h/ e |l pius ds.
0 0

We can rewrite this expression as

12 ~ ~ [t 1 2
et pf(utH < C(t)+L/ e lIpkus|| ds, (39)
E() 0 EO
where we have used the notation
~ 2 c 1 > iez Pr MG,
c,:== Coi+ —+ = ,02, 4 =aeL A 04
1 n(ZpK’ 0, +K+)\ZpK’ 2,0 T e ;
€7 1E€EZL
2
52 = —2K1 eth
An ’
L= 2Me™,
~ ~ 1 2 ~
Ct) = (e™+Co) |ory|, +Crem.
0
Applying Gronwall’s inequality and using n — L > 0 (see Remark 18) we obtain
Lo - e .\ . ic
e ol <@+ |oku| (e +Co) el + e,
Ey Eo n— L
and then
1 2 ~ ~ ~ 1 2
Jorcully, = {em e Ga)eme (e o Co) e [l
E() EO
+ ( U ~> Cr. (40)
n—1L

Thus, there exist K (e, B), T (e, B) such that

2 2

i (t < i (g (t

S E (ui(t+s))” < [ ‘E prci (ui (T +5))
li|>2K i€Z

1
2
PrUt
K| g

< e ift>T.

O

4.3. Existence of the global attractor: general case. We know from Corollary
19 that under the assumptions of Proposition 17, the map G given by (13) is a strict
multivalued semiflow. For any initial data ¢ € Ey we denote

D (¢) = {u(-) is a global solution of (14) with initial data ¢} .
In view of Theorem 16 we need to prove that G is asymptotically compact, upper

semicontinuous with respect to the initial data and that has closed values.
For this end, we will need the following auxiliary lemma.
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Lemma 22. Let )™ — v in FEy. Then:

1. For arbitrary €, T > 0 there exists K (¢,T) such that for any solution u™ (-) €
D(y"),

2 < .
ma}:l)(o] Z [ul (t + s)|” <€, Vt €[0,T] (41)
li|>2K

2. Also, there exists u () € D (¢) and a subsequence {u™*} of {u™} so that
u™ —wuinC([0,T],FE). (42)

Proof. Tt is not difficult to see that there exists K (€) > 0 such that

ZpK,i |¢1n (S)|2 <, an s € [—h,O]

S/

S ok |00 (5)]F < e, ¥s € [<h, 0],
1EZL

if K > K;. Now, from (40) we obtain the existence of K (¢,T) > K; such that

’ ol < {e*"t (e"h + (72) + (e"h + 52) e*("*Z)t} ’

Eg
+ ( " ~) 51 S €.
n—L
Therefore,

a t < a. t = ‘
Sen[a_gio Z +35))° < 8611[1_}3(0 \/Z pKi ( + S))

li|>2K

2

Eg

1
prur|| <€

0

)

proving (41).
Next, from Proposition 17 we have that [[u™ ()| < [[uf|lg, < C. Fix t € [0,T7].
Then we can find w and a subsequence verifying

u"* (1) — w in E.
In fact, the convergence is strong, which follows from (41). Indeed, for any p > 0
. N2 2
there exist K3 () and N (u) such that 32 - e, [0 ()7 < 11, 3055 g, lwil " < pand
Djil<r luf (1) — wil®> < pif n > N, so that

lan @) =l < 3 ) -+ Y @) —wl <5u (43)

li| <K [i]> K>

Thus, {u™ (t)} is precompact in E for any ¢ € [0, T].
Since F'is a bounded map, Proposition 17 and the integral representation of solu-
tions imply that

[ (£) = u™ ( |\</HF Wdr <K(t—s), f0<s<t<T, (44)

so that the sequence {u" ()} is equicontinuous in [0,7]. Then, we can apply the
Ascoli-Arzela theorem to obtain a subsequence (denoted again as u™) such that

u () —wu() inC([0,T],E).
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Now, we need to prove that u(-) € D (¢). It is clear that up = ¢. Since the map
F is sequentially weakly continuous in bounded sets (see Lemma 9), arguing as in
the proof of Theorem 4 we obtain that

u(t):u(())—l—/o F (us) ds,

and then u () € D (). O

Corollary 23. Assume the conditions of Proposition 17. Then, the multivalued
map 1 — G (t,9) has closed graph and is upper semicontinous. Moreover, it has
compact values.

Proof. The facts that the map 1 — G (¢,4) has closed graph and compact values
follow easily from Lemma 22 (see similar results in [38] for more details). In order to
prove the upper semicontinuity we proceed by contradiction. Let ¢ > 0. Consider
1Y € Ey, a neighborhood O of G (t,v) and a sequence " € G (¢,¢™), Y™ — @
in Ep, such that " ¢ O. We take u™ () € D (™) such that up = £". Using
(42), there exists u () € D (¢) such that (up to a subsequence) u™(-) — wu(-) in
C([0,7],E). Also, u™(-) — u(-) in C([t — h,t],E), so that " — & = u,; in Ejp.
Then, ™ — & € G(t, 1), a contradiction. O

Lemma 24. Assume the conditions of Proposition 17. Then, the multivalued map
G is asymptotically compact.

Proof. We consider " = up € G(tn,¥"), where v (-) € D(¥"), Y™ € B (a
bounded set in Ep). From (33) we have
Hu?ﬂ (S)H < C,Vse€[-h,0], ¥n,

for some C' > 0. For fixed s € [—h,0] we can find a subsequence (denoted again as
u™) such that
u" (t, +s8) — ws in E,.

