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Introduccion

1. Justificacion y objetivo de la memoria

El presente trabajo estudia la resolucién numeérica, mediante diferentes esquemas de tipo
fraccionario en tiempo y métodos de elementos finitos en espacio, del problema de Navier-Stokes
incompresible (NS) y otros problemas relacionados dentro de la disciplina de la Mecénica de
Fluidos, concretamente el problema de Ecuaciones Primitivas (EP).

Uno de los objetivos fundamentales de cualquier disciplina cientifica es la busqueda del
conocimiento de los fenémenos naturales que nos rodean, entendido como la comprension y
prediccién de dichos fendmenos, con la maxima precisiéon posible. Es necesario, entre otras cosas,
un profundo conocimiento de los mismos para hacer un control racional de los valiosos recursos
naturales. En particular, el estudio, andlisis y comprension, del comportamiento de liquidos como
el agua y de gases como el aire figura como un gran reto para la Ciencia.

Los cientificos en el area de la Mecéanica de Fluidos han ido construyendo y desarrollando di-
ferentes modelos fisicos, con sus formulaciones matematicas correspondientes, que se adecuan a
la realidad en el sentido de que pretenden simular su comportamiento. Realmente, si varios pro-
cedimientos fisicos distintos pueden ser usados para simular el mismo fenémeno, es debido a que
fundamentalmente, estan descritos por las mismas ecuaciones. Ademads, si éstas estan sometidas
a las mismas ligaduras y condiciones iniciales, devuelven la misma solucién independientemente
del particular sentido de la variable, ya sea ésta la temperatura, el potencial eléctrico, el campo
de velocidades de un fluido, la profundidad del agua, etc... Asi, un modelo mateméatico responde
a todos los modelos fisicos equivalentes.

Muchos de estos modelos usan como herramienta matematica fundamental las Ecuaciones en
Derivadas Parciales (EDP) y fueron inicialmente formulados a finales del siglo XIX y primeras
décadas del siglo XX, por cientificos como Stokes, Navier, Reynolds, Boussinesq y Rayleigh entre
otros.

Evidentemente, para comprobar la fiabilidad de los distintos modelos se hace necesario com-
pararlos con el comportamiento real. Para ello, por un lado se debe construir el modelo situdndolo
en las variables independientes espacio-tiempo y a continuacién, identificar qué propiedades del
sistema real son esenciales y cuales de ellas nos dan una descripcion satisfactoria para llegar a

una cuantificacién de la realidad lo méas exacta posible. Por otro lado, debemos disponer de un



andlisis cualitativo y cuantitativo de las soluciones de los problemas, en este caso de las solu-
ciones de las EDP que describen los modelos. Es conocido que, en las situaciones mas realistas,
no es posible la obtencién de expresiones explicitas de dichas soluciones, lo que conduce a la
formulacion de adecuados métodos numéricos para la obtencién de soluciones aproximadas.

Estos métodos numéricos involucran tal cantidad de célculos efectivos que muchos de ellos
fueron inviables en la época en que fueron inicialmente propuestos.

La construccién de las primeras computadoras a mediados del siglo XX y el posterior de-
sarrollo ha hecho que se produzca una verdadera explosiéon en la utilizacién y desarrollo de
los métodos numéricos en general y, en particular, de los métodos diseniados para la aproxima-
cién de las soluciones de EDP. El vertiginoso desarrollo del material informético de calculo, ha
conllevado un desarrollo paralelo de los métodos numéricos.

Centrandonos en los esquemas numéricos de aproximacion de EDP de evolucién, estos incor-
poran alguna forma de discretizacion tanto de la variable temporal como de las variables espa-
ciales. Un apropiado analisis numérico debe garantizar la convergencia tedrica de los esquemas
respecto al refinamiento de ambas discretizaciones o, debe permitir identificar las condiciones
que han de satisfacer dichas discretizaciones para que se verifique la deseada convergencia (con-
diciones de estabilidad). Ademads, deben obtenerse estimaciones del error (normalmente respecto
de soluciones regulares), que determinen la rapidez de convergencia.

La presente memoria recoge el estudio de diversos métodos numéricos aplicados a algunas
de las ecuaciones mas relevantes en la Dindmica de Fluidos, concretamente a las ecuaciones de
evolucién de Navier-Stokes (NS) y a las Ecuaciones Primitivas del Océano (EP).

Las aplicaciones de estas ecuaciones se desarrollan en muchos y tan variados campos como
la Ingenieria Industrial, la Ingenieria Marina, la Oceanografia, la Areonautica, la Metereologia
o la Astrofisica.

Sin duda, las ecuaciones de NS se han mostrado histéricamente como un reto permanente vy,
en consecuencia, han actuado como motor de numerosas investigaciones, tanto desde el punto
de vista tedrico, para el desarrollo de numerosos métodos numéricos, como desde el punto de

vista de las aplicaciones.

2. Las ecuaciones de Navier-Stokes incompresibles

Las ecuaciones de NS modelan el comportamiento de dos magnitudes fisicas, el campo de
velocidades u y la presién p, de un fluido viscoso e incompresible (con coeficiente de viscosidad
cinemética constante y positivo) sometido a la accién mecdnica de un campo de fuerzas exteriores

f, en un intervalo [0,7] y en un dominio acotado 2 que vamos a considerar tridimensional.



Cuando se considera condicién de no deslizamiento en la frontera, el problema esté descrito por:
w+ (u-V)u—vAu+Vp = f enQx(0,7T),
V-u = 0 enQx(0,7),
u = 0 sobre 9Q x (0,7),

u;—g = up enfd

Las ecuaciones de este problema son obtenidas (ver [25], [61], [32]) partiendo de las leyes
de conservacion de la Masa y de la Cantidad de Movimiento y suponiendo que el fluido es ho-
mogéneo (la densisad de masa sélo depende de t), incompresible (el volumen de un conjunto de
particulas que se desplaza con el fluido permanece constante) y newtoniano viscoso. Para com-
pletar matematicamente dichas ecuaciones se proporcionan condiciones iniciales (en el instante
t = 0) y condiciones sobre la frontera 92 del dominio §.

El término (u-V)u recibe el nombre de término de transporte o de conveccién, mientras que
el término —v Au es el término de difusién o de viscosidad, siendo v > 0 la viscosidad cinemética
del fluido. El término difusivo posee propiedades regularizantes para las soluciones, sin embargo,
el término convectivo (no lineal) puede dar lugar a fuertes inestabilidades que contrarresten
dichos efectos regularizadores.

Las principales dificultades desde el punto de vista tedrico y numérico en la resolucién del
sistema (INV.S) son la condicién de incompresibilidad V - u = 0 y la presencia del término no
lineal (u- V)u.

Desde el punto de vista tedrico, los estudios de existencia, unicidad y regularidad de (NJS)
han servido para desarrollar nuevas técnicas matematicas que hoy resultan cruciales para la
teorfa moderna de las ecuaciones en derivadas parciales ([55], [66], [77], [35], [60], [3], [86]). En la
actualidad, como es conocido, permanece abierto el problema de la unicidad de solucién débil de
(N S) en dominios tridimensionales, debido a la falta de regularidad de dicha solucién débil. Sélo
algunos resultados parciales han sido obtenidos (ver [38], [64], [37]). Con respecto a soluciones
fuertes (o clasicas), la existencia y unicidad ha sido probada sobre intervalos de tiempo locales
dependiendo de los datos, en este sentido, desde el trabajo de Leray [62], se conoce que para datos
suficientemente regulares existe una tnica solucién regular local en tiempo. Desafortunadamente,
la unicidad no se ha probado para la soluciones débiles cuya existencia se conoce de forma global
en tiempo. Hay por tanto un salto entre el conjunto de soluciones cuya existencia se conoce y el
conjunto mas reducido de soluciones cuya unicidad estd probada. De hecho, se ha demostrado
que cualquier solucién débil de (NS) pertenece a L3/3(0, T; L*(Q2)) y cualquier solucién fuerte de
(NS) pertenece a L8(0,T;L4(2)). La distancia entre estas clases de funciones es lo que parece
que nos separa del resultado de existencia y unicidad global.

Por tanto, a nivel continuo, hay dos problemas fundamentales que permanecen abiertos:

la unicidad de solucién débil y la existencia global de solucién fuerte. La importancia de estas



cuestiones ha hecho que se hayan incluido dentro de “los siete problemas del milenio”, propuesto
por The Clay Mathematics Institute [26] con un premio de 1,000,000 ddlares.

Con respecto a los métodos numéricos para aproximar (N.S), nos centramos en aquellos que
en primer lugar realizan una discretizacion de la variable temporal y posteriormente realizan
la discretizacién de las variables espaciales. Para la discretizacién del intervalo temporal [0, 77,
podemos tomar un paso k = T'/M y una particién uniforme {t,, = mk} con m = 0,..., M.
Los métodos construidos pretenden obtener aproximaciones u™ (y eventualmente p™) de las
soluciones exactas u (y p) en los instantes de tiempo t,,.

Los métodos clasicos secuenciales para la aproximacién temporal son los métodos de un
paso como los de Euler o Crank-Nicholson (que son respectivamente de primer y segundo orden
respecto de k) o bien otros métodos mds sofisticados como los de Gear o Runge-Kutta (de
segundo y cuarto orden respecto de k). Estos métodos calculan cada aproximacién en un instante
de tiempo a partir de las aproximaciones en uno o varios instantes anteriores.

Otros métodos de aproximacién temporal son los denominados métodos de paso fraccio-
nado (fractional-step schemes), que consisten en descomponer cada paso de tiempo en varios
pasos intermedios, resolviendo en cada uno de ellos diferentes problemas. Otros descomponen el
operador diferencial de la ecuacién diferencial en varios suboperadores, resolviendo varios pro-
blemas intermedios con cada suboperador, estos métodos son llamados de particion del operador
(operator-splitting). Ejemplos clésicos de estos ultimos son los métodos de proyeccién, que per-
miten desacoplar el calculo del campo de velocidades y la presién en cada paso de tiempo, de
esta forma el costo computacional es méas bajo que el del problema original acoplado. Debido a
esta eficacia computacional, estos métodos son actualmente muy populares.

Con cualquiera de estos dos métodos, paso fraccionado o particién del operador, se pretende
pasar de un instante de tiempo t,, al siguiente ¢,,41 a través de la resolucién consecutiva de varios
subproblemas intermedios. De hecho, en la literatura muchas veces se identifican ambos métodos,
porque habitualmente se combinan entre ellos (aunque en los métodos de paso fraccionado las
aproximaciones intermedias estédn asociadas a pasos intermedios del intervalo [t,,, t;,+1], mientras
que en los otros las aproximaciones intermedias corresponden a aproximaciones auxiliares en
t=tmi1)-

En esta memoria estudiaremos dos métodos de tipo splitting, conocidos como método de des-
composicién de la viscosidad y método de proyeccién con correccién de presion (o incremental
en la presién), primero para NS y posteriormente para EP.

Respecto al problema de NS, en ambos métodos se separan las principales dificultades del
problema: la condicién de incompresibilidad y la no linealidad.

En la literatura, hay diversas formas de “separar” estas dos dificultades. Entre los esquemas

mas significativos estdn:



2.1. Los métodos de proyeccién

Las ideas originales de los métodos de proyeccién vienen del trabajo de Yanenko [94], donde
se introduce el concepto de una particién del operador en las ecuaciones en pasos sucesivos.

Pero el origen de los métodos de proyeccion, es generalmente acreditado a los trabajos de
Chorin ([23], [24], [21], [22]) y Temam ([87], [91], [88], [90]). En la actualidad, se engloba a estos
métodos y sus variantes en los llamados métodos de segregacion de la presién ([29] y [30]).

El método clasico de Temam es un esquema de dos pasos donde el segundo paso es de

proyeccion en un espacio con divergencia nula. El esquema semidiscreto en tiempo consiste en:

M

Dada (f™)M_, una aproximacién de f(t,,), definiremos (u™,p™)M_,

una aproximacién de la
solucién {u,p} de (NNS) en t = t,,, a través de un esquema a dos pasos como sigue:
Inicializacién: u’ =1’ = u(0)

Paso de tiempo m + 1 :

Subetapa 1 : Dadas u™, ™, encontrar u”t! : Q — IR? solucién de

1
7(l~1m+1 _ um) + (ﬁm . v)ﬁm+1 _ VAﬁerl _ fm+1 en Q,
(51)m+1 k

"ty = 0,

(en el problema anterior hemos escrito la conveccién linealizada o semi-implicita).

Subetapa 2 : Dada U™, encontrar u”t! y p™*! solucién de
1 ~
%(uerl —a™) 4+ vp™tt = 0 enQ,
(S2)m ! V-u™!l = 0 enQ,
u™tl.nlsgg = 0.
+ +1

La subetapa 2 es equivalente a decir que u™*! es la proyeccién de u™*! en un espacio de tipo
L? con divergencia nula. Esta es la razén por la que este método es usualmente conocido como
método de proyeccion. La particién del operador en este caso consiste en separar los efectos de
la incompresibilidad de los de la conveccién y difusién.

El principal interés del método de proyeccién es la posibilidad de desacoplar el calculo de la

m+1

presién y la velocidad. Asi, tomando divergencia en (S2) , obtenemos que la presion verifica

el siguiente problema de Poisson

1
+1 o L am+l
(§2)m+1 Ap™ kV u en 2,
Vp™tlon|pg = 0.
m+1

Hay que notar que la velocidad final u no satisface las condiciones de contorno completas del

problema y la presién numérica satisface la condicién de Neumann “artificial” Vp™*!.n|sq = 0,



lo que introduce cierta inconsistencia en la aproximacién frontera del esquema, que produce el
fenémeno conocido como capa limite. Este es uno de los puntos mas conflictivos de los métodos
clésicos de proyeccién y ha dado lugar a numerosas especulaciones sobre si la aproximacion de
la presién p™*! es una buena aproximacién a la solucién exacta p(t,.1) ([27], [76], [43]).

Otro aspecto importante del método de proyeccién es su inherente estabilidad. En el caso
de un esquema completamente discreto, la versién discretizada por elementos finitos pasa por
imponer la condicién inf-sup discreta. Una alternativa al uso de elementos finitos estables satis-
faciendo la condicién inf-sup es utilizar las llamadas técnicas de estabilizacién (ver [27]). La idea
esencial es modificar la forma variacional discreta para que la estabilidad de la presién pueda
ser obtenida sin imponer la condicién inf-sup. Este tipo de ideas puede también ser usado para
evitar inestabilidades numéricas en flujos de conveccion dominante. En particular, se consiguen
esquemas estabilizados con espacios discretos de Elementos Finitos de igual orden para la velo-
cidad y presién (que no verifican la condicién inf-sup). Sin embargo, la estabilidad va decayendo
con el paso de tiempo. Este efecto esta escondido en el andlisis de la convergencia al imponer
un paso de tiempo suficientemente pequeno. Un reciente estudio completo de la técnicas de es-
tabilizacion que conducen a métodos estables totalmente discretizados, fue desarrollado por R.
Codina en [28] y extendido por el mismo autor junto con S. Badia en [29].

