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Abstract

Symmetries of a partial Latin square are primarily determined by its auto-
topism group. Analogously to the case of Latin squares, given an isotopism O,
the cardinality of the set PLS¢ of partial Latin squares which are invariant
under © only depends on the conjugacy class of the latter, or, equivalently,
on its cycle structure. In the current paper, the cycle structures of the set
of autotopisms of partial Latin squares are characterized and several related
properties studied. It is also seen that the cycle structure of © determines the
possible sizes of the elements of PLSg and the number of those partial Latin
squares of this set with a given size. Finally, it is generalized the traditional
notion of partial Latin square completable to a Latin square.
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1. Introduction.

Every permutation 7 of the symmetric group S,, can be uniquely decom-
posed into product of disjoint cycles. Let n, be the number of these cycles.
The numbers AT of cycles of length ¢ in this decomposition determine its cycle
structure as the expression z; = n™ -...- 1\, where any term of the form 7°
is omitted and any term of the form ¢! is replaced by i. The cardinality of
the set CS,, of possible cycle structures of S, is equal to the number p(n) of
partitions of n. Two permutations are conjugate if and only if they have the
same cycle structure. Given 7 € S,,, let A\, and 7., be respectively its length
and the union of its 1-cycles written in natural order. Hereafter, we suppose
7 to be represented by following its decomposition into a product 7 ... 7,
of disjoint cycles in order of decreasing length, where each cycle 7; is written
as (pi1 - 'piv/\m)’ with p;; = min;{p; ;} and where p;; < p;; whenever i < j
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and Ay, = A;. Finally, given a € [n] = {1,...,n}, we write a € m; if there
exists j € [Ar,] such that a = p; ;. Analogously, a € 7., means 7(a) = a.

A Latin square of order n is an n X n array with elements chosen from
a set of n distinct symbols such that each symbol occurs precisely once
in each row and each column. Hereafter, [n] is assumed to be this set
of symbols and LS, denotes the set of Latin squares of order n. Given
L = (l,c) € LS., its orthogonal representation O(L) is the set of n? triples
{(r,¢,l,c): r,c € [n]} defined by the rows r, columns ¢ and symbols [,. of
L. This set satisfies the Latin square condition, that is, given two triples
of O(L) which coincide in two components, then the third component is
also the same. Given m € S5, it is defined the Latin square L™ such that
O(L™) = {(lzq), lr2), lxz)): (l1,l2,13) € O(L)}, which is said to be paras-
trophic to L. Permutations of rows, columns and symbols also give rise to new
Latin squares. Specifically, given three permutations «, (3, v of the symmetric
group S,, the triple © = (a, 8,7) € J,, = S is called an isotopism and L® is
said to be isotopic to L, where O(L®) = {(a(r), B(c),v(s)): (r,c,s) € O(L)}.
To be isotopic is an equivalence relation, which will be denoted by ~, and
the set of Latin squares isotopic to L is its isotopism class [L]. The number
of Latin squares and isotopism classes of LS,, are known for n < 11 [24, 18].
A list of representatives of isotopism classes for n < 8 is given in [25]. The
cycle structure of © is the triple zo = (zq, 23, 2y). Hereafter, given a subset
S C7J,, CSg denotes the set of cycle structures of the elements of S. Given
z = (21, 29, 23) € CSg, where z; = n®» ... -1%1 then n, denotes the number
of cycles of z;, that is, n,, = ) ien] %+ Finally, the parastrophic class of z is
the set [Z] = {Zﬂ = (Zw(l), Zr(2)) Zﬂ(g))i e Sg}

If L® = L, then © is said to be an autotopism of L. If o = B = ~, then
© is an automorphism of L and © = « is written instead of (o, a,«). Let
LSe,A(O), A, and A, denote respectively the set of Latin squares which
have © as an autotopism, its cardinality and the sets of autotopisms and
automorphisms of at least one Latin square of order n. Necessary conditions
for an isotopism to be an autotopism were given in [26, 24, 10, 29] and A,
was studied in [32, 1, 19, 20, 29]. If 7 € S3 and L € LSg, then L™ € LSg-,
so permutations on the components of © preserve A(©). Moreover, this
cardinality only depends on the conjugacy class of © [10] or, equivalently, on
its cycle structure, so we also denote it by A(zg). A classification of CSy,, is
known for all n < 17 [10, 29]. Given z € CSqy,, let 3, = {© € J,,: 20 = z}
and LS. = Ugey. LSo-



An incidence structure is a triple (P, B, ), where P and B respectively
are finite sets of points and blocks and I C P x B is an incidence relation. It is
r-uniform if every block contains exactly r points and it is s-reqular if every
point is in exactly s blocks. Two blocks are equivalent if they contain the same
set of points and the multiplicity of a block is the size of its equivalence class.
In the study of Latin squares, it can be defined a natural incidence relation
I,, between LS,, and J,,, where, given L € LS,, and © € J,,, then (L,0) € I,
if and only if L € LSe¢. Hence, given z € CSy,, the triple (LS,,7.,1,)
is a A(z)-uniform incidence structure such that every block have the same
multiplicity [9]. Moreover, given L € LS,,, the triple ([L], 7., I,,) is a uniform
and regular incidence structure, where every block contains Az;(z) elements,
whose exact value is known for order up to 6.