Using a similar argument as in (43) (with the help of Lemma 21) we obtain that
u" (tn +5) — ws in E. From here, we obtain that {uf (s)} is a precompact se-
quence for any s € [—h,0]. In order to apply the Ascoli-Arzeld theorem, we need to
obtain the equicontinuity property. To do this, in a similar as in Lemma 22, using
Proposition 17 we can obtain that

t
|\un(tn+t)_u”(tn+s)|\§/ |F (uf, ) ||dr <K (t—s), if —h<s<t<0.

Then, the Ascoli-Arzela theorem implies that ™ is relatively compact in Ey. O

In view of Proposition 17, Lemma, 24, Corollaries 20, 23 and Theorem 16 we obtain:

Theorem 25. Assume the conditions of Proposition 17. Then, the multivalued
semiflow G possesses a global compact invariant attractor A.

We can obtain the same result by changing slightly conditions (20)-(21).
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Theorem 26. Assume conditions (C1)-(C5) and let

K2
2eh(M; + Tl) <1, (45)
A=7>0 (46)
2K?2

where 1 € (no,m1) and n; are the two solutions of the equation ne="™ = 2M; + -

Then, the multivalued semiflow G possesses a global compact invariant attractor A.

Proof. The only difference in the proof is how to obtain (22) and (34). Indeed, in
the proof of Proposition 17 we change (26) by

t t
[ e tut=mPds < [ e u?, s
0 0

Then, arguing in the same way as in Lemma 17 we obtain the inequality

2 2 2||C2 |2 M2
e g, < e I, + (ASEE + 24 26y, ) e

2
+2My + ZD)e [ e |lu, |3, ds

and by Gronwall’s lemma we have

. LC
2 — 2 2 —(n— 1
luell, < e ™e™ [¢lE, + Cr + 1]y, e™e D + P
where
. 20|Coll2, M2 2
¢y = M + =2+ 2 Collp
An en n
2K?2

L:= (2M, + T)e"h,
C () = e™ )15, + Cre™.

Similar changes have to be done in order to prove (34).
With these estimates the proof of the result is exactly the same as for Theorem
25. O

4.4. Existence of the global attractor: case of uniqueness. We can prove
uniqueness of the Cauchy problem (14) if we assume the following extra assumption:

(C6) For any z,y € R and s € [—h, 0] we have
[Fo.i (x) = Foi (y)| < Cr (], [yD) [z — 9],
|Fri(x) — Fri (y) < Ca (|2l yl) [= =yl

[bi (5, 2) = bi (s,9)] < K (s) Cs (], [y]) [# — 9],

where Cj (+,-) > 0 are continuous and non-decreasing functions in both vari-
ables and k (-) € L? (—h,0).

Lemma 27. If (C6) holds, the map f : Ey — E is Lipschitz on bounded subsets of
Ep.
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Proof. Let v,w € Ey be such that [v|| , Hw||EU < R. Then

If(v)—f <3Z|F01 v; (0)) — Fo,i (w; (0))|2
€L
+3Y |Foi (v (—h1)) = Foi (wi (=ha))[”
€L
2
+3 5 U’L( ))_bz (Sawi (S))|d$
2(/ )

We have that

S Foi (05 (0)) = Fos (wi ) < (max(Ca (Jos (0)] s (0 ) S 10s (0) — wi (0)°

i€EZ i€Z

2
< X3 (vl g, s llwllg,) llo = wli, »

> o (vi (=ha)) = Foi (wi (—ha))|?

€L

< (o o (o) o () ) S e () = ()P

€L

2
<x3 (vl g, » Iwllg,) o = wll, ,

where x; (ol g, [0l ,) = maxiez ser-no)(C (fvs ()], s (3)]))- Also,

> (f o 0) by 1 () ds)2
< (m[ (€4l o) o @) ) ([ k@)= wi o) ds)2
B 1ol oll) / K2 (s / 05 () — wi () ds
=3 (ol - loll ) / / S i ) — wi (5) ds
~h ez

2
<3 (ol ol ) b [ K 6)dso —

where xs ([[v]1 5, » l10]15,) = maxicz, seino (Cs ([vi ()], [ws (5)])). The fact that the
summatory and the integral can be exchanged can be shown easily using Lebesgue’s
theorem.

Thus, there exists K (R) such that

I () = f ()] < K(R)|lv—wlg,

proving the result. O

Corollary 28. If (C6) holds, the map F : Ey — E is Lipschitz on bounded subsets
Of Eo.
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Corollary 28 implies that (H4) is satisfied. Then, if we assume conditions (C1)-(C6)
and (20)-(21), Theorems 6, 10, 14, Corollary 13 and Proposition 17 imply that for
any ¢ € Fy there exists a unique global solution u (-) € C* ([0, 00), E).
Hence, as shown in Section 3, we can define a semigroup of operators S : RT x Fy —
Ey by putting

S (t,ug) = ue,
where u () is the unique solution to (14) with ¢ = wug. Moreover, this map is
continuous with respect to the initial data 1.
We obtain for it the existence of a global compact attractor.

Theorem 29. Assume conditions (C1)-(C6) and (20)-(21). Then, the semigroup
S possesses a global compact connected attractor A.

Proof. Proposition 17, Lemma 24, Corollary 20 and Theorem 15 imply the existence
of a global compact attractor A. Since the space Ej is connected and the map
t — S(t,) is continuous, Theorem 15 implies that the set A is connected. O

Also, in the same way as in Theorem 26 we can change (20)-(21) by (45)-(46).

Theorem 30. Assume conditions (C1)-(C6) and (45)-(46). Then, the semigroup
S possesses a global compact connected attractor A.
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