Debido a que el gradiente de presion no aparece en el primer paso del método de proyeccion
clésico, fue observado (probablemente en primer lugar) por Goda ([42]) que el anadir un término
de gradiente de presién de la etapa anterior en el primer paso y corregir este término en el segundo
paso, aumentaba la convergencia. Esta idea la hizo muy popular Van Kan, quien propuso un
esquema de segundo orden con correccién de presién en [56]. En 1992, J. Shen [78] propuso un
esquema de primer orden con correccién de presién (también llamado de presién incremental
o esquema de Van Kan por lo referido antes), donde el término de presién aparece en los dos
pasos. En este método, al igual que en el no incremental (o sin correccién de presién), aparecen
condiciones de contorno artificiales para la presion.

El método con correcién de la presién cldsico propuesto por Shen en [78] puede escribirse

CcOo1mo:

Inicializacién: u’ = u(0)

Paso de tiempo m +1 :

Subetapa 1 : Dadas u™, ™ y p™, encontrar u™*! : Q — IR? solucién de

Loemt1 ~ ~m+1 ~m+1 1
—(@™ —u™) + @ V)"t —vAd"t +Vp =
o | )+ @)

u e = 0,



Subetapa 2 : Dadas p™ y 1!, encontrar u™*! y p™+! solucién de
1 ~
ST @) vt =) = 0,
(52)m+1 AV um+1 — 0’

u™tl.nlsgg = 0.
Al igual que antes, la presién puede obtenerse a partir de un problema de Poisson

1
A(pm+1 _pm) — Ev . ﬁm+1’

(S2)a
v(perl _ pm) . n‘@ﬂ = 0.

Es importante observar que la introduccién de la velocidad final u” no es necesaria, puesto
que la implementacién puede ser realizada de la siguiente manera:

Dada (p™~!,a™),

(a) Encontrar p™ como solucién de (S2)7".

(b) Encontrar u™*! tal que

(S VR AR T (2" g = £ W g = 0,
Entonces, el calculo para la presién y la velocidad estd desacoplado. Este es el motivo por el
que se conoce también al método de proyecciéon como método de segregacién de la presién. De
hecho, (S2)™ es un problema de Poisson para la presién y (S2);" ! es un problema de conveccién-
difusién lineal para la velocidad.

Dicho método sera objeto de estudio en la presente memoria, Capitulos 3 y 5.

Notemos que el método de proyeccion clasico puede ser también considerado como un método
de segregacién de la presién. La tinica diferencia es que en (S2);*! se cambia el término V(2p™ —

P por Vp™.

m—l)

Respecto al orden en tiempo, los métodos de correccién de presién que hemos presentado
son esquemas de primer orden. Algunas alternativas han sido sugeridas para lograr métodos de
segundo orden. La primera fue propuesta por Kim y Moin en [58], basado en un esquema donde
el término convectivo es evaluado por un método de segundo orden de Adams-Bashforth y el
término viscoso por un método de Crank-Nicolson.

Como comentamos antes, Van Kan en [56], propuso un método de segundo orden con correc-
cién de presién. Este método es equivalente al método corregido por Shen, pero reemplazando
Euler regresivo en la integracién en tiempo por un esquema de segundo orden de Crank-Nicolson.
En 1989, Bell, Colella y Glaz introdujeron en [8] el primer método predictor-corrector. Ellos

propusieron un esquema iterativo de segundo orden que converge al esquema ”monolitico” de

Crank-Nicolson. En cada iteracion, se obtiene primero la velocidad intermedia, tratando el



término convectivo de forma explicita y el término difusivo de manera implicita. Después, la
velocidad final y la presién son calculadas de forma acoplada.

Existen ademas diversos trabajos en los que los esquemas de segundo orden con correccion de
presién han sido estudiados analiticamente. E. y Liu estudian en [33] el esquema propuesto por
Kim y Moin. Shen analizé el esquema de Van Kan en [83] y [84], obteniendo estimaciones de error
optimas hacia soluciones suficientemente regulares, suponiendo datos iniciales suficientemente
convergentes para la velocidad y presién. En [74], estas estimaciones de error se consiguieron
con hipétesis de regularidad més débiles sobre la solucién exacta de (NS).

En cuanto a los métodos de tercer orden, estos han sido mucho menos estudiados. El pri-
mer autor que propuso un método de este tipo fue Gresho en [43]. Sin embargo, experimentos
numéricos mostraron que este método era inestable en tiempo. En [85], Shen intenté explicar
porqué los métodos con correccién de la presion de tercer orden no pueden estar uniformemente
acotados en tiempo. De hecho, el autor concluyé que “todos los métodos con correccién de pre-
sién de orden mas alto que dos son inestables”. Sin embargo, de acuerdo al andlisis de Badia y
Codina en [7], la explicacién de Shen en [85] no es apropiada porque se habian ignorado algunos
términos. De hecho, Shen puntud que el sistema continuo equivalente que él analiz6 lo obtuvo
por intuicién. En definitiva, la razén por la que los métodos de correccién de presion de orden
mas alto son inestables permanece como un problema abierto que todavia no ha sido totalmente
explicado.

Existe otra clase de métodos de proyeccion, denominados esquemas con correcciéon de la
velocidad, estudiados por Guermond y Shen en [46] y [48]. Estos fueron introducidos de diferentes
formas (aunque equivalentes) en [70] y [57]. La principal idea es intercambiar el papel de la
difusién y el gradiente de presién en los métodos de correccién de presién, esto es, el término
viscoso es tratado de forma explicita (o ignorado) en el primer paso (que es el paso de proyeccion)
y la velocidad es corregida en el segundo paso (de conveccién-difusién).

En 1996, Timmermans, Minev y Van de Vosse propusieron en [93] una versién modificada
del método que conduce a mejores aproximaciones para la presiéon. Esta modificacion consiste en
corregir la presién con pt! = p™m*l —p V.a" !, Esta correccién no causa esfuerzos adicionales
numéricos y ademds, como fue observado por Guermond y Shen en [49], verifican una condicién
de contorno para la presion que es consistente para el problema de Stokes. Debido a que el
operador rotacional juega un papel importante en esta mejora, ya que la idea del método viene
de escribir Au=VV - -u—V x V X u, estos métodos son llamados en [49] métodos rotacionales
con correccién de presion.

La mejora de las estimaciones de error para la presién tomando la forma rotacional ha sido
estudiada en [47] y [74]. También en [74], Prohl realiza un estudio de algunas variantes de los
métodos de proyeccion junto con su analisis numérico. Entre estas variantes estdn el método de

Chorin-Uzawa y el método de Chorin-Penalty.



El método de Gauge, que fue introducido por E y Liu [33], y una variante de este esquema,
el método de Gauge-Uzawa, que fue introducido y analizado por J.H. Pyo en [75], son otros
esquemas considerados cuya intencién es no incorporar inconsistencias o incompatibilidades
entre las discretizaciones espacial y temporal.

Maés recientemente, en [7], Badia y Codina han obtenido resultados de convergencia para el
método de proyeccion original (sin correccién de presién) totalmente discreto en dos situaciones
diferentes. El primer andlisis se aplica a pares de elementos finitos que satisfacen una condicion
inf-sup discreta o de Ladyzhenskaya-Babuska-Brezzi ([60], [6], [16]). La segunda parte, analiza
el método totalmente discreto de proyeccién usando el problema de Poisson para la presién, con
igual interpolacién para los espacios discretos de velocidad y presién (que no verifica la condicién

inf-sup). En ambos casos, estimaciones de error, sub-optimales para la presién, son obtenidas.

2.2. Los métodos de descomposiciéon de la viscosidad

En los métodos de descomposicion de la viscosidad no estd totalmente desacoplada la in-
compresibilidad de la difusién. Claros ejemplos son los presentados por R. Naratajan [69] y los
f-esquemas de R. Glowinski [41].

Resultados de convergencia, estabilidad y estimaciones de error para estos ultimos fueron
obtenidos por E. Fernandez-Cara y M. Marin en [34]. También, algunas versiones paralelizadas
de estos esquemas fueron presentadas en [31], [2] y en la tesis de I. Albarreal [1].

Una variante de estos métodos, es el esquema presentado por J. Blasco y R. Codina ([12],
[13]) vy que fue originalmente motivado por un algoritmo predictor-multicorrector. Este esquema
fue introducido para reforzar las condiciones de contorno para la velocidad de los métodos de
proyeccion. En él se separan la no linealidad (u-V)u y la condicién de incompresibilidad V-u = 0
en dos pasos diferentes, pero conservando términos de viscosidad y las condiciones de contorno

en ambos pasos. El esquema semidiscreto en tiempo es el siguiente:
Inicializacién: u’ = u(0)
Paso de tiempo m + 1 :

m+1/2

Subetapa 1: Dada u™, encontrar u solucion de

1 m m m m m m
(Sp)m+ ST ) (@ a2 - p A = e en @,
um+1/2’69 —0.

Subetapa 2: Dada u”t/2, encontrar u”t! y p™*! solucién de

1 +1 +1/2 +1 +1/2 +1
—(u™ —u™ — VAU —u™ +Vp™Tt =0 en
(52)m+1 k( ) ( )

V-u™!' =0 enQ, u™ 50 = 0.

)

Este método también serd objeto de estudio en la presente memoria.



2.3. Los métodos de pseudo-compresibilidad

La condicién de incompresibilidad (que consiste basicamente en asumir que el volumen ocu-
pado por un conjunto de particulas del fluido se conserva), es una de las principales dificultades
de las ecuaciones de Navier-Stokes. En general, los métodos numeéricos para flujos incompresi-
bles pueden ser clasificados en tres categorias en funcidon de cémo sea tratada la condicién de
incompresibilidad V - u = 0: usando un subespacio de divergencia nula para la aproximacién de
la velocidad, usando un par de espacios discretos compatibles para la presién y velocidad y, por
ultimo, relajando la restriccion de incompresibilidad de una forma adecuada. Esto ultimo puede

hacerse de varias maneras:
» Penalizacién ([82],[87]): V- -u®+ep® =0 en Q x (0,7).
» Compresibilidad artificial ([23], [89]): V-u® +epf =0 en Q x (0,T).
» Estabilizacién de la presion ([24], [90]): V-u® —cAp® =0 en Q x (0,T), 9pp|oa = 0.
» Pseudo-compresibilidad ([81]): V-u® —cApf =0 en 2 x (0,T), 9pp5|oa = 0.

Las tres primeras versiones son bien conocidas y la iltima fue introducida mas recientemente
por Shen en [81]. El principal interés de estos métodos es el comportamiento cuando el pardmetro
€ — 0. Un importante aspecto es que, en principio, todas ellas pueden emplearse con cualquier
discretizacion espacial consistente, es decir, no se requiere la condicion inf-sup, si bien el problema,
es que cuando € — 0 las constantes en las estimaciones pueden explotar.

En [82], J. Shen hace un revisién de todos estos aspectos. También en trabajos més recientes
de R. Codina ([30]), se estudian métodos de estabilizacién de la presién, con la idea esencial
de modificar la formulacién variacional discreta para que la estabilidad de la presion se consiga
con espacios de igual interpolacién (que no verifican la condicién inf-sup). Este tipo de métodos
también puede ser usado para evitar inestabilidades numéricas provocadas por la conveccion.

Por otra parte, algunos de los métodos de proyecciéon conocidos pueden ser reformulados como
estos métodos eligiendo ¢ en funcién de k. Asi, el método clasico de proyeccién no incremental
(sin correccién de presién) puede ser observado como un método de estabilizacién de la presién
(ver [76] y [79]) tomando ¢ = k y el método de proyeccién incremental (con correccién de
presién) como un método de pseudo-compresibilidad tomando ¢ = k2. También, el método
de Chorin-Uzawa estd relacionado con un método de compresibilidad artificial y el método de

Chorin-Penalty con un método de penalizacién (ver Prohl [74]).

3. Las Ecuaciones Primitivas del Océano

Al menos dos tercios de nuestro planeta estan cubiertos por el agua de los océanos. Es por

tanto el estudio de nuestros océanos, junto con el de la atmdsfera que rodea la tierra, fundamental
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para predecir el tiempo y el clima, uno de los retos importantes que actualmente tiene el hombre.

El océano es considerado como un fluido ligeramente compresible, con fuerzas de Coriolis y
centripetas. El conjunto de ecuaciones que rigen lo que se conoce como “large scale ocean model”
son: la ecuacién de momentos, la ecuacién de continuidad, la ecuacién termodindmica o de la
temperatura, la ecuacién para la salinidad y la ecuacién de estado (que relaciona la densidad
con la temperatura y la salinidad).

Bajo ciertas simplificaciones, basicamente presién hidrostética (que relaciona la presion y la
densidad del agua con la gravedad) y la hipdtesis de “techo rigido”, las ecuaciones de Navier-
Stokes 3D derivan en las llamadas Ecuaciones Primitivas. Estas ecuaciones constituyen un mo-
delo matemaético general en el campo de los fluidos geofisicos [67], [73]. En particular, describen
la circulacién general del agua en lagos y océanos [68]. Por simplicidad, suponemos densidad
constante, coordenadas cartesianas y que los efectos debidos a la temperatura y salinidad se
pueden desacoplar del flujo dinamico.

El modelo diferencial regido por las ecuaciones primitivas se puede escribir como (ver [63,
67, 68)):

ou+ (U-V)u —vAu+ b(u) +Vgp = £ enQx(0,7),
0.p=—pgy, V-U = 0 enQx(0,7),
(EP) u=0 sobre Il x (0,7), u=wusng = 0  sobreI}, x (0,T),
vo,u =gs, uz = 0 sobre I'y x (0,7T),
u;—g = up enf

donde Q = {(x,2) € IR® /| x = (x,y) € S, —D(x) < z < 0} es el dominio 3D ocupado por
el agua, con S C IR? el dominio superficial (un dominio acotado 2D) y D : S — IR, (con
D > 0 en S) la funcién descrita por el fondo. Entonces, I's = S x {0} es la parte del contorno
de Q correspondiente a la superficie, I'y, = {(x,—D(x)) : x € S} la parte correspondiente al
fondo (con vector normal exterior (ny,n3)) y I't = {(x,2) : x € 05, —D(x) < z < 0} la parte

correspondiente a las paredes laterales.

Las incognitas del problema son U = (u,u3) : Q x (0,T) — IR3 el campo de velocidades
3D (con u = (ui,u2) la correspondiente velocidad horizontal y ug la velocidad vertical) y
p:Qx(0,T) — IR la presién.