Although a general expression for the values of A(z) and Ay(z) re-
mains unknown, some general and explicit formulas were given for the former
22, 23, 7, 27] and Grobner bases were used to know its exact value for all au-
totopisms of Latin squares of order up to 7 [12]. For higher orders, Grobner
bases have problem with the exponential growth of data storage and the time
of computation, for which the use of new combinatorial tools seems to be the
key. Thus, for example, given © = (a, 8,7) € J,, Grobner bases were used
in [13] to obtain the value of A(z) for the majority of the cycle structures
of autotopisms of g and 2y, by solving the linear equation system formed
after adding the constraints ,cs = Ta()(c)y(s), for all r,c,s € [n], to those
related to the planar 3-index assignment problem [6]:

min Zr,c,se[n] Wres * Lresy
subject to Y7 ) Tres = 1, Ve, s € [n]
ce[n] *T'I‘CS — 1,\V/7’, S E [
ZSE[TZ] .I‘,«CS — 1,\V/7’, C E [n]
Tres € {0,1},Vr, ¢, s € [n],

n

, (3PAPF,)

where w,.; are real weights for all r,¢,s € [n] and whose set of feasible
solutions are in 1 — 1 correspondence with LS,, if we define the Latin square
L = (l,¢) such that [,. = s if and only if x,. = 1.

All the previous concepts can be naturally extended to partial Latin
squares, which are square arrays in which each cell is either empty or con-
tains one element chosen from a set of n symbols, such that each symbol
occurs at most once in each row and in each column. The size of a par-
tial Latin square P is the number of its non-blank cells and is denoted by
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|P|. Let PLS,, and PLS, s denote respectively the set of non-empty par-
tial Latin squares of order n and its subset of arrays of size s. An upper
bound of the elements of PLS,, s is given in [14]. The orthogonal represen-
tation of P € PLS,, is the set O(P) of |P| triples related to the non-blank
cells of P. Parastrophic partial Latin squares have therefore the same size.
Given © = (o, 3,7) € J,, it is defined the partial Latin square P® such that
O(P®) = {(alr),B(c),v(s)): (r,c,s) € O(P)}, which is said to be isotopic
to P and [P] denotes its isotopism class. Thus, |[P®| = |P|. © is said to be
an autotopism of P if P® = P. Let Ap,, and PLSg denote respectively the
set of autotopisms of at least one partial Latin square of order n and that of
non-empty partial Latin squares which have © as an autotopism. Besides,
given z € CSy,,,, PLS. denotes the set (Jge,. PLSe.

A partial Latin square P € PLS, can be completed to a Latin square
L e LS, if O(P) C O(L). Given © € CSy,, the subset of LSg of Latin
squares to which P can be completed is denoted by LSg p. The computa-
tion of A(z) can be then simplified [12] if a multiplicative factor cp € N is
found such that A(z) = ¢p - |[LSe p|. Although this factor, which is called
P-coefficient of symmetry of ©, becomes crucial in the processing of high
orders, no exhaustive study has been developed in this regard. Indeed, a
comprehensive analysis of Ap,, and PLSe has not been properly done until
now.

The present paper deals with this last question. It is organized as fol-
lows: In Section 2, the set CSy,,, is characterized and several related results
exposed. In Section 3, given z € CSy,,,,, it is dealt with the possible sizes of
a partial Latin square P € PLS,. In Section 4, analogously to the case of
Latin squares, it is proven that the number of partial Latin squares related
to an autotopism only depends on the cycle structure of the latter, in such
a way that the elements of PLS, and 7, can be respectively considered as
points and blocks of incidence structures whose uniformity and regularity are
studied. Moreover, new constraints are imposed to the 3PAP, in order to
obtain the set PLS, ;s of partial Latin squares of size s € [n] related to an
autotopism of cycle structure z € CSy,,,. Besides, by using Grobner bases,
its cardinality A4(2) is obtained for n < 4. In Section 5, a theoretical ground
for the coefficient of symmetry is exposed. Specifically, given © € 7J,, it is
studied the set of partial Latin squares of PLS¢ which can be completed to
Latin squares of LSg. Finally, since the current paper has a high dependence
on notation, a glossary of symbols is shown in Appendix A.



2. The set CSy,,.

Autotopisms of partial Latin squares are uniquely determined by their
cycle structures:

Lemma 2.1. © € 2p,, if and only if ze € CSy,,, -

Proof. The necessary condition holds by definition of CSy,,,. Now, if
z € CSy,,,, then there must exist ©y € J, and P € PLSe,. Hence, given
O € 7., © and Oy are conjugate and therefore there exists ©" € J,, such that
O = ©'0,0'"!. As a consequence, P? € PLSg and © € Ap,,. O

Let us define the set:
LCM,, = {(i,j, k) € [n]*: lem(i,5) = lem(i, k) = lem(j, k) = lem(i, j, k)}.

The next result characterizes the set CSq,,, and can be considered as an
immediate generalization for partial Latin squares of the necessary condition
given by Stones, Vojtéchovsky and Wanless in [29] for membership in 2,

Lemma 2.2. Given z = (21, 22, 23) € CS3,, we have z € CSy,,,, if and only
if there exists (i, j, k) € LCM,, such that zy; - 2o - 23, > 0.

Proof. If z € CSy,,, then there must exist © = («,3,7) € J, and
P € PLSe. Given (r,c,s) € O(P), let (u,v,w) € [ny] X [ng] x [n,] be such
that r € ay, ¢ € B, and s € 7,. Since © is an autotopism of P, it must
be (ol (1), BL(c),~L(s)) € O(P), for all t € N. The necessary condition is
then a consequence of the Latin square condition, by considering ¢, 7, k to be,
respectively, the lengths of «,, £, and ~,.