Ademsds, b(u) = fu' representa los efectos de las Fuerzas de Coriolis, con ut = (—ug, uy )
y f = 2|w|sinf, donde w es la velocidad angular de la Tierra y 6 = 0(y) es la latitud, p € IR
es la densidad del agua (que suponemos una constante positiva), g € IR es la aceleracién de
la gravedad (otra constante positiva), f : Q x (0,T) — IR? es el campo de fuerzas horizontales
externas (dependiendo por ejemplo de la salinidad y la temperatura) y g5 : I's x (0,T) — IR?

representa los efectos de la friccién del viento sobre la superficie.
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Finalmente, V = (Vp, 0,) denota al operador gradiente tridimensional (con Vg = (0, 0y)

su componente horizontal) y A el operador laplaciano tridimensional.

Por simplicidad, hemos considerado en (E P) difusién isétropa, la cudl se escribe como —vAu,
donde v > 0 es un coeficiente de viscosidad. En general, debido a la diferencia entre las dimen-
siones horizontal y vertical del dominio, es frecuente considerar una difusién anisétropa, por
ejemplo

—Vy - (vp,Vgu) — vy, 8,311
donde vy, v, > 0 son los coeficientes de viscosidad horizontal y vertical respectivamente, siendo
vy < vp, ([73]). Los resultados obtenidos en la presente memoria pueden ser extendidos a este
caso.

Si definimos ps(t;x) = p(t;x, 2) — pgz, entonces ps : S x (0,7) — IR es una nueva variable
(definida sélo sobre la superficie S), la cudl llamaremos presién superficial. El problema (EP)

puede ser reformulado como el siguiente problema integro-diferencial ([63, 67, 68]):
ou+ (U-V)u —vAu+b(u) + Vgp, = £ enQx(0,7),
Vi - (u) = en S x (0,7),
vo,u=gs sobreI's x (0,7), u = 0 sobre (I'hUTY) x (0,7),

[an}

U|t:0 = U en Q,

donde la velocidad vertical se obtiene de forma explicita como

0
usz(t;x, 2) :/ Vi -u(t;x, s) ds

y siendo el flujo total vertical de la velocidad horizontal denotado como
0
(w)(t:x) = / u(t;x, ) d.
—-D(x)

La existencia de una solucion débil (u,ps) del problema (Q) es bien conocida, ver Lions-
Temam-Wang [68] y Lewandowski [63], siempre en dominios con talud (i.e. D > Dy, > 0en S).
En estos trabajos, un resultado de compacidad se usa para obtener la velocidad u en un espacio
con la restriccion Vi - (u) = 0 y seguidamente, la presion superficial ps es obtenida gracias a un
especifico lema de De Rham sobre la superficie S. En dominios sin talud, (i.e. cuando la funcién
profundidad D puede degenerar a cero), la existencia de una solucién débil (u, us, ps) de (EP) se
obtiene a través de un limite asintético aplicado a las ecuaciones de Navier-Stokes con viscosidad
anisotropa cuando el radio de profundidad sobre el didmetro horizontal del dominio tiende a cero;
ver Besson-Laydi [11] para el caso estacionario y Azerad-Guillén [4, 5] para el caso evolutivo. La
existencia de una solucién débil del problema estacionario asociado a () en dominios sin talud
es demostrada por T. Chacén y F. Guillén [18] usando argumentos de aproximacién interna:

una formulacién variacional mixta (velocidad-presién) se aproxima por un método de Elementos
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Finitos conformes, que verifican la llamada “condicién inf-sup hidrostética” (ver [18]). Por otro
lado, F. Ortegén en [71], proporciona una generalizacién del lema de De Rham usado en [68]
a dominios sin talud y en [72], estudia una versién regularizada del problema (@) mediante

perturbaciones mondtonas, y obtiene otra demostracién de la existencia de una solucién de (Q).

En cuanto a los resultados de regularidad obtenidos, la existencia de solucién fuerte para el
problema lineal estacionario asociado a (Q) es tratado por M. Ziane en [95]. Este resultado es
extendido en [52] al caso lineal evolutivo. Con respecto al problema no lineal, en [52], F. Guillén-
Gonzélez y M.A. Rodriguez-Bellido demuestran la existencia y unicidad de solucién fuerte para
dominios 2D, global en tiempo para datos suficientemente pequenos o local en tiempo para
profundidad suficientemente pequena. La extensién y mejora de esta clase de resultados al caso
de dominios 3D fue realizada por F. Guillén-Gonzélez, N. Masmoudi y M.A. Rodriguez-Bellido
en [50]. Finalmente, C. Cao y E.S. Titi en [17], suponiendo el fondo plano y con condicién de
contorno Neumann en el fondo, demostraron regularidad global en tiempo sin restricciones. Por
otra parte, I. Kukavica y M. Ziane en [59], demuestran regularidad global sin restricciones con
fondo Dirichlet.

Por otro lado, esquemas numeéricos para el modelo de Ecuaciones Primitivas han sido presen-
tados por T. Chacén y D. Rodriguez en [19, 20] usando un esquema estabilizado con elementos
finitos, y por R. Bermejo en [9] y R. Bermejo y P. Galdn en [10], usando un esquema semi-

lagrangiano de proyeccién en tiempo junto con elementos finitos en espacio.

Con objeto de describir un esquema totalmente discreto, consideramos la siguiente reformu-
lacién del problema (EP):

ou+ (U-V)u —vAu+b(u) + Vugps = f enQx(0,7),
Puz+0,Vg-u = 0 enQx(0,7T),
) Vg-{u) = 0 enSx(0,7T),
vo,u=gs sobreI's x (0,7, u = 0 sobre (I'hy UIy) x (0,7),
ug = 0  sobre (I'sUTY) x (0,7).
u;—g = up enf)

En los Capitulos 4 y 5 de esta memoria, pretendemos hacer un estudio numérico con el método
de descomposicién de la viscosidad y el método de proyeccién con correccién de la presién, que
ya habremos usado para el caso de NS, ahora para las EP.

El principal inconveniente que nos encontraremos serd la pérdida de regularidad de la velo-
cidad vertical, lo que hace que debamos emplear nuevas técnicas para poder abordar con éxito

la obtencién de la convergencia, estabilidad y principalmente, las estimaciones de error.

13



4. Resumen de la memoria

En esta memoria nos centramos en el analisis numérico del método de descomposicion de la
viscosidad y del método de proyeccién incremental, aplicados a NS y EP posteriormente.

Por otro lado, en cuanto al método de proyeccién no incremental (sin correccién de presion),
ya ha sido profundamente estudiado para el caso de Navier-Stokes por otros autores, en [7], [29]
y [30], de dos maneras distintas: la primera usando una formulacién mixta velocidad-presién
y haciendo uso de la condicién inf-sup para los espacios discretos aproximantes y la segunda,
utilizando la formulacién de la presién segregada sin imponer la condicién inf-sup, si bien, en
ambos casos no se consiguen estimaciones 6ptimas para el error de la presién, debido a que
aunque el método no necesite una presioén inicial para conseguir estabilidad y orden 6ptimo en
velocidad, las condiciones de contorno artificiales para la presién generan una capa limite, que
justifica la pérdida de aproximacion para la presién del método.

La extensién del estudio realizado en la memoria para NS al caso de EP no es en absoluto
directa, debido a las dificultades anadidas que nos encontramos en las EP, principalmente la
pérdida de regularidad de la velocidad vertical y la integracion global en vertical. De hecho, los
resultados obtenidos para NS con el método de descomposicién de la viscosidad no se pueden

obtener para EP.

4.1. El problema de Navier-Stokes

Pretendemos obtener nuevas estimaciones de error para un esquema de paso fraccionado con
descomposicién de la viscosidad aplicado a NS, el cuél fue introducido y estudiado por J. Blasco
y R. Codina en [12], [13], [14] y [15]. Este estudio corresponde a los Capitulos 1 y 2 de la presente
memoria. Posteriormente en el Capitulo 3, estudiamos un método de segregacion de la presion

basado en un esquema de proyeccién incremental.

M

m=0> para un vector

Fijada una particién regular de [0, 7] de didmetro k = T/M: (t,, = mk)
dado u = (u™)M_, con u™ € X (un espacio de Banach), usaremos la siguiente notacién para

las normas discretas en tiempo:

LA

M 1/2
— |k m||2 - — < m
llullzx) < mEZ:OHu \x) v lulliexy = méx [lu™|x

Por simplicidad, denotaremos H' = H*(Q) etc., L>(H') = L%(0,T; H') etc., y H* = HY(Q)3 etc.
El producto escalar en L?(Q) serd denotado por (-,-). Una norma en un espacio X sera denotada
por || - [|x-

Como ya hemos comentado, el método de descomposicion de la viscosidad es un esquema a
dos pasos que separa la no linealidad y la incompresibilidad del problema en pasos diferentes

(pero conservando el término de viscosidad y las condiciones de contorno para la velocidad en
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ambos pasos). Basicamente, el esquema estd descrito como sigue. Dada u” una aproximacién
m+1/2 (como una primera aproximacién

m+1
)

de u(ty,), primero se calcula una velocidad intermedia u

de u(tm+1)) resolviendo un problema de conveccién-difusion, y después se calcula (u mtl)

p
(como aproximacién de (u(tm+1), P(tm+1))) resolviendo un problema de tipo Stokes.

Esto nos permite reforzar las condiciones de contorno originales del problema en ambos pa-
sos, lo que conduce a la convergencia de ambas velocidades hacia la misma funcién limite (una
solucién débil de (NS)) en H}(Q), (ver [12], [13]). En efecto, en [12], [13], Blasco, Codina y
Huerta prueban la convergencia de este esquema. Con este proposito, primero obtienen esti-
maciones a priori de estabilidad para ambas velocidades u™*1/2 y u™*! en [°(L2) N I2(H') y
posteriormente, aplicando resultados de compacidad para “controlar” el limite de los términos
convectivos, un paso al limite conduce a la convergencia. Por otro lado, en [14] los autores ob-
tuvieron estimaciones de error de orden O(k) en I2(H') N1°°(L?) para la velocidad final u™*!
y orden O(k'/?) en I2(L?) para la presién.

Ademds, estas estimaciones en tiempo fueron usadas en [15] para obtener las siguientes

. . . . m—+1/2
estimaciones de error para un esquema totalmente discreto, cuyas soluciones denotamos u,, /

y (uszrl, phmH), basada en una aproximacién de elementos finitos de orden O(h) en H' y orden

O(h?) en L? para las velocidades y O(h) en L? para la presién:
[utm) — g i (2)rizmry < C (k +h)

bajo la restriccién h? < C'k.

Por otro lado, en [13] se realizaron célculos numéricos, que conducian a orden O(k) tanto en
velocidad como en presion.

Consecuentemente, existe un salto entre el analisis numérico (en donde se tenfa O(v/k) para
la presién) y los calculos numéricos (en los que se observa orden O(k)) respecto a la aproximacion
en tiempo para la presion.

Por otra parte, en [40], este esquema en tiempo de descomposicién de la viscosidad es estu-
diado junto con varios métodos de elementos finitos de Galerkin discontinuos en espacio. Desde
el punto de vista analitico, con P; x Py como espacios discretos, fueron obtenidos orden O(k+ h)
en [°°(L?) para la velocidad y orden O(vk + h) en [?(L?) para la presién. Por otro lado, ex-
perimentos numéricos mostraron que las aproximaciones en espacio eran de orden O(h) en una
norma H! discreta y O(h?) en L? para la velocidad y orden O(h) en L? para la presién, usando
una aproximacion P; x Py (ademas, O(h?) en una norma H' discreta y O(h?®) en L? para la
velocidad y O(h?) en L? para la presién, usando espacios discretos Py x Py). Por tanto, de nuevo
existe un salto entre los cdlculos numéricos (que conducen a O(h?)) y el analisis numérico (que
prueba O(h)) respecto a la aproximacién en espacio para la velocidad en norma L2.

En los Capitulos 1 y 2 pretendemos rellenar estos saltos demostrando analiticamente que se

obtienen los resultados observados en los experimentos numéricos.
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Esto lo conseguiremos en dos pasos, comparando primero la solucién exacta y el esquema
discreto en tiempo (Capitulo 1) y luego el esquema discreto en tiempo y el esquema completa-
mente discreto (Capitulo 2). La prueba de las estimaciones 6ptimas para la presién, estd basada

en la obtencién de estimaciones en normas fuertes para el error en velocidad.

1. Para el esquema semidiscreto en tiempo, pretendemos

= Mejorar el orden de la estimacién de error para la presién, de O(VE) a O(k).

= Mejorar la norma de las estimaciones de error en velocidad y presion, pasando de
1°(L2) a [*°(H') en velocidad y de I2(L?) a [°°(L?) en presién.

Asi, en el Capitulo 1 de la presente memoria, hemos mejorado las estimaciones previas
para el esquema semidiscreto en tiempo obteniendo las siguientes estimaciones éptimas de

error:
[utm) —u"{[iee (p2yriz () + lIP(Em) — 2™ li2(z2) < Ck.
Ademés, suponiendo la siguiente hipétesis para la primera etapa, |[u(t;) — ul| 2 < Ck?,

podemos mejorar la norma en las estimaciones de error en el siguiente sentido:
[u(tm) — um||l°°(H1) + |lp(tm) —Pmsz(m) <Ck.

2. En el Capitulo 2, usamos este esquema semidiscreto en tiempo como un problema auxi-
liar, con objeto de obtener las estimaciones de error para el esquema totalmente discreto
con elementos finitos, que puede ser descrito como sigue. Dada u}* una aproximacién de
u(t,,), primero calculamos una velocidad intermedia uZnH/ 2 (como una primera aproxi-
macion de u(t,,+1)) por medio de un problema discreto de conveccién-difusion y, después,
caleulamos (u)" ™, p"*1) (aproximacién de (u(ty41), p(tm+1))) resolviendo un problema

de tipo Stokes discreto.
Bésicamente, los objetivos en este segundo paso son:

» Extender el orden en las estimaciones de error, en velocidad y presion, del esquema
semidiscreto en tiempo al esquema totalmente discreto, concretamente de O(k) a
O(k + h).

= Mejorar el orden en la estimacién de error para la velocidad en norma L?(L?), de

O(k + h) (obtenida en [15]) a O(k + h?).

Juntando estos dos pasos anteriores y bajo la misma restriccién para los parametros de
tiempo k y espacio h, h? < Ck, impuesta en [15], obtendremos las siguientes estimaciones

oOptimas de error:

[u(tm) — up'lliee (L2ymiz () + IP(Em) — pp' 222y < C (k + h),
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[a(tm) — wpllezz) < C (k+ h?)

Ademds, suponiendo la siguiente hipétesis para la primera etapa, [(u! —u})—(u’—u?)| < Ckh,

podemos mejorar la norma en las estimaciones de error:
[utm) —up lliee a1y + Ip(tm) — PR i (22) < C (k + h).

Notemos que, observando las estimaciones de error de orden O(k + h) y O(k + h?) y la
restricciéon h? < C'k, una eleccién apropiada del par (k, h) estaria entre k = O(h) y k = O(h?)
(siendo ambos casos validos).