To prove the converse, let © = (a, 8,7) € J, and let ay, 5, and 7, be,
respectively, i-, j- and k-cycles of o, 8 and ~. Let r,c,s be, respectively,
elements of «, 3, and ~,. The set of triples {(cf,(r), 5(c), 7. (s)): t €
[lem(i, j, k)]} satisfies the Latin square condition because of being (i, j, k) €
LCM,, and therefore it is the orthogonal representation of a partial Latin
square P € PLS¢o. O

Given n > 1, Lemma 2.2 implies 2p,, to be a proper subset of J,,, because,
for instance, (1,17, n') & CSy,,,. Analogously, 2, is a proper subset of 2p,,,
because, for example, (2,2,2) € CSq,, and (2-1"72,2-1"7%1") € CSy,,,,
for n > 2, but neither of them are cycle structures of an autotopism of Latin
square. Thus, the next claim is verified:
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Proposition 2.3. A, C Ap,, C T, Vn > 1. O

Moreover, 2p,, and J,, have asymptotically the same size. To see it, it
is enough to assure that the cardinalities of the sets of their cycle structures
coincide in the limit, which is proven in Theorem 2.6. Although CSy,,, can
be explicitly obtained for any order n € N by implementing Lemma 2.2
in a computer procedure, a lower bound of its cardinality is determined by
studying the following sets which partition CS,,:

CSnm={n"-...- 1" €CS,: 2z, >0and z;, =0,Yi € [m — 1]},
where m € [n]. The following results hold:

1, if m=n,
Lemma 2.4. [CS, | =10, ifme{[5]+1,...,n—1},
pn—m) — "N CS il otherwise.

Proof. The cases m > |4 |41 are straightforward verified. Let m < |5 ].
Given z € CSym, it is 2z, > 0 and therefore it must be z,_,,,4; = 0, for
all i € [m]. Hence, we can define 2/ € CS,,_,, such that z = z, for all
i € [n—m]—{m} and 2], = z,, — 1. Specifically, since z € CS,, m, it must be
2 =0, foralli € [m—1]. Thus, 2’ € U~ CSn-mi = CSnm— U7 CSnmi

and the claim is verified. ]

Proposition 2.5. [CSqy,,| > Z(i7j7k)eLCMn ICS | - |CSnj| - ICSnkl.

Proof. Since the sets CS,,,, constitute a partition of CS,,, the result is
consequence of Lemma 2.2. ]

ICSap, |

Theorem 2.6. lim,,_, e = 1.

Proof. Since (1,1,1) € LCM,,, Proposition 2.5 implies that |CSq,,| >
|CS,,1|? and thus, from Lemma 2.4, |CSq,, | > p(n — 1)®. Now, since p(n) is

equivalent to % when n tends to infinity [17] and |CSq, | < |CS5,| =

p(n)3, it is verified that:



CS ]

n | |CSal m CSap,| | CSap,]
T [2[3]4[5][6]7]8

1 1 1 1
2 4 1 3
3 6 2 15 7
4 19 3 1 65 22
5 8 5 1 223 60
6 45 7 2 1 869 197
7 12 11 2 1 2535 526
8 87 15 (411 7663 1492
9 43 22 4] 2|1 21156 3937
10 89 30 | 712111 60264 10850
11 21 42 | 8 | 3 |11 150953 26628
12 407 56 | 121 4 (2|11 385538 66984
13 27 711405 (211 915452 157398
14 141 101 (216 |3(1]|1]1 2193225 374127
15 150 13512419 [ 3211 4928696 836154
16 503 176 134 |10 |5 12| 1] 1| 1] 11209311 | 1893607
17 40 231 141 113|531 |1|1] 24406191 | 4110132

Table 1: Cardinality of the sets of cycle structures, for n <17 and m < |%].

. CSap,| . p(n—1)°
> noo> —— = 1.
[

For n < 17, Table 1 shows the values |CS,, | and |CSsy,, |, where m <
| 5], in comparison with those of |CSy,|, which can be obtained by using the
classification given in [10, 29]. The number |[CSq,, ]| of parastrophic classes

of CSy,,, is also shown.



3. The size of a partial Latin square related to an autotopism.

Given z = (21, 22, 23) € CSq,,, and © = (o, 3,7) € J., any partial Latin
square P € PLSg can be decomposed into n,, -n., blocks P;; whose rows and
columns are respectively determined by the elements of the cycle a; of o and
the cycle ; of 8, that is, O(P;;) = {(r,c,s) € O(P): r € oy and ¢ € §;}. It
will be called the ©-decomposition of P. Specifically, z determines not only
the number of these blocks, but also their possible sizes and, consequently, a
pair of bounds for the size of P. To see it, let us define the set:

LCM, = {(i,5) € [n]*: Jk € [n] s.t. (i,],k) € LCM,, and 2y; - 29; - 23 > 0}.
The following results hold:

Lemma 3.1. Given z € CSq,,, © € J,, P € PLSe and an i X j-block B
of the ©-decomposition of P, there exists wp € [ged(i,7)] U {0} such that
|B| = wp - lem(i, 7). Furthermore, wg = 0 if (i,7) ¢ LCM,.

Proof. Analogously to the proof of Lemma 2.2, the Latin square condi-
tion implies | B| = 0, whenever (7, j) & LCM,. Besides, given (r, ¢, s) € O(B),
its orbit by the action of the group generated by © = («, f,7) is the set of
triples (a'(r), B8%(c), 7¥'(s)) € O(B), for all t € [lem(i,j)]. Thus, the Latin
square condition implies | B| to be a multiple of lem(7, j). Finally, since there
are ¢ - j cells in B, the multiplicative factor must be at most ged(i, 7). O

Proposition 3.2. Given z = (21, 29, 23) € CSu,,,, let 2% = (21, 23, 20) and
213 = (23, 20, 21). Then, given P € PLS., it is I, < |P| < u., where:

[, = min {lem(,7)},
min {lem(, )}

uZ:min{ E Zli-ZQj-i-j, Z zli-23k~i-k, E zgj-Z3k-j-k}.

(i,j)ELCM., (i,k)ELCM (23 (k.j)ELCM (13

Proof. Let © € J, be such that P € PLSe and let B be a block of
the ©-decomposition of P such that |B] > 0. From Lemma 3.1, if B is
an i x j-block, where (i,j) € LCM,, then lem(i,j) < |B| < i-j and thus
[ <|P|< z(m)eLCMz 21; - 295 - 1 - j. Since the size of a partial Latin square
is invariant by parastrophism and P™ € PLSg~ for all 7 € S3, the number
u, is an upper bound of |P]. O



From the previous results, it is deduced that the possible sizes of the
elements of PLS, must be in the set:

Sizes(z) = Z wij - lem(d, 7) <uy: wiy € [215 - 225 - ged(1, 7))
(i,§)€LCM.

As an example, let us consider z = (6,3-2-1,4-2) € CSqy,4 and © =
((123456), (123)(45)(6), (1234)(56)) € PLS.. The ©-decomposition of any
partial Latin square P € PLSg is then formed by three blocks, Py, P and
P13, whose cells are respectively indicated by the symbols -, % and o in the
following diagram:

* ¥ ¥ X ¥ ¥
* ¥ ¥ X X %
O O O O O O

Besides, LCM, = {(6,3)}, LCM,s = {(6,2)} and LCM,as = {(2,3)}.
Hence, from Proposition 3.2, it must be 6 < |P| < min{18,12,6} = 6. Thus,
Sizes(z) = {6} and |P| = 6. Specifically, there are six possibilities for P:

5 . . . . . 6 - - . . . .5 .
.6 - e .5 . .. 6
.5 .. R T 5 . .
6 5 - 6
5 - 6 - 5
6 -5 6
6 - - 5 6
5 6 - - 5
6 - 5 6
5 - - 6 5
6 5 - 6
5 - 6 5

4. The number of partial Latin squares related to an autotopism.
Given z € CSy,,,, © € J., P € PLSe and s € [n], let us define the sets:
PLSo,p) = PLSe N [P, PLSe s =PLSe NPLS,, 5.

In the current section, given © € J,,, the cardinality of the set PLSg
is studied. The following result implies that it only depends on the cycle
structure of ©:



Lemma 4.1. The number of isotopic partial Latin squares related to an au-
totopism only depends on the parastrophic class of the cycle structure of the
latter.

Proof. Let ©,,0, € J, and 7 € S3 be such that 29, = ze; and let
P € PLS,. Since ©; and OF are conjugate, there exists © € J,, such
that @g = @@1@71. Now, given ) € 'P;CS@h[p}, it is Q@ S 'P,CS@;[]D]

a1
and therefore (Q®)" € PLSe, p]. Thus, |PLSe, p)| < |PLSe, . The
opposite inequality is similarly proven. ([l

The relation ~ between isotopic partial Latin squares can be used in order
to define equivalence classes in PLSg. Since the size of a partial Latin square
is preserved by isotopism, Lemma 4.1 implies the following cardinalities to
be well-defined:

Apy(2) = |PLSe p)|

A(2) = |PLSe| = > A (2),
Q] € PLSe/ ~
st |Ql = s
Ap(2) =[PLSo| = > Aglz)= Y, A2,
[QIEPLSe /[~ s€Sizes(z)

It can be defined a natural incidence relation Ip, between PLS, and
J,, where, given P € PLS,, and © € J,, then (P,0) € Ip, if and only if
P € PLSq. Besides, let us denote by 2p the set of autotopisms of P. The
following results are then proven:

Proposition 4.2. Let P € PLS,, and z € CSq,,,. The triples ([P],3.,1p,),
(PLSys,3.,Ip,) and (PLS,, 3., Ip,) are, respectively, Aip(z)-, Ag(z)- and
Ap(z)-uniform incidence structures and all their blocks have the same mul-
tiplicity. Moreover, the former incidence structure is reqular.

Proof. From Lemma 4.1, it is enough to study the uniformity and multi-
plicity of ([P],J., Ip,). Indeed, the uniformity is an immediate consequence
of that lemma. Now, in order to see that all the blocks have the same mul-
tiplicity, let ©,,0] € J. be such that PLSe, p) = PLSe, p] and let us
consider ©y € J,.. Let ©,0" € J, be such that ©; = ©0,07! and O] =
@/@1@/71. Then, ,P;CS@%[p] = P,CS@—I(;)/@,[P}, because Q S ,P,CS@Q’[p] 54
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Q® € 'P,CS@l’[p] <~ Q@’@ € 'P,CS@/P[p] = P,CS@L[F} ~ Q@—1@/® € 'P,CS@Q,[p].
Moreover, 0710’0 = 0, & 0 = 0710,0 = O, & O] = ©,. Thus, the
arbitrariness of O, ©) and O, implies the claim about the multiplicity.
Finally, in order to see that ([P],J,, Ip,) is a regular incidence structure,
let us consider Q1,Q2 € [P] and let © € 2y, NT,. Since Q; and Q) are
isotopic, there must exist ©’ € J, such that QY = Q,. Hence, 00"~ ! €
2o, N T, and therefore Ay, NT,| < |Ag, NT.|. The regularity holds because
the opposite inequality is analogously proven. 0

Theorem 4.3. Let P € PLS,. If Q € [P], then |Ag| = |Ap| and it coin-
cides with the cardinality of the set Jpg of isotopisms from P to Q.