En el Capitulo 3 nos centraremos en la aproximacién del problema de Navier-Stokes pero
ahora con un esquema de segregacién de la presién inspirado en un método de proyeccién con
presion incremental.

Con respecto a la convergencia del método de proyeccién de Chorin-Temam, en [88] se
prob6 la convergencia del esquema semidiscreto en tiempo, mientras que en [24] la convergencia
fue probada para el esquema totalmente discreto asociado a un problema con condiciones de
contorno periédicas.

Posteriormente, fueron obtenidas estimaciones de error para el esquema semidiscreto en
tiempo ([78], [80]) y para el esquema totalmente discreto ([45]). Bésicamente, para el método de
proyeccién sin correccién de presién se tienen ([78], [80]) estimaciones de error de orden O(k'/?)
en I2(HY) N 1*°(L2) y de orden O(k) en I?(L?) para ambas velocidades y de orden O(k'/?)
en [2(L?) para la presién. Para el método de proyeccién incremental estas estimaciones son
mejoradas en [45] a orden O(k) en I2(H') N1 (L?) para la velocidad intermedia a™*! y a orden
O(k) en [?(L?) para la presién. Hay que destacar que en [45] se considera una aproximacién
en espacio de elementos finitos en donde el paso de proyeccién esta basado en una formulacién
mixta velocidad-presiéon. Ademads, en [45] se obtienen las estimaciones de error bajo la restriccion
de los pardmetros k? < ah (en el caso tridimensional). En este sentido, en el Capitulo 3 de la
presente memoria obtenemos también estimaciones 6ptimas de error pero usando un esquema
totalmente discreto desacoplado para los problemas de la velocidad y presién (llamado también
de segregacién de la presién) e imponiendo una restriccién diferente, concretamente h < ak.

En [7] los autores realizaron un estudio del método de proyeccién no incremental totalmente
discreto, observado como método de segregacién de la presién, obteniendo resultados de conver-
gencia y estimaciones de error de orden O(k'/2+h) bajo una restriccién del tipo ah? < k < 8 h?,
pero sin necesidad de imponer la condicién inf-sup discreta para los espacios aproximantes. El
Capitulo 3 sigue esta linea para el método de proyeccion incremental, en el sentido de que con-
sideramos un esquema segregado para la presién y obtenemos estimaciones de error éptimas,
de orden O(k + h) para la presién, suponiendo que se verifica la condicién inf-sup discreta e

imponiendo la restriccion h < a k.

17



Basicamente el Capitulo 3 consta de dos partes. En primer lugar, estudiamos el esquema semi-
discreto en tiempo. Deduciremos la estabilidad y obtendremos estimaciones de error éptimas
para la velocidad y la presion, concretamente, concluiremos la secciéon correspondiente con la
obtencién de estimaciones de error de orden O(k) para la velocidad en [°°(H!) y para la presién en
[°°(L?), suponiendo una hipétesis adicional para el primer paso del esquema. En segundo lugar,
nos centramos en el esquema totalmente discreto de segregacién de la presiéon. Con respecto a
las estimaciones de errores espaciales (comparando el esquema semi-discreto en tiempo con el
esquema totalmente discreto), deduciremos estimaciones de error de orden O(h) para la velocidad
en [*°(H') y para la presién en [*°(L?), suponiendo de nuevo una hipétesis adicional sobre el
primer paso del esquema y la restriccién sobre los pardmetros h < Ck. Combinando las dos

secciones, obtenemos las estimaciones éptimas de los errores totales:
atm) = up'lliee a1y + lp(Em) = PR’ lieo(12) < C (K + D).

4.1.1. Capitulo 1

Obtendremos en este capitulo nuevas estimaciones de error de orden O(k!/?) para e™*! =

U(tme1) —u™t y €12 —u(t,, 1) —u™t1/2 en [°(H!) N I2(H?) y para ept = p(tm) —p™ en
I>(H"'). Estas estimaciones seran usadas para obtener orden O(k'/2) en (°(L?) N I2(H') para
las derivadas discretas en tiempo de e™t1/2 y gmtl

derivadas discretas en tiempo de €™*! bien en [?(L?) bien en [°°(L?) N I2(H'), teniendo en

, que conducirdn al orden O(k) para las

este ultimo caso que imponer una restriccién para el primer paso del esquema (de hecho, estas

dos estimaciones son obtenidas de forma independiente). Como consecuencia, la mejora para la

m
p

El esquema estaba descrito como sigue:

estimacién del error de presién e™ a orden O(k) en I2(L?) o en [°°(L?) se tienen respectivamente.

Inicializacién: u’ = ug

Paso de tiempo m +1 :

Subetapa 1: Dada u™, encontrar u™/2 solucién de
(S1)m %(umﬂﬂ —u™) + (™ V) a2 A2 = gl en
1
um+1/2’89 —0.

+1

Subetapa 2: Dada u”t/2, encontrar u”t! y p™*! solucién de

1 m+1 m+1/2 m+1 m+1/2 m+1
(S E(u —u ) — vA(u —u )+ Vp =0 en (),
V-u™t!' =0 enQ, u™ 50 = 0.
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Con respecto a la resolucién efectiva del esquema, en cada paso de tiempo, serd necesario para
(S1)™*! resolver tres ecuaciones de conveccién-difusién (puesto que el sistema es desacoplado
por componentes) y para (S2)™! un problema de Stokes.

Sumando (S7)™* y (S9)™ L, llegamos a

1 m+1 m m m+1/2 m+1 m+1 _ em+1
(S5 %(u —u")+ (" V)u — vAu +Vp =f en (2,
V-u™! =0 en, u™ 50 = 0.

Notemos que (S3)™*! puede ser interpretado como unas relaciones de consistencia, puesto
que la idea para probar la convergencia del esquema (ver [12]) es demostrar que umtl/2 y gt
convergen al mismo lfmite. Por tanto, tomando limites en (S3)™*!, encontraremos una solucién
del problema continuo (NJS) .

En el Capitulo 1 obtendremos estimaciones del error semi-discreto en tiempo (para la ve-
locidad y la presién), con respecto a una solucién suficientemente regular (tinica en particular)
(u,p) de (NS) . Por simplicidad y sin pérdida de generalidad fijamos la constante de viscosidad
v=1.

Obtenemos los siguientes problemas diferenciales verificados por los errores:

1 m m m m m
(By)™t! %(e T2 —e™) — Ae™/? = —Vp(ty 1) + EMT 4 NL™
em+1/2‘aQ — O,
1
(Eg)m+t g(em“ — ") — A(emH — ™) vt =0 en Q
2
V.em—i-l =0 en Q’ em+1|8020‘
donde
]_ tm+1 tm“"l
gl =~ (t = tm) uge(t) dt — (/ u; - V) U(tnr) = & 4 €5
tm tm

es el error de consistencia y
NLm+1 — _(em . V)u(tm+1) . (um . v)em+1/2

son los términos residuales que aparecen en las diferencias de los términos cuadraticos.

Finalmente, sumando (E;)™ " y (E)™*1 llegamos a:

srem T — Aemt! 4 Vertl = gm Tl 4 NL™ ! en Q,

(E3)m+1
V-e"tl=0 enQ, et pq = 0.

Para obtener las diferentes estimaciones de error, apareceran las siguientes hipétesis para la

(tnica) solucién (u,p) de (IV.S) :
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Las hipétesis (H1)-(H3) pueden ser probadas suponiendo suficiente regularidad de los da-
tos, pero desafortunadamente, para obtener las hipétesis (H4)-(HT), es necesario suponer que

u;(0) € HY, lo que implica una condicién de compatibilidad no local para los datos ug y f ([92]).

El hilo conductor del Capitulo 1 es el siguiente:
Partimos de las estimaciones de orden O(k'/?) para ambas velocidades en °°(L2) N I2(H})

que ya fueron obtenidas en [12]:
Teorema 1 ([12]) Supponiendo la hipdtesis (H1), se tienen las siguientes estimaciones de error
€™ 2 o0 2y iz + 1€ e 2y < CKY? (1)
e 12 = &y ) + [[€™+Y/2 — ™|y < C (2)
La estimacién (1) implica en particular las estimaciones uniformes para los errores
€™ 2 oo g1y + (€™ 100 (rr1y < €
y, en consecuencia, como u € L (H!), las estimaciones también se tienen para el esquema:

™2 g 4 0 g < €, Y

Estas estimaciones para el esquema, nos permitirdn acotar convenientemente los términos no

lineales en las estimaciones en normas fuertes siguientes, donde usamos la notacién

m—+1 _ m m+1/2 _ m—1/2
€ € 5emt1/2 — e tl/2 —eml/

k ’ k ’

(5tem+1 =

para las derivadas discretas en tiempo de los errores.

Corolario 2 Bajo las hipdtesis del Teorema 1y (H2), se tiene
162 M li2(w2) + 1€ e ernyrrzaaz) + llep ey < CEYZ, (16 lpgny < C. (3)
En particular, de (3) se tiene

€™+ o 2y + e ™ oo (1) < C. (4)
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Corolario 3 Suponiendo las hipdtesis del Corolario 2, se obtiene

||em+1—em+1/2HlOO(L2) <Ck, Hem+1—em+1/2Hloo(H1) < Ckl/Q, ”em-i—l_em-i-l/Qle(Hz) <C.

()

En particular, usando (3), (4) y (5), obtenemos
||em+1/2\|zoo(H1) < Ckl/Q, ||em+1/2\|zoo(H2) <,
y, finalmente, de u € L>°(H?), podemos concluir
HumH/QHloo(m) <C.

La estimacion anterior, nos proporciona la regularidad necesaria para abordar la acotacién
de los términos no lineales, en los cuales la principal dificultad que aparece es la presencia de
la velocidad intermedia u™+/2 que, debido a la construccién del esquema, es la que a priori

tendra menos orden para las estimaciones de error.

En [14], las estimaciones para (u™*!, p™*1) en [?(H? x H') y para u”*1/2 en [2(H?) fueron
deducidas, pero bajo la restriccién de k suficientemente pequenio. Ahora, estas estimaciones son

mejoradas en dos sentidos: al pasar de [2(0,7") a [°°(0,7T) y al no imponer restricciones sobre k.

Con estos resultados, podemos mejorar la estimacién de error para la velocidad final u™*!,

obteniendo O(k) para ™! en [*°(L?) N I?(H}).

Teorema 4 Suponiendo las hipdtesis del Corolario 3 y (H3), se tienen las siguientes estima-

ciones:

1€” e (2yniz(a) < Ck, (6)
6™ 12 g2y < CKY2.
Gracias a (5) y (6), llegamos a
€™ 2|l oo 1,2y < C'k.

A continuacion, obtenemos estimaciones de error para las derivadas discretas en tiempo de la

siguiente manera. Para ello escribimos los problemas que verifican las derivadas discretas de los
(El)erl _ (El)m (EQ)m+1 _ (Eg)m

errores. Haciendo &;(F7)™*! .= - y 0y (Ey)mH = - obtenemos
respectivamente

1
(D)™t %(@em“/? — 6:€™) — AGe™ V2 = —Vop(tmi1) + 6 ETT + §;NL™H!

1
<D2)m+1 %(&em-‘rl 6 em+1/2) o A(dtem-i-l o 6tem+1/2) + V<5t€;n+1 . 5tp(tm+1)) —0.
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Finalmente, sumando (D1)™ ! y (D2)™*!, llegamos a (Vm > 1):

1
(D3)m+1 E(atem“ — 5e™) — Ade™ T + Vieptt = 6,6 4 5 NL™H!
Primero obtenemos orden O(k'/?) para 8! y §;e™+1/2 en 1°(L?) N I2(HY).

Teorema 5 Suponiendo las hipdtesis del Teorema 4 y (H4), las siguientes estimaciones de

error se tienen
16:€™ 2 e )z ety + 160€™ oo 2y iz ey < C K2,
||5tem+1/2 — (Stem+1‘|12(]'_‘2) + ||(Stem+1/2 — 6t em||l2(L2) S Ck.

Para mejorar a O(k) las estimaciones anteriores, podemos razonar de dos formas distintas

que nos llevan a dos resultados diferentes.

1. Usando un argumento de dualidad, obtenemos orden O(k) para 6™t en [2(L?) y para
e;”""l en [2(L?), sin imponer hipétesis sobre la etapa inicial pero imponiendo el paso de

tiempo k suficientemente pequeno.

En este sentido, necesitamos usar el operador inverso A~! del operador de Stokes A, es

decir, v = A~!u es la solucién (débil) del problema de Stokes (con una presién )

—Av+Vr=uen, V:-v=0 en§, v =0 sobredfl.

Tenemos las siguientes igualdades
(Vu, V(A ) = |lul)3. VueV (ueH), V-u=0)

(u, A7) = A a2, Yue L2

Ademis, usando la regularidad H? del problema de Stokes, se tiene

A | g2 < Cluf|z Vue L2
Entonces, obtenemos el siguiente resultado

Teorema 6 Suponiendo las hipdtesis del Teorema 5, (H5) y k suficientemente pequeno,

se tienen las siguientes estimaciones:

[6e™  zwey < Ck (g [Ae™ i) < Ch).

Una consecuencia directa del resultado anterior, mirando el problema (E3)™*! como un

problema de Stokes, es el siguiente corolario:
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Corolario 7 Suponiendo las hipdtesis del Teorema 6, se tiene

ley ™ lz(z2) < Ck.

2. Por otra parte, suponiendo una hipdtesis adicional para la etapa inicial del esquema,
podemos obtener ahora sin la restriccién de k suficientemente pequeno, el orden O(k)

m+1

para la derivada discreta del error final en velocidad d;e pero en normas mas fuertes,

concretamente en [°°(L?)NI?(H') y posteriormente O(k) para (™!, e7't1) en 1°°(H! x L?).

El primer resultado obtenido es

Teorema 8 Suponiendo las hipdtesis del Teorema 5, (H6) y la siguiente hipdtesis de

aproximacion para la etapa inicial del esquema:
loe![lz2 < Ck,

entonces

H(Stem-l_lHlOO(L2)ﬂl2(H1) < Ck.

El resultado anterior nos lleva a las deseadas estimaciones de error para la presién en

normas mas fuertes que las obtenidas con el razonamiento dual:

Corolario 9 Suponiendo las hipétesis del Teorema 8 y (HT), tenemos

lep Moz <Ck y 1™ i@y < Ck.