Proof. From Proposition 4.2, it is verified that |g| = Zzecs%n |20 N
J.l = ces,. 12PN T = [Ap|. Now, if Tpg contains exactly m distinct
Pn

isotopisms ©1,...,0,, € J,, then the set {©,07',...,0,,07'} is formed
by m distinct autotopisms of ) and therefore |Jpg| < [2g|. The opposite
inequality is also verified, because, given © € Jpg, it is ©'O € Tp, for all

Cll= Q‘Q. O

Hereafter, we focus our study on the values A;(z). The values Ajpj(2)
needs a comprehensive analysis of the isotopism classes of partial Latin
squares and will be considered in a future study. Firstly, it raises the natural
question of whether it is possible to obtain some general expression which
determines these values for some specific size or cycle structure. Thus, for
instance, it is immediate to see that A,((1",1",1")) = |PLS, 5| and, since
PLS, 2 = LS, it is also clear that A,2(z) = A(z). In this regard, let us
study some cases in which a general formula is given:

Proposition 4.4. Let s € [n?]. It is verified that:

n!?

As((n,n, 1)) = {m, if 3k € [n] s.t. s =k -n,

0, otherwise.

Proof. Let © = (a,f,1d) € Jnin), where Id denotes the trivial
permutation, and P € PLSg,. Since the ©-decomposition of P is only
formed by P itself and LCM, = {(n,n)}, Lemma 3.1 implies s = k - n,
for some k € [n]. Consequently, O(P) is decomposed under the action
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of © into k orbits of length n. Specifically, there exist exactly k& distinct
columns ¢i,...,¢; € [n] and k distinct symbols sq,...,s; € [n], such that
(1,¢,8:) € O(P), for all i € [k]. The k orbits of O(P) under © are then the
sets {(a(1), B*(c;), i) t € [n]}, with i € [k].

Every element of PLSg j.n, is therefore uniquely determined by the choice
of the columns ¢; and symbols s;. Namely, there exist (Z) possible ways
of choosing the k columns and, once they have been selected, there exist
#’k)! different ways of assigning k& symbols to the cells (1,¢1),...,(1,c¢p).

Therefore, Ay(z) = (}) - (nﬁ!k)! = k!~(7q:!—2k)!2' =

Stones and Wanless defined in [30] a partial orthomorphism of Z,, of size
s as an injective map v : S — Z, such that S is a subset of s elements
of Z, and v(i) —i # v(j) — 7 (mod n), for all distinct 7,5 € S. Another
particular case of interest in our study is then that of a cyclic automorphism
© € Jmmn), for which, according to the results of Section 3, it must be
Sizes(©) = {k - n: k € [n]}. In particular, the next result holds:

Proposition 4.5. Given k € [n|, the number Ay.,((n,n,n)) coincides with
the number of partial orthomorphisms of Z,, of size k.

Proof. Let © = (1...n) € A, NTnnn) and P € PLSg j.n. Analogously
to the case of Proposition 4.4, the set O(P) is decomposed under the action
of © into k orbits of length n in such a way that there exist k non-empty
cells in each row of P. Thus, the set S = {i € Z,: (1, (i (mod n) +1),s) €
O(P) for some s € [n]} has cardinality k. Given i € S, let s; € [n] be
such that (1, (¢ (mod n) + 1), s;) € O(P). Since P satisfies the Latin square
condition, the map v : S — Z, defined by v(i) = s; (mod n) is injective.
Moreover, since © is an autotopism of P, the Latin square condition also
implies that s; # s; +¢ — j (mod n). Hence, v is a partial orthomorphism
of Z, of size k. It establishes a 1-1 correspondence between partial Latin
squares of PLSg j.n and partial orthomorphisms of Z,, of size k. Therefore,
Ak (0) coincides with the number of such orthomorphisms and the result
follows from Lemma 4.1. O

A general formula for the number of partial orthomorphisms of Z, of a
given size is shown by Stones in [28] (Equation (3.9) on page 81) and is also
to appear in [31]. More specifically, Theorem 3.2.4 and Figure 3.5 of [28]
establish by Proposition 4.5 explicit formulas of Ay.,,((n,n,n)), for £ < 5.
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Let us now see a formula for the number of partial Latin squares of
smallest size related to an autotopism:

Theorem 4.6. Given z = (21, 22, 23) € CSup,, -

A (z) = Z 215 - 295 - ged (i, 7) - Z k- 2.
i,j) € LCM, k€ n
s.l(f. l]c)m(i,j) =1, s.t. (4,7, k)[E]LCMn

Proof. Given © = (o, 8,7) € 7., let P € PLSe be such that |P| = L,.
From Lemma 3.1 and Proposition 3.2, there must exist only one non-empty
block B in the ©-decomposition of P. Specifically, B must be an 7 x j-block
of size lem (1, j) = I, where (¢, j) € LCM,. There exist zy; - 22; possible blocks
in this way.

Moreover, O(B) must be composed by all the triples of one of the ged (i, j)
orbits induced on B by the action of ©. If (r, ¢, s) € [n]? is one of these triples,
then the symbol s must be one of the k - z3; elements of a k-cycle of v such
that (i, 7, k) € LCM,,. The result follows then by considering all the previous
possibilities. O

Corollary 4.7. Let P € PLS,1. Given z = (21, 22, 23) € CSu, -
Aip|(2) = Ai(z) = 211 - 221 - 231

Proof. Since there exists only one isotopism class of partial Latin squares
of size 1, it is Ap(2) = Ai(2). Now, if [, > 1, then (1,1) ¢ LCM,. Hence,
211 - 291 - 231 = 0 and the result holds. Finally, if [, = 1, then it is enough to
observe that it must be (i, j, k) = (1,1,1) in the formula of Theorem 4.6. [

The number A4(z) can also obviously be obtained if the set PLSg,, is

known for some © € J,. In order to determine this set, let us observe that,
analogously to the case of Latin squares [6], PLS,, can be identified [21] with
the set Sp, of solutions of the equation system:

D el Tres < 1,Vc, s € [n]
Zce[n] Tres < 1,V s € [

Zse[n} Tres < 1,Vr,c € |
Tres € {0,1},Vr, ¢, s € [n].

) )

n]

13



Specifically, it is enough to define the map ¢, : PLS, — Sp,, such
that, given P € PLS,, it is p,(P) = (xh,, ..., 20, 25, ... 2l ), where,
P

z;.s = 1if (r,c,s) € O(P) and 0, otherwise. The restriction of ¢,, to PLSe
and PLSe,, assures the truthfulness of the following result:

Proposition 4.8. Given © = (a, 8,7) € 3, there ezists a bijection between
PLSe and the set of solutions of the equation system which results after
adding to (1) the constraints:

Lres = xa(r)ﬁ(c)v(s)avra (GRS [n]
Moreover, given m € [n?], if the equation:
Z Lpes =M
7,¢,8€[n]

is also added, then there exists a bijection between PLSe,, and the set of
solutions of the resulting equation system. 0

Proposition 4.8 implies that PLSe,, is determined by 2n® + 3n? + 1
polynomial equations of degree 1 and 2 in n? variables:

Corollary 4.9. Given © = (o, 8,7) € 3, and m € [n?], PLSe is the set
of zeros of the ideal:

((Z Tres) - (1 — Z Tres): T,C € [N]) + (Tpes - (L — Xpes) : 70,8 € [0]) +

s€[n] s€n]

O

The ideal I of Corollary 4.9 is zero-dimensional, that is, there exists
only a finite number of solutions of the corresponding system of polynomial
equations. Moreover, I N Q[zyes] = (Zpes - (1 — Xypes) ) C I for all 7, ¢, s € [n]
and, therefore, Proposition 2.7 of [4] implies I to be radical, that is, any
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Ag(2)
n z s Ap(z)
1 2 3 4 5 6 7 8 9

I @L1) |1 1
(2,2.2) 4 0 4
2o [ 22,19 1 2 6
(Z1%1%) [ 8 | 16 | 8 2 31
(3,3,3) 9 9 3| 21
(3,3,2-1) 3 3
(3,3,1%) 9 18 6 33

31 (21,21,21) | 1 10 10 24 24 20 20 4 4 117
@121, [ 3] 6 | 18 | 6 18 51
@L51% | 9 | 18 | 6 33

(13,13,13) | 27 [ 270 | 1278 | 3078 | 3834 | 2412 | 756 | 108 | 12 | 11775

Table 2: A (z) and Ap(z) for each parastrophic class of CSqy,,,,, where n < 3.

polynomial p(xy,) belongs to I whenever there exists ¢ € N such that p(x,)" €
I. Since the affine variety defined by I is V(I) = PLSe , Theorem 2.10 of
[4] assures A,,(z0) = |V (I)] = dimg(Q[xn]/I), which can be computed from
any Grobner basis of I, with respect to any term ordering. In this regard, it
has been implemented in SINGULAR [5] a procedure called PLST, which has
been included in the library pls.lib [11] and which has been used in order to
obtain the values of A,(z) and Ap(z) for each parastrophic class of CSa,,,,
where n < 4. These values are shown in Tables 2 and 3, where the blank
cells correspond to those s & Sizes(z).

5. ©-completable partial Latin squares.

In the Introduction, given z € CSs,, and © € 7T, it has been indi-
cated that a partial Latin square P € PLSe can be used in the compu-
tation of A(z), if a multiplicative factor (P-coefficient of symmetry of ©
[12]) c¢p € N is found such that A(z) = cp - [LSe p|.- In this regard, let
us finish the present study with a theoretical basis for this concept of co-
efficient of symmetry. To do it, it is necessary to generalize the traditional
concept of completability. Specifically, P will be said to be ©-completable
if LSop # 0. Consequently, the traditional completability corresponds to
the trivial isotopism © = (Id,Id,Id). Moreover, if a partial Latin square
is ©-completable, then it is also completable in the traditional way. Let us

15
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observe that ©-completability is a particular case of the §-completability
defined in [8], where § is a set of autotopisms of partial Latin squares. A
specific case of ©-completability is the cyclically completability studied by
Griittmiiller in [15, 16], where © would be a cyclic automorphism. Another
case of ©-completability is given in [3], where authors study the completion
of Latin rectangles that admit an autotopism (Id, «, 3) to a Latin square
related to such an autotopism.

If P is ©-completable, it is not mandatory for © to be an autotopism of
P. Thus, for instance, if © = ((12),(12),1d) € s, the partial Latin square
of orthogonal representation {(1,1,1)} is ©-completable but does not belong
to PLSe. Indeed, it can be easily checked that every partial Latin square of
order n < 2 is ©-completable whenever © is non-trivial.

An example of non-trivial isotopism for which there exists a related partial
Latin square which is neither ©-completable nor traditionally completable is
© = ((12)(3),(12)(3),(12)(3)) € A3. A partial Latin square in such condi-

tions is:
3 . 2
.31 .
2 1 .