4.1.2. Capitulo 2

Ahora, usaremos el esquema semidiscreto en tiempo del Capitulo 1 como un problema auxi-
liar, para obtener el orden éptimo O(k+ h) para los errores en velocidad y presion en las normas
H! y L? respectivamente, y orden O(k + h?) para el error en velocidad en norma L2, para el
esquema totalmente discreto por elementos finitos.

m+1

Concretamente, obtendremos estimaciones de error O(h) para e = umt! mtl

—urtly
ezln+1/2 = umt/2 - u;ln+1/2 en [*°(L?) N I2(H'), lo que implica estimaciones en W10(Q) pa-
ra las velocidades discretas bajo la restriccién h?/k < C. A continuacién, obtenemos orden O(h)
para las derivadas discretas en tiempo de €7't* en 12(L?) y en I°°(L2) N{2(H") obtenidas de for-
ma independiente, donde una restriccién sobre la etapa inicial del esquema debera ser impuesta
en el ltimo caso. Ademds, se deducirdn estimaciones de error de orden O(k + h?) para eZ‘H en
I2(L?). Por 1iltimo, se obtienen estimaciones del error de presién de orden O(h) en [?(L?) y en
[>°(L?) respectivamente, imponinedo de nuevo la restriccién sobre la etapa inicial del esquema

en el ultimo caso.
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Para todo ello, consideramos una discretizacién espacial de los problemas semidiscretos en
tiempo (S7)™*! y (S2)™*! mediante el método de los elementos finitos. Introducimos tres es-
pacios Xp, Y, C HY(Q) y Q C LE(Q) asociados a una familia de triangulaciones de elementos
finitos del dominio 2, siendo las funciones de X, Y v @} localmente polinomios de grado al
menos 1, 1 y 0, respectivamente.

Para el andlisis del método, requeriremos las siguientes hipdtesis:
» Los espacios Y}, y Qp deben satisfacer la condicién inf-sup estandar ([39]).
» Se verifican las siguientes propiedades de aproximacién ([39]):
v = Iivll + 5 v = Ivlie < Chlivie v € BA(Q) N H©),
lg — Jngllz2 < Chllgllm Vg€ H(Q) N L),

donde (Ip, Jp) : HY(Q) x L*(Q) — Y}, x Q) es el operador de interpolacién global definido

CcOomao:

(Vv =v),Vvp) = (Jwg—q,V-v) = 0 Vv, €Yy,

Inv, Jug) € Y3 X Q-
i Ju) € X @ { (V-Ipv—=v),qn) = 0 Vau€ Q.

Por otro lado,
1
v — Kpvllg + 7 v —EKpvlz <Ch|vlm  VveH(Q)NH(Q),
donde K}, : H}(Q2) — X, es el operador de interpolacién definido como:

Kpv € Xy, (V(KhV—V),VVh) = 0 Vv,eXy.

= Supondremos la siguiente restriccién sobre el paso de tiempo k y el tamano de la malla h:

h2
(H) Existe una constante « > 0 (independiente de k y h) tal que n <a.

Como es usual, en el problema totalmente discreto, usaremos una forma trilineal anti-simétri-

ca para el tratamiento del término convectivo ¢(-,-, ) que verifica
c(u,v,v) =0, YucH), VveH, (7)

El problema totalmente discreto estd entonces descrito como sigue:
Inicializacién: Sea u(,)L € Y}, una aproximacién de u®

Paso de tiempo m + 1:

Subetapa 1: Dada uj' € Y}, calcular u2n+1/2 € Xy, tal que, para todo vy, € X,

1 m m m m m m
(51)7,;'hLl %(uh /2 _ up', vp) +c(up’,u, +1/2,vh) +(Vu, +1/2, Vi) = (" vy).
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Subetapa 2: Dada umﬂ/2

(Vhoqn) € Y x Qp

€ Xy, calcular (u m“,pznﬂ) € Y, x Qp, tal que para todo

1 m m m
syt | RO ) (V= 9w 0V v =0,
2)h

(v : um+1th) 0.

En la primera subetapa, debemos resolver un problema de conveccién-difusién desacoplado por
componentes, mientras que la segunda subetapa es un problema de Stokes generalizado.
En [12], usando (7), se extienden los resultados de estabilidad y convergencia para el esquema

semidiscreto en tiempo al caso totalmente discreto. Concretamente se obtiene
[ap lieo (z2ymiz ey + 1wy, e (r2)ruz ey < C-
Los errores espaciales

m+1 _ m+1 m+1 m+1/2 _  m+41/2 m-+1/2 m+1 _ _m+1 m+1
e, =u —u, ", e, =u —u, s €pg =D — Dy

se descomponen en sus correspondientes partes discreta y de interpolacion:

m+1 _ _m+1 m+1 m+1/2  m+1/2 m+1/2 m—+1 _ _m+1 m+1
e, =€ + e , ey =g, + € , €pd = Cph +e,;

siendo e; errores de interpolacién y ej, errores espaciales discretos, concretamente
m—+1 m—+1

m+1 Ihuerl m+1 Ihum+17

e -0, Ty e =u
1/2 1/2 1/2
eZz—i- /2 _ Khum+1/2 _ uz%-ir / y e;n+ /2 _ g1/ _ Khum'H/Q,
1 1 1 1 1
eZ?Ij — Jhpm+ pZH_ y em-i- p o Jhpm+ .

Entonces, comparando (S1)™*1, (S2)™*! con (S1)}" ™, (S2)7" !, tenemos los problemas va-

+1/2 m+1  m+1
y (

. . . . m .
riacionales que verifican los errores espaciales e ) respectivamente:

€ sChd
1

(B! (e et el vy) + (Ve T2 Vv, = NL"  (vy), Vv, € Xy,
(E2)T;1

S — e T ) (Ve = e T, Vv — (i Vi) =0, Vv e Y,

(v em+17Qh) = 07 VQh S Qh
donde
NL (vy) = e(uf, 72 vy) — c(u™ w2 vy) = —e(elf, a2 vy) — c(uf e T2 v,

La problematica fundamental de este capitulo, serd conseguir las estimaciones de error sin
tener regularidad H? para las velocidades discretas, porque estamos con funciones que son sélo

globalmente continuas.
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El hilo conductor del Capitulo 2 es el siguiente.

Comenzamos obteniendo las estimaciones de error de orden O(h) para ambas velocidades en

1°°(L?) NI2(HY).
Teorema 10 Suponiendo las hipétesis del Corolario 7, (H) y ||€3)]|2 < C'h, se tiene

m-+1/2 m
1€l e (w2yrizqny + 1€ oo oy ey < C b (8)

e ™% — el | B ga + lleftt — el T2 ) < CR A2, 9)

A partir de aqui, serd necesario considerar los mismos espacios discretos para ambas veloci-
dades X}, = Y}, (que denotamos Xp,).

Ahora, de (8), (9), (2) y la restriccién (H), se tiene la regularidad necesaria para conseguir
la estabilidad en W3 N L>® para la velocidad final discreta, lo cuél serd primordial a la hora
de acotar los términos convectivos de forma adecuada. Concretamente, obtenemos estimaciones

no hilbertianas para el esquema, tanto en velocidad final como en velocidad intermedia:

Corolario 11 Suponiendo las hipdtesis del Teorema 10,

1/2 )
up oy UZH /2 estin acotadas en (W),

En consecuencia, usando las estimaciones de u”+! y u™+1/2 en [*°(H?),

1/2 ,
eptt oy GZH /2 cstén acotadas en 2(Who),

Seguidamente, se pasa a demostrar las estimaciones de error de orden O(h) para 5te31+1 y

Ot emH/2 en [®(L2)NE2HY y (e Znﬂ,egfjl) en [*°(H' x L?). Para ello, hacemos &;(F;)""! y
5:(E2)i"*, obteniendo (Ym > 1):

1

(D)t E((ste;”“/z — 57, vi) + (V6 ™2 Vvy) =6 NLM (vy,) Vv, € X,
L 0uef = 5 ) 4 (V (B - e ), V)
(D2)j " —(e VW) =0, Vwy € Xy,

(v 5tem+1> Qh) =0, Vg,e€ Qh
donde,
5 NLY(vy,) = c(5ielf, u" 2 vy)4c(8;uf ,e;nH/Q vi)+e(el 5 u”" /2 Vi) t+e(u Tt ore m+1/2,vh)

m+1

Finalmente, sumando (D7) y (D2)7"™ se llega a que para todo (vi,qn) € Xp, X Qp:

1
(Dy)m 1 { E((StemJrl — o ey, vp) + (Véteg”l, V) + (6,56;'?;1, V-vy) =0 NLZ”l(vh),
h
(V- 5tem+1,qh) =0.

26



Obtener estimaciones de error de orden O(h) para las derivadas discretas en tiempo nos
llevara a la obtencién del orden éptimo del error en presién. Al igual que para el caso semidis-
creto, estas estimaciones las obtenemos por dos caminos distintos, bien suponiendo una buena

aproximacion de la etapa inicial, o bien suponiendo el paso de tiempo k suficientemente pequeno.

Teorema 12 Suponiendo las hipdtesis del Teorema 10 y suponiendo la hipdtesis para la etapa
inicial del esquema
I6egllz2 < C'h,

entonces

m m+1/2
|8eely 100 (2ymuz ) + [0 / 0o (L2)rizqary < Ch.

Usando este resultado, conseguimos una estimacién de estabilidad para la velocidad final discreta

de tipo [*° en tiempo:

Corolario 13 Bajo las hipdtesis del Teorema 12 y suponiendo |[u)|[1.6 < Co (esto es, ug €
W) se tiene

(uhmH) estd acotada en loo(Wlﬁ)'
Con esto llegamos a la estimacién éptima para el error de presién discreto:

Corolario 14 Suponiendo las hipdtesis del teorema 12 y Corolario 13, obtenemos
lem s lisoz2y < Oy el sy < Che

Combinando el Corolario 9 y el Corolario 14, obtenemos las estimaciones para los errores

totales

[a(tms1) = u ey + 1P(Emgr) — o o2y < C (k + h).

Al igual que en el caso semidiscreto en tiempo, usando un argumento de dualidad, pode-
mos eliminar la hipdtesis para la etapa inicial |<5te}l] < C'h, pero suponiendo k suficientemente
pequefio, obteniendo orden O(h?) en 12(L?) para e y O(h) para 5™ en 1?(L?) y para
(efinﬂ,e;?;l) en [?(H! x L?).

Para esto, debemos considerar el operador inverso Agl del operador discreto de Stokes Ay,
definido como wy, = A;luh € X}, es la solucién del siguiente problema de Stokes discreto (con

una presion m, € Qp):

(V Wh, Vvh) — (Wh,v . Vh) = (uh,vh) Vvh € Xh,
(V-wn,qn) =0 Van € Qn.

En particular, se tiene
Huh||%2 =(V A;luh,Vuh), si (V- up,qn) = 0 para todo g, € Qp
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IV Ay ap)22 = (up, Ay 'wy,).

Este operador nos permitird (al igual que en el caso semidiscreto en tiempo), trabajar con
funciones test mas regulares, que facilitan la acotacién de los términos convectivos.

Asi, daremos los siguientes pasos. Primero, obtenemos la siguiente estimacion inicial

Lema 15 (Estimacién inicial) Suponiendo las hipétesis del Teorema 10, ||[u)|lw1snp~ < C

y |le?]| < C h, entonces 2

h
I6enllz2 < C'=-

Razonando entonces como en el Teorema 12 (sin aplicar |§;e}| < C k) y usando (H), llegamos a

ldref ! — duely 2R e + N0e T — due R ey < C 2
y
m+1/12 m+1/22 h?
16ceq" Mliwo )iz +110teq ™ lliewyz @y <€ 5 <€

Seguidamente, razonando como en el Corolario 13, obtenemos la estimacion
(W"™)  estd acotada en (W),
que nos permite demostrar el orden O(h?) para e/ en [2(L2).
Teorema 16 Suponiendo las hipdtesis del Teorema 10 y el Lema 15 y ||} || -1 < C h?, se tiene
e ) < Ck+ h?)

para k suficientemente pequerio.

Asi, llegamos a la estimacién para el error total

Jta(tn) — 0wy < OOk + B)

A continuacién, se llega al orden O(h) para ;e ! en 1?(L?) y para (el e;:”jl) en I2(H! x L?).

Teorema 17 Bajo las hipdtesis del Lema 15 y ||€9||2 < C k h?, la siguiente estimacion de error

se tiene (para k suficientemente pequeno)
1
Héteg‘+ ”lQ(LZ) < Ch.
Consecuencia de este resultado es la estimacién
m+1
legd lliz(zey < Ch.
que nos conduce a

Ip(tm) = Ph'lli2(r2) < C(k + h).
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4.1.3. Capitulo 3

Aproximamos en este capitulo el problema de NS mediante un método de segregacién de la
presion, basado en un esquema de proyecciéon con correccién de presién en tiempo y elementos
finitos en espacio.

El objetivo del capitulo serd la obtencién de las estimaciones de error éptimas para el esquema
totalmente dicreto. Para ello, estudiamos primero el caso semisdiscreto en tiempo, que usaremos
posteriormente como un problema auxiliar para conseguir las estimaciones en el caso totalmente
discreto.

Asi, para el caso semidiscreto en tiempo, obtendremos resultados de dependencia continua y
estabilidad del esquema y, seguidamente, estimaciones de error de orden O(k) para la velocidad
en [ (L?)NI2(H') y O(1) para la presién en [°°(H'). Como consecuencia, la velocidad intermedia
estard acotada en [*°(H?). Después, obtendremos las estimaciones de error de orden O(k) para
las derivadas discretas en tiempo de las velocidades en [*°(L?) N [2(H'), suponiendo una buena
aproximacion para el primer paso del esquema. Finalmente, se conseguiran las estimaciones de
error de orden O(k) para la velocidad en [*°(H!) y para la presién en [°°(L?).

En segundo lugar, nos centraremos en el esquema totalmente discreto. Con respecto a las
estimaciones de errores espaciales (comparando el esquema semi-discreto en tiempo con el es-
quema totalmente discreto), se obtendran estimaciones de orden O(h) para el error en velocidad
en [*°(L?) N I2(H!) (junto con orden O(h) para una velocidad discreta proyectada en [°°(L?))
que implicaran estimaciones en W%(Q) de la velocidad, siempre que h/k < C. Seguidamen-
te, se obtendran estimaciones de orden O(h) para las derivadas discretas de la velocidad en
1°°(L?) N I12(H') (y para la velocidad proyectada en [°°(L?)). Finalmente, obtendremos orden
O(h) para la velocidad en [*°(H!) y para la presién en [°°(L?).

Esquema semidiscreto en tiempo

Consideraremos por tanto el esquema semidiscreto en tiempo de un método de proyeccion
incremental de presién de tipo Van-Kan [56]. Concretamente, se introduce un término explici-
to de presién en el problema de conveccién-difusién para la velocidad (subetapa 1), con una
correccién implicita en el paso de proyeccién (subetapa 2).

Como la conveccién se considera sobre una velocidad que no es incompresible, usaremos una
forma antisimétrica del término convectivo c¢(u,v,w) = (C(u,v), w).

El esquema semi-discreto estara descrito como sigue:

0 0

Inicializacién: Sean 1’ = u(0) y p° dadas. Tomamos u’ = u°.