An example where it is possible to observe the difference between both
concepts is given if © = ((12)(34), (12)(34),(12)(3)(4)) € 4. In this case,
the following partial Latin square is not ©-completable, but it is completable
in the traditional way:

)
4 3 - .

Finally, let us observe that, unlike traditional completability, ©-com-
pletability is not invariant under isotopism. Thus, for instance, if © =
(123)(4)(5)(6) € Ag, then it can be checked that the first of the follow-
ing two isotopic partial Latin squares of PLSg is ©-completable, but the
second is not:

1
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Let Cg denote the set of ©-completable partial Latin squares and let
Cos = Co NPLSe. The cardinalities of these sets only depend on the
parastrophic class of the cycle structure of ©:

Lemma 5.1. Let ©1,0, € J,, be such that [ze,] = [ze,]. Then, |Co, s| =
|Co, 5|, for all s € [n?]. As a consequence, |Co,| = |Co,|.

Proof. Let m € S3 be such that ze, = zey. Given s € [n*] and P € Ce, s,
there exists L € LSg, such that O(P) C O(L). Besides, since ©; and O}
are conjugate, then there exists © € 7, such that ©F = ©0,07!. Thus,
(PO € PLSe,, (L)™' € LSe, and O((P®)™ ") C O((L®)™ ). Since
|(PO)™'| = |P|, it is verified that |Ce, 5| < |Co,.s|. The opposite inequality
is analogously proven and the consequence is immediate, because |Ceg,| =
Zse[n2] |C@1,S’ = Zse[n2] |O®2,S| = |C@2|' ]

From the previous result, it is natural to define the numbers ¢, and ¢, ,
as the respective cardinalities of Cg and Cg s, for any © € J,. Specifically,
in the case of cyclic automorphisms, the results of Griittmiiller in [15] imply
that ¢(,nn) = 0if 1 is even and ¢, 5.0) k0 = A ((n,7,n)), for all n odd and
k < 2. Although it is not true in general if £ > 3 [16], some partial results
have been studied in this regard in [2, 30]. For a general cycle structure, the
following result holds:

Theorem 5.2. Given z € CSy,, and © € J,, let I be the ideal related to
PLSe n2 according to Corollary 4.9. Given P € PLSe, it is verified that:

P € Co & dimg (Q[xn]/(I + (Zres — 1: (r,¢,5) € O(P)))) # 0.

Proof. From Corollary 4.9, the affine variety of the ideal I + (z,cs —
1: (r,e,s) € O(P)) coincides with £LSg p. This ideal is radical by Proposi-
tion 2.7 of [4], because contains its intersection with Q[xz,.s|, for all r,c, s €
[n]. Specifically, this intersection is either (x,., — 1) if (r,¢,s) € O(P) or
(Tpes - (Tres — 1) ), otherwise. The result follows from Theorem 2.10 of [4]. O

Grobner bases have then been used to determine the numbers ¢, ; and
¢, (Table 4) for each non-trivial parastrophic class of CSy,,, where n < 4.
Specifically, given © € J,, the procedure PLST of [11] has been applied in
order to obtain the partial Latin squares of PLSg  and the dimension of
each affine variety of Theorem 5.2.
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Cz,s
n z S Cx
if2] 3[4 5] 6 7] 8 9 [ 10 | 11 | 12 [13 [ 14 [15]16

1 (1,1,1) 1 1

2 (2,2,1?) 4 2 6
(3,3,3) 9 9 3 21

3 (3,3, 19) 9 18 6 33
(2-1,2-1,2-1) [1]10[ 1024 (24| 16 | 16 | 4 | 4 109
(4,4,22) 16 40 32 8] 96
(4,4,217) 16 40 32 81 96
(4,4,1%) 16 72 96 24| 208

4 (313131) 1 1818 90 | 90 90 | 90 45 45 99 505
(27,27 27) 32 352 1408 2144 1792 896 256 |32] 6912
(22,22 2.17) 32 336 1344 2144 1792 896 256 [32] 6832
(27,27 1%) 32 368 1728 3792 4224 2496 768 [96]13504
(2-1%,2-12,2-1%) [8]24] 104 200|528 784 |1328|1560|1760| 1568|1248 800 |448|192|64|16|10632

Table 4: ¢, ; and ¢, for each non-trivial parastrophic class of CSy,,, where n < 4.

n?

Given z € CSy,, and © € J,, aset {P,..., Py} of ©-completable partial
Latin squares will be said to be a basis of LSg if Uie[m] LSo p, = LSe and
LSep, N LSep, =0, whenever i # j. In this case, A(z) = Zie[m] |LSe p,
Let us observe that, from a computational point of view, it is interesting
to determine a basis of LSg such that the sizes of its elements are as great
as it is possible, because then, for each P;, it would be feasible to add to
the constraints of Proposition 4.8, all those of the form x,., = 1, whenever
(r,e,s) € O(F;). The calculus of the corresponding Grébner basis would be
then more efficient and it would allow to obtain new values A(z). The next
result holds:

Lemma 5.3. Let S C [n]? and © = (o, 3,7) € A,,. The following sets are
bases of LSg:

Src ={P € Co: (r,¢c,s) € O(P) < (r,c) € S},
Srs ={P € Co: (r,c,s) € O(P) < (r,s) € S},
Scs ={P € Co: (r,c,s) € O(P) < (¢,s) € S}.

Proof. Let us prove that Sgo is a basis of LSg; the other cases are
similar. Since © € 2,, it must be LSg # (. Now, given L € LSg, let
P € Sge be such that O(P) = {(r,¢,s) € O(L): (r,c) € S}. Thus, L €
LS p and hence LSg = UQe Sro LSe . Finally, given two distinct elements
Q@ and Q' in Sge, it must exist (r,¢) € S and s € [n] such that (r,c,s) €
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O(Q) — O(Q’). Tt implies that LSe g N LSe o = 0 and therefore Sgc is a
basis of LSg. O

A special case appears when |L£Se p,| = [£Se p,|, for all 4, j € [m]. Such a
basis will be called homogeneous and it follows that A(z) = m-|LSe p,|, for all
i € [m]. The cardinality m of the homogeneous basis would be therefore the
P;-coefficient of symmetry of ©, for all i € [m]. Although a comprehensive
study should be developed in this regard, let us finish the current paper with
a result with gives a theoretical support to the majority of the coefficients of
symmetry which were used in [12]:

Theorem 5.4. Let z = (21, 22, 23) € CSq,, be such that z11 - zo1 - 231 # 0. Let
O = (a,8,7) €T, and S = {(i,)) € [n]*: i € A,J € Bo}. It is verified
that Sre is an homogeneous basis of LSe of cardinality |LS.,, |.

Proof. From the hypothesis, it must be z1; = 291 = 231 ([24], Theorem
1). Furthermore, given P € PLSg, the corresponding block P, of the
©-decomposition of P is a z1; X zj;-array, such that each of its non-filled cells
must contain one of the z1; fixed symbols of v, that is, it is a Latin subsquare
of P of order z;;. Thus, since © € 2,,, Lemma 5.3 implies the set Sgc to be a
basis of LSg of |LS,,,| elements. Now, let us consider two distinct elements
Q,Q" € Sre. Given L € LSg g, let us define the Latin square L' € LS,, such
that O(L') = {(r,c,s) € [n]*: (r,c,s) € O(Q') if (r,c) € S, or (r,c,s) €
O(L), otherwise}, that is, the only difference of L' with respect to L is the
block L. ., which is " instead of Q). Since L € LSg and Q' € PLSo, it
must be L' € LSg. Hence, |LSe | < |LSeo,q|- The opposite inequality is
analogously proven and therefore Sge is homogeneous. 0

6. Final remarks and further work.

In the current paper, it has been dealt with the set of autotopisms of
partial Latin squares in order to develop further techniques which allow to
improve some results about the set of autotopisms of Latin squares, such as
those related with the obtaining of the values A(z). In Section 2, the cardi-
nality of CSy,,,, was studied and a lower bound was determined. Although it
can be obtained by an exhaustive search once Lemma 2.2 is implemented in a
computer procedure, it raises the question of whether it is possible to obtain
a general formula for |CSy,,|. A similar question appears in Section 4 with
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the values Ajpj(z), for which a comprehensive study of isotopism classes of
PLS,, would be necessary. It would also be useful in order to improve the
computation and increase the order n < 4 which has been used in the exam-
ples of the present paper. Finally, once a theoretical basis has been exposed
in Section 5 for the concept of coefficient of symmetry of an autotopism, it
seems that an exhaustive study in this regard would be necessary to solve

some of the problems of computation related to the calculus of the values
A(z).
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Appendix A. Glossary of symbols.

.An

D/
Q['Pn
CS,
CSs
CSnm
Co
C@,s

¢z

Czs

In
jp@
J.
LCM,,
LCM,
LS,
LS,
LSeo
LSe.p

Set of automorphisms of at least one Latin square of order n.

Set of autotopisms of at least one Latin square of order n.

Set of autotopisms of at least one partial Latin square of order n.
Cycle structures of .S,.

Cycle structures of S CJ

{n* ... 17 €CS,: 2z, >0and z; =0,Yi € [m — 1]}.
O-completable partial Latin squares.
CoNPLSe ;.

Cardinality of Cg, for all © € J

Cardinality of Cg g, for all © € J

Isotopisms of n elements.

Isotopisms between two partial Latin squares P and Q).
[sotopisms with cycle structure z.

{(i, 7, k) € [n]*: lcm(i,j) lem(z, k) = lem(y, k) = lem(3, j, k) }.
{(i,5) € [n]*: 3k € [n] s.t. (i,7,k) € LCM,, and 2y; - 2, - 23, > 0}.
Latin squares of order n.

Latin squares related to J,.

Latin squares related to © € 2A,,.

Latin squares of LSg to which P € PLS,, can be completed.
Lower bound of the size of any P € PLS. (Proposition 3.2).
{1,... n}.

Number of cycles of z € CS,,.

Number of cycles of m € S,,.

Orthogonal representation of P € PLS,,.

Size of P € PLS,,.

Isotopism class of P € PLS,,.

Number of partitions of n.

Parastrophic partial Latin square of P € PLS,, w.r.t. ™ € Ss.
[sotopic partial Latin square of P € PLS, w.r.t. © € J
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PLS,
PLS,.
PLS,
PLSe
PLSo P
PLSe.s

Non-empty partial Latin squares of order n.

Partial Latin squares of order n and size s.

Partial Latin squares related to J,.

Partial Latin squares related to © € 2,,.

PLSe N[P].

PLSe NPLS,, s, where © € J,,.

Symmetric group of n elements.

Upper bound of the size of any P € PLS, (Proposition 3.2).
Cycle structure of © € J,,.

Parastrophic class of the cycle structure of © € J,,.

|LSe|, for any © € 7.

’PCS@’[p]’, for any ©c],.

|PLSo 5|, for any © € 7.,.

|PLSe|, for any © € 7.

Union of 1-cycles of m € S, written in natural order.
Equivalence relation between isotopic partial Latin squares.
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