Subetapa 1 : Dadas u™, U™ y p™, encontrar u”+! : Q — IR3 solucién de
1, e~ -
(Sy)m+! S =) O AT - AT 4 vpT = £ en @,
1
a0 =0 sobre 9Q.
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Notar que hemos escrito el término convectivo de forma semi-implicita en la velocidad
intermedia, en contraposicion al caso de descomposicién de la viscosidad, cuya linealizacion

se consideré con la velocidad final.

Subetapa 2 : Dadas p™ y ™!, encontrar u™*! : Q — IR? y p™*! : Q — IR solucién de
1

—(u™t gt v (Mt —p™) =0 en Q,
i = )+ V( )

V-uml =0 enQ, u™l.n|yg=0.

La subetapa 2 es un paso de proyeccién. De hecho, u™t! = Pyu™*! donde Py es la L*-

proyeccién en H={u € L?: V-u=0, u-nlspg = 0}, porque
(um+1,Vq> =0 Vqe HYQ).
Como es bien conocido, esta subetapa 2 es equivalente a los problemas desacoplados:

1. Encontrar p™*! : Q — IR tal que

kAperl_pm :v_ﬁerl en O
(So)tt ( )
EV(pmtt —p™) -nlsq =0 sobre 95.

m+1

2. Calcular u COmo:

(SQ)ZnJrl um—H — ﬁm-‘rl _ k‘V(pm+1 _pm) en Q.

Con respecto a la implementacién del esquema, debemos introducir una presién artificial p°
como aproximacién de p(0), que no es posible calcular en general. Consecuentemente, para
implementar este esquema es necesario comenzar con etapas iniciales auxiliares con otro esquema.
Este problema es inherente a todos los métodos incrementales de presién.

Por otro lado, sumando (S;)™*! y (S2)™*!, obtenemos
1 m+1 m ~m ~m-+1 ~m+1 m+1 m+1
(551 E(u —u™)+C@", ") - Au + Vp =f en 2,
3
ﬁm+1‘aQ =0, V-u™'!'=0 en.

que puede interpretarse como unas relaciones de consistencia.

Respecto a este esquema, obtendremos resultados de dependencia continua y estabilidad

incondicional.

Lema 18 (Dependencia continua del esquema)
a) Dependencia continua con respecto a L?:

Suponiendo a™! y u™ € L2(Q), entonces existe una tinica u™t! € H. Ademds,

o™l < @™l oy ™ @ e < T u e
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b) Dependencia continua con respecto a H'.
Siu™ € HY(Q)NH y a™! € H{(Q), entonces u™ € HY(Q) N H. Ademds, eriste C =
C(2) > 0 tal que

™l < C ™| g

Lema 19 (Estabilidad del esquema) Sea f € L?(0,T; H~1(Q)) (H1(Q) el espacio dual de
H{(Q)) y ug € H. Suponiendo la siguiente restriccion sobre la presion inicial ||kVp°||2 < Co,

entonces existe una constante C = C(Cy, f,Q) > 0 tal que,
a7 + e + |E VP 7. <O Vr=0,., M -1,

M-1
B {1 + e 3 ) < 6
m=0

M-1
>l —wm s+ - a3} < c

m=0

En la demostracién de este resultado, se obtiene en primer lugar
0™ oo 2y 4+ 1021y + 1k VO™ o2y < C
y teniendo en cuenta el Lema 18, obtenemos las estimaciones de estabilidad suplementarias
0" e z2) < C y  a™ 2y < C.

En cuanto a la convergencia de las aproximaciones en velocidades, ésta ya ha sido establecida

(por ejemplo, ver [91]).

Pasamos a continuacién a la obtencién de las estimaciones de error (para la velocidad y
presién) con respecto a una solucién suficientemente regular (u,p) de (NS).

Introduciendo la siguientes notaciones para los errores en t = t,,41:

§m+1 _ ﬁm+1’ m+1 m+1 em+1 _ m+1

u(tm+1) - e - u(tm—f—l) —u ) D p(tm—l—l) —p )

y para las derivadas discretas de estos errores

m+1 m =m—+1 =m
5em+1_e —€ 5ém+1_e —€
t — L ) t - L )

los problemas diferenciales descritos por los errores son los siguientes:

1 -
(Ep)m+! %(emH/Q —e") — A 4V (ep' +koip(tms1)) = EMT L NL™ en Q,
1

™50 =0,

(Eo)m+1 %(e —e") + V(ep —e, — kétp(tm+1)) =0 en(,

V-emtl =0 enQ, e . n|yq = 0.
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donde

]_ tm+1

5m+1 _ _
k Ji,,

tm+1
(t — tm) g (t) dt — (/ u; - v) U(tyip) = EMTL 4 gtt
tm
es el error de consistencia y
NL™# = —C (", u(tmp1)) — C@",&™H) = ~C(&™, @) — C(ult,), &™),

son los términos residuales que aparecen en las diferencias de los términos cuadraticos.

De nuevo el problema (E3)™*! puede ser descompuesto en los problemas siguientes:

() kAt — e — kp(tms1)) = V- €™ en
2)a
kV(eptt — el — k6p(tmy1)) - nlog = 0,
y
(Bg)yt! et =gmtl V(eZ”l — ey —kop(tmy1)) en Q.
Finalmente, sumando (E7)™"! y (Ey)™*! llegamos a

1 m+1l _ _m\ __ Axm+l m+1 _ em+1 m+1

() E(e e™) — Ae + Ve, =€ + NL en (2,

V-e™tl=0 enQ, e™tl . n|pq = 0.
Lema 20 (Dependencia continua de los errores) Las siguientes desigualdades se tienen
le™ e < I8 e, €™+ — & 1o < & — &™)
Ademas, eziste C' = C(Q) > 0 tal que

le™ g < C & .

Con objeto de obtener las diferentes estimaciones de error, suponemos las siguientes hipdtesis
de regularidad:
(HO) Q C IR? tal que el problema de Poisson en § tiene regularidad H?(9).
(H1) uelL®H2NYV), pe€lLl?H), wel*L?, u,cl?H
(H2)  pyc L2(HY), w € L®L3)NL3HY), uy <€ L2(L?), wy € L2(H)
(H3) u € L°(H™Y)

Desafortunadamente, para obtener las hipétesis (H1)-(H3), es necesario suponer que u;(0) €
H!, que implica una condicién global de compatibilidad para ug y £(0).

El hilo conductor de la obtencién de las estimaciones de error en el caso semidiscreto es el
siguiente.

Obtenemos en primer lugar las estimaciones de error de orden O(k) para las velocidades:
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Teorema 21 Suponiendo las hipdtesis del Lema 19 y (H1) (en particular |[Ved||;2 < C),

187 e

Ly + €7 e @wayrzamy < Ck,  leg ™ i) < C

[ — €™z ey < C K2,

En la demostracién, primero se obtiene [[€™!|0c(r2) + €7 |21y < Cky |l —
e 22y < C' k%2, Las estimaciones ||ém+1\|loo(Lz) < Cky ||em+1\|lz(H1) < C se deducen
posteriormente teniendo en cuenta el Lema 20.

Notemos que la estimacién [|€™ ;21 < C'k implica que [[€™| g1 < C para cada m.

Ahora, como consecuencia del resultado anterior y la regularidad H? del problema de Poisson

(E1)™*!, podemos obtener el siguiente resultado:

Lema 22 Bajo las hipdtesis del Teorema 21, se tiene

&Y 2 < C, Vm.

Podemos pasar entonces a la obtencién de las estimaciones de orden O(k) para la presién. Para
ello, primero obtenemos las estimaciones de error para las derivadas discretas en tiempo de las

velocidades. Para estas derivadas se tiene también el resultado de dependencia continua:

Lema 23 (Dependencia continua de las derivadas discretas) Las siguientes estimaciones se

tienen
5™ e < 10 H L2, (6™ = 6, @ |2 < (|0, & — ™| 2
Ademds, eziste C = C(Q2) > 0 tal que
8™ g1 < C 16,8 | g1
Este lema serd aplicado en la demostracién del siguiente resultado

Teorema 24 Suponiendo las hipdtesis del Teorema 21, (H2) y la siguiente restriccion sobre la
etapa inicial

H(StelHL2 + Hk v5t6117HL2 S Ck,

entonces se obtiene

186€™ 100 (2) + 1068 1o 22y iz ity < C K

Finalmente, podemos obtener el orden dptimo para las estimaciones del error de la presion.
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Teorema 25 Suponiendo las hipdtesis del Teorema 24 y (H3), se obtienen las siguientes esti-
maciones de error

187 oo ey + llep ™ i (z2) < C'k.

La demostracién es una prueba a tres pasos. Primero, del Teorema 24 y la condicién inf-
sup aplicada a (E3)™*!, obtenemos ||e}"|| i2(22) < Ck. Después, usando de nuevo el problema

(E3)™ L, llegamos a [[€™ || (g1) < C'k y finalmente obtenemos [|e' |12y < C'k.

Esquema completamente discreto

Consideramos una aproximacién de elementos finitos de los problemas semidiscretos (S1)”*!

y (S9)™ L. Consideramos dos espacios de elementos finitos Y, C H{(Q) y Qn € HY(Q2) N
L3(9) asociados a una familia regular de triangulaciones del dominio Q. Y}, y Qj son funciones

globalmente continuas y localmente polinomios de grado al menos 1. Ademas, supondremos:
» La condicién “inf-sup” estandar ([39]) para (Y, Qp)
= Las siguientes propiedades de los operadores de interpolacion:

o [} : L? =Y, tal que
(u—TIpu,Vqy) =0, Van € Qn,

verificando
|0 — L) g < Chlla— Il VaeLi(Q),

o~ Ll < Chla)g: Vae H?(Q)NH(Q),
o Jy: H' — Q) definido por
(V(Jhp = p), Van) =0 Van € Qp,
y verificando
lp = Jnpllz < Chllp— Jwpllgs < Chllpllg Vp e HY(Q) N LH().
Ahora, para ™t = a™t! — kv (pt! — p™), definimos K, pu™t € Yy, + VQ), como:
Kppu™t = [am™tt — gV, (p" - p™).

Entonces

[t — Ko™ o < C (RG24 ko™ = p ) < Clk+h) Y.

Finalmente, debemos suponer la siguiente restriccién entre el paso de tiempo k y el tamano

de la malla h:
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(H) Existe una constante o > 0 (independiente de k y h) tal que — < «

> >

El esquema totalmente discreto estd descrito como sigue

0 ~0

Inicializacién: Sea (1),p9) € Y), x @), una aproximacién de (u’, p%). Tomar uf) = ).

Paso de tiempo m + 1:

Subetapa 1: Dada (u}’,p}') € Yy, x Qn y uj* € Y, + VQy, encontrar uerl €Y, tal que,
Syt
(@ =t va) oW va) (VO Vve) £ (VR va) = (87, v).
Subetapa 2: Dada (u m+1,ph ) € Y, X Qp, encontrar pm+1 € @y, tal que
(Sa)it (kY (R = pi"), Var) = @, V) Van € Qn
Ahora, definimos una velocidad final auxiliar uZ‘Jrl €Yy, + VQy como

(Sz)m—i-l qu—l — ~m+1 _ kv( m+1 pzn)

Observemos que uZnH verifica la propiedad de ortogonalidad en L?:

(up™,Van) =0 VYau € Qn. (10)
Finalmente, sumando las dos subetapas
1 ~m
= ) o T )+ (VL V) 4 (VA v = (87w

La introduccién de la velocidad final uj no es necesaria, porque en la practica la implementacién

(Sg)p

del esquema puede realizarse como sigue: Dada (p;'~ L a uy’) € Qp x Yy,

(a) Encontrar p;* € @y, tal que
(kY —pp "), Van) = (W], Van) Van € Qn.

(b) Encontrar uerl €Yy, tal que Vvy € Yy

ﬁm+1 - ﬁzn ~m ~m+1 ~m+1 m 1 m+1
(T,vh)—l—c(uh s vp)H(Vap T Vive) +(V(2p) — ), vh) = (£ vp).

De nuevo, (a) es un problema de Poisson para la presién y (b) es un problema de conveccién-
difusion para la velocidad (el cuél es también desacoplado en las componentes de umH)

Notemos que tenemos que comenzar con una presion p; L (para m = 0), que no tiene sentido.
Por esto, o bien comenzamos con iteraciones previas con otro esquema o se comienza con un pri-
mer paso escrito como antes, i.e., con ﬁ%, p% y u?L = ﬁ%, suponiendo conocida una aproximacién

de la presion inicial pg.
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Es facil extender los resultados obtenidos en la semi-discretizacién en tiempo ahora al caso
totalmente discreto. Asi, tenemos el resultado de dependencia continua de las velocidades. De
(Sg)er1 (10), obtenemos

i e < g e

Por otra parte, de (Sg)mJrl obtenemos

m+1 ~m—|—1HL2 < ”~m+1

[, — | 2.

Ademsds, usando la propiedad antisimétrica c(u}’ ,uznﬂ ﬁZZ'H) = 0, podemos extender los

resultados de estabilidad y convergencia para cada r < N:

[y, 1||loo (r2) t [a ! ll100 (L2 ﬂlQ(Hl + ||k Vp,* ||z<>° 2 <C

Z o — iz + Z lu ™ —w . < ©

Presentamos a continuacion el analisis de error para el esquema completamente discreto

(fj}?“ m'H, pznﬂ) como aproximacion al esquema semidiscreto en tiempo (@™ *!, um*t pmtl),
Consideramos entonces los siguientes errores:
m+1 m+1 m+1 ~m+1 _ ~m+1 m+1 m+1 _ _m+ m—+1
€g —1u u, e =u Up, H €4 =P — Dy
Estos errores pueden ser descompuestos en sus partes discretas y de interpolacién:
m+1 m+1 m—+1 m+1 ~m—+1 ~m—+1 m+1 m+1 m+1
€y e, +€; , €y =€y +€; , €pd = €ph +e
siendo e; errores de interpolacion y ej, errores discretos espaciales, concretamente
+1 _ +1 _ +1 +1 _ +1 +1
e, = Kjppu™ u' Ty e =u"" = Ky u™t
e+l — pgmtl _gmtl y gmtl — gmtl ~m+1
e =Iu" 'y " =u"" - Lumt,
m+1 __ m—+1 m—+1 m+1 _  m+1 m—+1
€pn = Iy Y ey =P = Jpp
De las igualdades u™ ! = a™*! — g V(p™m Tl —p™) y K, pu™ ! = [am ! — kY J,(pm T —p™),
tenemos
m+1 __ ~m+1 m+1 m
e —kV(eyi —epi)- (11)
En particular, usando esta igualdad reemplazando m por m — 1,
1 ~m—+1 my _ . 6 ~m+1 v m m—1 12
p(& — ) =e(0u™ ) + Vieg; — e ) (12)
Ademas, de la eleccién de los operadores de interpolacién I, y Jp,
m—+1 _ [=m+1 m—+1 _
(e, Van) = (&, Van) =k (V(epi =), Van) =0, Va€Qu.  (13)
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Por otro lado, de (uj, mtl ,Van) =0,Yq, € Qny (W™, Vg,) =0, Vg, € H' N L3, entonces
(et Van) =0 Yau € Q- (14)
Finalmente, de (13) y (14), llegamos a
()", Van) =0 Van € Qn.

Todo esto hard que, comparando (S1)™F1, (Sg)™+! y (S1)7" 1, (Ss )bh descomponiendo el
error en sus partes discretas y de interpolacién, y usando (11)-(12), los problemas que verifican

los errores sean:

! (~ZL+1 — ezn,vh> + (V G Vvh) + (Ve;':‘h,vh) = NL"*(vy)

(Bt k
—(ei(étﬁmﬂ),vh) — (Ve:-”H,Vvh) — (V(Q €pi — e;?i_l),vh), Vv, €Yy
(E2)Z”L+1 ezn+1 ~m+1 kV( m+1 egfh)'

Finalmente, sumando (Ey))" ™ y (Bs)j*,

(B ]1<ehm+1 — et vi) + (V& Vvy) + (Ver, vi) = N+ (v))
—(e@am™tr),vi) = (VeI vvi) = (V2eps = epi )va), ¥V € Y

p?l

Obtenemos a continuacién las estimaciones de error de orden O(h) para &, en [°(L?) N

?(H') y para e]"™ en [®(L?).

Teorema 26 Suponiendo las hipdtesis del Teorema 21, ||€9|lp2 < Ch y Hk‘Ve%hHLz < Ch,

entonces se tienen las siguientes estimaciones de error
~m+1 1 1 2
[ ”zoo(L?)le(Hl) + ey HZOO(L2 + |k Ve ||zoo 2y <Ch
&+t — e[ 2y < C kb2,

Una consecuencia de este resultado y la restriccién (H), es la siguiente estimacién en norma
~m+1,

mas regular que nos mejora la estimacién de estabilidad para u,
Corolario 27 Suponiendo las hipdtesis del Teorema 26, (H) y [[uf[|Z16 < Co (esto es, ug €
W) se tiene

u)"t estd acotada en 1°°(W9),

Seguidamente, obtenemos las estimaciones de error de orden O(h) para 5tem+1 en [*°(L?),

st en 1°(L2) N I2(HY) y (ef ™, et ') en 1°°(H! x L?).
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Para ello, haciendo & (E1)"™ y &(E2)"*" y debido a la eleccién de los operadores de

interpolacion, se tiene Vm > 1:

(D! %@téznﬂ — oers Vh) + (V5tézn+1’ VVh) + (V‘Stegh’vh) = 6 NLy"* (vy,)

—(ei(ététﬁmﬂ,vh) - (v&té;”“, Vvh) - (V(Z eyl — 5teg?i_1),vh) Vv, €Yy,

(Do) et = oyt — kV (Greli Tt — bieph,).
De nuevo, se tiene la propiedad de ortogonalidad

(5,5621—’—1, th) =0, Vg€ Qh.

El resultado correspondiente para las estimaciones de error de las derivadas discretas es el

siguiente:

Teorema 28 Suponiendo las hipotesis de los Teoremas 24 y 26, y suponiendo la siguiente

hipotesis para la etapa inicial del esquema
8eerllz2 + Ik Vorey pll2 < Ch,

entonces

m—+1 ~m+1 m—+1
[0ce)" ™ Moo (z2) + [[0e€5" " 1o (222 () + 1k 0eVey ) lliee(r2y < Che
Finalmente, con un razonamiento analogo al caso semidiscreto en tiempo obtenemos

Corolario 29 Suponiendo las hipdtesis del Teorema 28, las siguientes estimaciones de error se
consiguen

lem  weqrey < Chy e gy < Che

Por tanto, combinando el Teorema 25 y el Corolario 29, tenemos las siguientes estimaciones

de los errores totales

la(tm1) = G ioo () + [0(Ema1) = o llise(p2) < C (k + ).

4.1.4. Conclusiones

Gracias a los resultados de los tres primeros capitulos de la memoria, podemos comparar el
esquema de proyeccién con correccién de presién (incremental) correspondiente al Capitulo 3 y
el esquema con descomposicion de la viscosidad estudiado en los Capitulos 1 y 2.

En este sentido, en el método de la descomposicién de la viscosidad, usando una formulacion

mixta en velocidad-presién, se ha conseguido estabilidad, convergencia y estimaciones éptimas de
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error (en norma [°°(L?) para la presién) partiendo de una inicializacién buena de la velocidad del
esquema y sin imponer una estimacion inicial para la presion. Esto se debe a que en el esquema
las condiciones de contorno se verifican de forma exacta. Ademads, con este método, ha sido
posible emplear un razonamiento de dualidad que conduce a la estimacién éptima de la presion
en norma [?(L?), sin imponer la hipétesis para la velocidad en el primer paso del esquema, pero
suponiendo k suficientemente pequeno.

En cuanto al método de segregacién de la presiéon (basado en un esquema de proyeccién
con presion incremental), se ha conseguido estabilidad, convergencia y estimaciones éptimas de
error pero partiendo de una buena estimacion de la velocidad y presién inicial. Ademés, en este
esquema no esta claro como razonar con un argumento dual, para evitar la estimacién inicial de
la velocidad. Por otra parte, la implementacién de este método tiene menos costo computacional
que el primero, debido a que los problemas para la velocidad y presién estdn desacoplados.

Decir también que estos esquemas con descomposiciéon de la viscosidad y proyeccién incre-
mental, conservan los mismos resultados analiticos de los esquemas de tipo Euler [91], con la
diferencia de que en los esquemas tipo Euler se obtienen estimaciones 6ptimas de error para
la presion suponiendo soluciones menos regulares, si bien estan también condicionadas por la
compatibilidad global de la presién inicial. En contrapartida, el tratamiento numérico ha si-
do mejorado con los esquemas de descomposicién de la viscosidad y segregacién de la presion,

debido a que las principales dificultades del problema (NN.S) se han separado.

4.2. Las Ecuaciones Primitivas

Respecto a las EP, pretendemos hacer un andlisis numérico con los mismos tipos de esquemas
que hemos usado en la presente memoria para abordar el problema de Navier-Stokes, a saber, el
método de descomposicién de la viscosidad (Capitulo 4) y el método de proyeccién con correccién
de la presién (Capitulo 5).

En ambos casos, descomposicion de la viscosidad y proyeccién, la diferencia y por tanto la
problematica fundamental que presentan las EP con respecto al caso de las ecuaciones de NS,
es la pérdida de regularidad de la velocidad vertical. Esto obligard a usar técnicas nuevas a las
empleadas en el caso de Navier-Stokes, para controlar principalmente los términos convectivos.
Asi, el uso de estimaciones anisétropas, las cuales emplean espacios distintos en velocidad ver-
tical y horizontal, la suposicion de soluciones mas regulares y restricciones de distinto tipo nos
apareceran ahora.

En efecto, la principal dificultad que nos encontramos para abordar el problema es la falta

de regularidad de la velocidad vertical con respecto a la velocidad horizontal. Asi, de

0
us(t; x, z) :/ Vi -u(t;x, s)ds

la velocidad vertical us se obtiene en funcién de Vj - u. En este proceso, no tenemos la regula-
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ridad L? para la derivadas horizontales de us, por lo que debemos definir el espacio de Hilbert

(anisétropo):
H(0.) ={velL*Q)/d.ve L)}, (resp. H*(d.)={ve H¥Q) / d.v € H*(Q)})

y Ho(0,) ={v € H(9;) / v=0sobre I's UT}}.

Debido a esta pérdida de regularidad de uz (uz € L? pero ug ¢ H'), el término vertical
convectivo uzd.u no pertenece a H~1(Q), por lo que debemos introducir funciones test méas
regulares en la formulacién variacional de (R). En este sentido, es suficiente con tomar por

ejemplo v € H'(Q) tal que 9,v € L3(Q), porque en este caso tenemos (ver [18]):
<(U : V)u,v>Q = —((U : V)v,u) < +o0.

Usaremos la forma trilineal antisimétrica c(-, -, -) para el tratamiento del término convectivo.
Entonces consideramos la siguiente formulacién variacional de (R):
U = (u,u3) € L*(0,T;V x Hy(9,)) y u € L>(0,T; H) que satisface c.p.d. t € (0,7T):

(ut,v> + c(U, u,v) + V(Vu, Vv)

— <f,v>Q + <gs,v>rs, VveVNWinL®,
(V- (w).q) =0, VqeL§(S),
<62U3,62'UJ) = —(VH . u,&zw), Yw € Hy(dy,).

Introducimos algunos espacios anisétropos junto con estimaciones propias de dichos espacios.

Dados p,q € [1, +oc], una funcién u pertenece a LILL(Q) si:

’LL(-,Z) € Lp(SZ) y Hu('vz)HLp(Sz) € Lq(_DmaXaO)7

donde S, ={x €S : (x,2) € Q} y sunorma viene dada por HHu(, 2) e (s.) LoD )

Sin pérdida de generalidad, denotamos LIL% en vez LILK(2), y LP en vez de LP(2). De forma
similar definimos los espacios H} L2 = H'(— D4z, 0; L?(S,)), L?H} = L*(—Dax, 0; HY(S,))..
Notemos que H!L2 = H(3,).

Usaremos frecuentemente las siguientes desigualdades (ver [50]):

= Desigualdad horizontal de Gagliardo-Nirenberg:

1/2

1/2
I HVHuHL/2 VYu € L2H} tal que ulp,ur, =0,

lull 2 pa < Cful]
1/2 1/2
ullr2 s < Cllull Pllul? Yue H

L2 H?

= Desigualdad vertical de Poincaré:

|v||2 < DY2, 1002, Yve HIL2 tal que vlp, =0 o v|r, = 0. (15)

maxr
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= Desigualdad vertical de Gagliardo-Nirenberg:

1/2 1/2
lollpeerz < C (0]l 2 + Pl 2 10:001%7), Vo e HEL2. (16)
Adems, si v|r, = 0 0 v|r, = 0, [[v]l oz < Clv]l}22100] 15
En particular, de (15) y (16), se tiene
|vllpeerz < C10:v||p2, Vv e H!IL2 tal que v|r, =0 o v|p, = 0. (17)

En el Capitulo 4 abordamos el método de descomposicion de la viscosidad, pretendiendo
obtener estimaciones de error éptimas para la presién; pero con las dificultades inherentes al
problema de EP, no podremos hacer un razonamiento como el que hemos realizado para el caso
de NS, ya que no podemos utilizar el problema semidiscreto en tiempo como un problema auxiliar
para la obtencién de dichas estimaciones de error. Concretamente, para la velocidad intermedia
uZnJrl/ 2, que aparece en los términos convectivos, no podemos obtener una estimacién con orden
en [*°(H!), lo que lleva a que no podamos conseguir una estimacién para esta velocidad en
[>°(H?).

Por tanto, debemos comparar la solucién exacta directamente con un esquema totalmente
discreto. Se disefia entonces un esquema numérico para (R) basado en un esquema de descompo-
sicién de la viscosidad en tiempo y una aproximacién espacial de elementos finitos, obteniendo
estabilidad y convergencia, cuando (k,h) — 0, hacia una solucién débil de (R) y estimaciones
de error respecto de una solucién suficientemente regular de (R). En particular, el resultado de
convergencia de este capitulo (ver Teorema 31 mds adelante) puede ser interpretado como una
nueva demostracion de la existencia de solucién débil de (R), en dominios sin talud.

Bésicamente, en cada paso de tiempo m, tres subproblemas deben ser resueltos. Primero,
dadas (uj’, p;’?h), calculamos la velocidad vertical ug?h en funcién de Vg - uj’, después, obtene-

+1/2

. . . m , . . . .
mos una velocidad intermedia u, usando los términos convectivos pero sin considerar la

restriccién de tipo divergencia. Finalmente, obtenemos u;”'H y pg"}j ! resolviendo un problema

lineal tipo Stokes considerando la restriccién Vg - (u)"™) = 0 (los términos difusivos serdn
considerados en ambos pasos).

Después, suponiendo la existencia de una tinica solucién suficientemente regular, obtendre-
mos diferentes estimaciones de error tanto para las velocidades como para la presion. Concre-
tamente, obtendremos en primer lugar, para | = 1,2 (donde [ es el orden de aproximacién de

los elementos finitos), estimaciones de error de orden O(v/k + h!) para las velocidades uZHl/ 2 y

u}"t! estimaciones de error mejoradas (de orden O(k + h')) para la velocidad final u}"** y esti-
maciones de error de orden O(vk + h') para la derivada discreta de la velocidad final en 1?(L?),
que conducen a estimaciones de error de orden O(\/E + hl) para la presién p;n}:r L Seguidamente,

sélo para | = 2, obtendremos estimaciones de error de orden O(v'k 4 h?) para las derivadas
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discretas de las velocidades uhmﬂ/ 2y u)"™! y estimaciones mejoradas (de orden O(k + h?)) para

la derivada discreta de la velocidad final uZHl, que conducen a estimaciones de error de orden
O(k + h?) para la presién p;”,j ! Finalmente, considerando una especifica malla estructurada en
vertical, obtendremos estimaciones de error de orden O(k + h'*') para la velocidad final u}"**!
en [2(L?). Como consecuencia de este resultado, podremos ahora obtener estimaciones de error
de orden O(k + h) para psp, en [*(L?) en el caso | = 1.

En el Capitulo 5, nos centraremos en el esquema semidiscreto en tiempo de proyeccién con
correccion de la presién como aproximacién al problema de EP, en la versién (Q). La diferencia
fundamental con respecto al caso con descomposicion de la viscosidad, es que ahora si podemos
obtener estimaciones de error para el esquema semidiscreto en tiempo, que pueden servir como
etapa intermedia para la obtencién de las estimaciones de los errores totales. En este sentido, se
consigue una estimacién de la velocidad a™*! en 1°°(H?), que nos permite abordar con éxito la
obtencién de las estimaciones de error 6ptimas.

FEl esquema semidiscreto en tiempo estd descrito como sigue. Basicamente, en cada paso
de tiempo m, deben ser resueltos tres subproblemas. Primero, se calcula una aproximacién u3'
para la velocidad vertical, después calcularemos una aproximacion a la velocidad horizontal u

~m+1

ent = ty41 (que llamaremos u ) y finalmente, calculamos una aproximacién final u™**

para

m—+1
s

la velocidad horizontal y una aproximacion p para la presién ps en t = ty,41.

Para este esquema semidiscreto comenzaremos obteniendo resultados de estabilidad y con-
vergencia hacia una solucién débil del problema (Q).

Seguidamente, suponiendo la existencia de una solucién suficientemente regular de (Q), ob-
tenemos diferentes estimaciones de error. En este sentido, obtendremos primero estimaciones de
error para las velocidades u™*! y u™*! de orden O(k), después estimaciones de orden O(k)
para las derivadas discretas de las velocidades y finalmente estimaciones 6ptimas del error de
presiéon p7+1 de orden O(k).

S

4.2.1. Capitulo 4

El propésito de este capitulo es disefiar un esquema numérico para (R) basado en un método
de tipo splitting con descomposiciéon de la viscosidad y Elementos Finitos en espacio. Para
este esquema, demostraremos primero la estabilidad incondicional y la convergencia hacia una
solucién débil de (R) y, después, obtendremos estimaciones de error respecto a una solucién
suficientemente regular de (R), suponiendo la restriccién k < C h2.

Desde el punto de vista del andlisis numérico, en [18], se ha demostrado la convergencia de
algunos esquemas de Elementos Finitos referidos al problema estacionario relativo a (@), donde
aparece la llamada condicion inf-sup hidrostdtica.

Como ya hemos comentado, la extension de los resultados obtenidos en el caso de Navier-

Stokes, no son ahora en absoluto directos, ya que las dificultades que nos encontramos en las
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Ecuaciones Primitivas hacen que debamos trabajar con otro tipo de espacios y formulaciones, no
hilbertianas, anisdtropas, y un cambio de técnicas para llegar a la obtencién de las estimaciones
de error 6ptimas, en situaciones diferentes que en el caso de NS. En este sentido, no es valido
el razonamiento realizado para NS (que usa la semidiscretizacién en tiempo como un problema
auxiliar para obtener las estimaciones de los errores totales), debido a que la falta de regularidad
de la velocidad vertical obligaria en este caso a imponer hipétesis (inadmisibles) para el esquema,
para controlar y acotar los términos convectivos. Por tanto, la idea ahora es discretizar el pro-
blema totalmente, y usar convenientes desigualdades inversas para acotar con suficiente orden
los términos convectivos; esto nos conducird a una restriccién para los pardmetros h (tamano de
la malla) y k& (paso de tiempo) contraria a la que nos apareci6 en el Capitulo 2, en el sentido de
que allf dicha restriccién era h? < ak y ahora es k < a h?.

Vamos a considerar entonces una aproximacién de elementos finitos del problema (R). Sean
tres espacios de elementos finitos; X, C H}),l(Q) para la velocidad horizontal, Y}, C Hy(0,) para
la velocidad vertical y Q;, C L(S) para la presion, asociados a una familia de triangulaciones
del dominio 2, que asumiremos regular y quasi-uniforme. No imponemos ninguna estructura
especial para las triangulaciones, es decir, suponemos una malla no estructurada en general.
Las funciones de X son globalmente continuas, las funciones de Y} deben ser globalmente
continuas sélo con respecto a la direccién vertical, mientras que las de (), podrian ser funciones

discontinuas.

Para el anélisis del método debemos requerir las siguientes hipétesis y propiedades:

(HO): Regularidad del dominio Q C IR? tal que el problema de Stokes hidrostatico tiene
regularidad H?(Q2) x H'(S) para la velocidad (horizontal) y la presién respectivamente.

(H1): Los espacios aproximantes X, y @}, satisfacen la condicién inf-sup hidrostatica ([18]).

(H2): Se verifican las siguientes desigualdades inversas para cada uy € Xp,
lupllpzre < Ch™ w2, lapllpeers < Ch*l/QHUhHLgoLia lunllzzzge < Ch™ a2
lanllzs < RV lunllpe, Munll < Ch7Mlugllzzs Janllwrs < C R gl
(H3): las propiedades de aproximacién (para l =1 o 2):
v — Iy +hllv = Ivlg < CHY v Vv e HTHQ) NHE,(Q),
Iv—Ipvlpz <CH vl VveH NH(Q),
lg = Jnallze < Ch'llgllg  Ya € H'(S)NLY(S),

|lvs — Khv?)”H(E)Z) <Ch |3 ]| g Yous € Hl—H(az) N Hy(0.), (18)

43



donde (Iy, Jp) : H%’l x L? — X}, x Qp, son los operadores globales definidos como:

(V(IhV - V), VVh) - (th —q,Vu - <Vh>>s =0 Vv, €Xy,
(VH (Ipv — V>,Qh)s =0 Vg€ Qn,

y Kp, : Ho(0,) — Y}, es el operador definido como:

(IhV, th) € Xy X Qp:

Kpvz €Yy, <3Z(Khvs - U3),5zyh) =0 Vy, €Y.

M

Construimos entonces el esquema numérico, donde en cada paso de tiempo m, dadas {(f™, gl") }.—1

aproximaciones de los datos (f,gs) en t = t,,, calculamos una sucesién {(u}", ug'y Piy)tm > que

pretendemos sea una aproximacién a una solucién (u,us,ps) de (R) en el instante t = t,,
En el esquema, separamos las tres principales dificultades del problema (R):

n ¢] calculo de la velocidad vertical.

» los términos convectivos no lineales, (U - V)u (en particular, la conveccién vertical uzd,u

es menos regular que en el caso de Navier-Stokes),
» la restriccién Vg - (u) = 0 en S x (0,7,

Asi, dada (u}?, p;”h) primero calculamos la velocidad vertical 3", en funcién de Vy - uj?, des-

m+1/2

pués, obtenemos una velocidad intermedia uy, usando los términos convectivos pero no la

m+1

m“ Y Py a través de un problema

restriccién para la divergencia y, finalmente, obtenemos u
lineal tipo Stokes considerando la restriccion Vg - (u Z"“'H> = 0 (donde los términos difusivos

aparecen en ambos pasos, por ello es un método de descomposicién de la viscosidad).

El esquema totalmente discreto es:
Inicializacién: Sea u)) € X, una aproximacién de u(0).

Paso de tiempo m + 1:

Subetapa 0: Dada up’" € Xp, calcular ug’), €Y}, tal que, para todo usp, € Y
(So)p! (@u%,@z%,h) = —(VH . uzn,azﬂ:a,h),

+1/2

Subetapa 1: Dada U7 = (u}’f,ugfh) € X, X Yy, encontrar uj,’ € X}, tal que,

(51)m %(U?H/Q - uZn,Vh> + C( Z@,ufhnﬂ/2 ) (V umﬂ/2 Vvh)

S

Subetapa 2: Dada umH/2 € Xy, hallar (u}"™,p"™1) € X, x Qy, tal que,
(S2)p

i—j(uzﬁ-l m+1/2 ) ( m+1 m+1/2) Vvh> _ ( m+1 v >)5 -0,

(VH (ap ), Qh) =0, YV(vi,qn) € XpxQp
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En la primera subetapa, debemos calcular un problema lineal eliptico. En la segunda, un
problema desacoplado por componentes de conveccién-difusién y en la tercera, un problema

generalizado de Stokes hidrostético, el cudl estd bien definido imponiendo (H1).

Sumando (S1)7"™ y (S2);"*!, obtenemos:

(S)erl %(uhm'*‘l _ uZl,vh) + C( zn’uZl-l—l/Q’vh) i (V uZH_l,VVh>

h
*(pzl+1, Vi - <vh>)S = <fm+1,Vh>Q + <g§”,vh>r Vv, € Xy,
El Capitulo 4 estara dividido en dos partes:

= La obtencién de la estabilidad y convergencia incondicional del esquema hacia una soluciéon

débil del problema continuo (R).
= La obtencién de estimaciones de error éptimas en velocidades y presion, respecto de solu-

ciones suficientemente regulares, condicionadas a la restriccion k < C h2.

Estabilidad y convergencia
Definimos los espacios H = {v;, € L2(Q) / Vx-(v) =0en S, (v) ngs =0} y V = {v;, €
Hal(Q) / Vx-(v) =0en S}.

Consideraremos la regularidad débil de los datos
(WR) feL?0,T;H,/ (), g €Ll?0,T;H*T,) vy ueH

y elegimos
1 tm41 1 tm+1
W“:%l £(t) dt, ?H:El e, (1) dt.

Lema 30 (Estabilidad) Suponemos (WR) y (H1). Si (u)) estd acotado en L?, entonces

+1/2
e gy + g2l 2y < C
+1/2 +1/2
gt = gy + ™ = wallp gz < O,

‘|U737;L+1H12(H(8Z)ML§°L§) <C.

A continuacién, definimos las siguientes sucesiones de funciones (definidas para todo t €
[0,T7)):

o ug)h :[0,T] — H%,I(Q)’ tal que u,(;)h(t) = uZhLi/2 sit e (tm,tms1], 0 =0,1,2.
o ug’),l’h :[0,T) — L*(Q), tal que ug,)li,h(t) = ugYy, sit € (tm,tm+1].
o ugyp : [0,T] — V, continua, lineal por subintervalos y uy (t,,) = uj’.

El resultado fundamental de esta primera parte es el relativo a la convergencia
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Teorema 31 (Convergencia) Suponiendo (WR) y (HO)-(H2), entonces eziste una subsuce-
sion (K',h") de (k,h), con (K',h') | 0, y una solucion débil U = (u,us3) de (R) en (0,T), tal
que: (uk, ) (para cada i = 0,1,2) y (g p) convergen a u fuertemente en L2(0,T;L2(%)),
débilmente-* en L>°(0,T;L%(Q)) y débilmente en L*(0,T; H;’Z(Q)), mientras que (ué?,)g,’h,) con-
verge a uz débilmente en L*(0,T; Ho(8,)).

La demostracién de este resultado no es estdndar respecto a la obtencién de la compacidad
necesaria en el paso al limite. Hace falta un argumento bastante técnico ya usado en [53] para
el caso de un esquema de tipo Euler en modelos de cristales liquidos nematicos.

Asi, re-escribimos (S)}"*! eliminando la presién como

<8tuk7h,vh) 4—C(U/,(C })L, u,(glil, ) + (Vug%, Vvh) = (fm+1,v ) + (g;nH, h)r Vv € X,NV,
(19)

<8zué?])€’h,8zwh) = —(VH . u,i?}w azwh) Ywp €Y (20)

Para tomar limites en (19), basta obtener la compacidad de (ufz)kh en L?(L?(2)). Para

ello, definimos
Vi ={vh € Xy / (Vi - {va),an)s =0, Vg € Qn}

y A* V), — V3, el operador inverso del operador discreto de Stokes “hidrostatico”, esto es,

dada uj, € Vy, Ah uy, es la solucién débil del problema:
-1 -1 _
A uy € Vi, tal que (V Ay uh,Vvh> = (uh,vh) Vv, € Vy (21)

Se tiene entonces que |VA; 'uy| y [[up[ly son normas equivalentes.

Obtenemos en primer lugar el siguiente resultado de tipo estimaciones fraccionarias en tiem-

po.
Lema 32 Suponiendo las hipdtesis del Teorema 31, se tiene
T-6
/ [u)(t +6) —uZ (B}, dt < 05, ¥5:0<6<T,
0
donde C' > 0 depende sdlo de los datos.

Pero, esta derivada fraccionaria en tiempo ha sido acotada en la norma V7, que varfa con
respecto al pardmetro h. Sin embargo, los resultados de compacidad (ver por ejemplo J. Simon
[86]) no se tienen en estas condiciones. Por tanto, siguiendo el razonamiento realizado en [53],
debemos encontrar una norma independiente de h donde la derivada fraccionaria en tiempo

pueda ser acotada. Para ello, consideramos la proyeccién ortogonal

Ry, : V3, — V definida como (V(thh —vp), VW) =0, VYweV.
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El operador Ry, tiene las siguientes propiedades ([53]):
|Rpupllzr < |lupllgr (dependencia continua en HY),

|Rpup — upllpe < Ch|[Vh - (un)r2(s) (estimacién de error en L?)

[Rpunllv: < [lupllyy 4+ C h.

Entonces llegamos a la estimacion:
=0 (2) (2) 2
/0 ||Rhuh7k(t+5)—Rhuh7k(t)||v, dt < C(6+h).

Ahora si podemos aplicar un resultado de compacidad (por perturbaciones) debido a P. Azérad

y F. Guillén-Gonzélez ([5]), obteniendo que Rhu,(j% — u en L?(0, T; L?)-fuerte. De aqui tenemos

(2)

u;, —uen L?(0,T; L?)-fuerte y podemos concluir la demostracién del Teorema 31.

Estimaciones de error

La principal diferencia con el caso de Navier-Stokes estudiado en los Capitulos 1y 2, es la
restriccién que debemos imponer ahora entre el paso de tiempo k y el tamano de la malla h,
para obtener estimaciones 6ptimas de orden O(k + h):

(H) Existe una constante o > 0 (independiente de k y k) tal que k < a h?.

Asi, presentaremos un anélisis de error para el esquema totalmente discreto (uZzH/ 2, uZ”H,phmH)

como una aproximacién de (u(ty+1), W(tmy1), p(tm+1)). Consideramos los errores totales:

1/2
em+1/2 _ U(tm—f—l) . u2n+ / ’ emtl — u(tm+1) . uZH_lv e;ﬂ+1 _ ps(tm+1) . pzn—i-l
egnJrl = u3(tm+1) - ug?]jla Em+1 = (em+17 e’énJrl)’

que, de nuevo, pueden ser descompuestos en sus partes de interpolacién y discreta:

m+1/2 _  m+1/2 m+1/2 m+1 _ _m+1 m+1 m+1 _  m+1 m+1
e =€ + e, ; e =€, ' te T, €y =€ tepn
m+1 _  _m+1 m+1 m+1 _ pm+1 m—+1
€3 =e3; tegy E =E"" +E
o . 1/2
Entonces, los problemas variacionales para los errores espaciales €3, y e;LnJr /% son:

(Eo)y" (08, 0030 ) = — (Vi - (]! + "), 0ovg)  Vog € Yy

(aqui se usa que <8Z egff L 8zwh> = 0, gracias a la eleccién del operador de interpolacién Kj),

(e e i) + (Ve T ) — (pltmsn), Vi (i)
(B0t = NL" (v)) + (€77, v),)

—<5te;-"+1,vh> — (Ve;nJrl, Vvh>, Vv, € Xy,
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donde
m+1 1 [tm+ b1
& = —E/t (t — tm) uy(t) dt — </t U - V) u(tmy1)

es el error de consistencia, y
NL™ (i) = ¢(Bf, ultmsr), va) —e(UF e 2, vi ) +e (B, ultm1), vi ) —(UR, e v, )
Por otro lado, de (SQ)Z“rl tenemos para cada (v, qn) € Xp X Qn

E )m+1 %(ez%l-l e] m+1/2 Vh) + (V(ehm—i-l Zz+1/2)’vvh) _ _(pZ@—G-I’VH . <Vh>>S
2
' (- (e an) ;=0

Sumando(E7)[" y (E2)7" 1, llegamos a:

(e (5, 5) -5 ),

(E)Zz—i—l _%(em—&-l —em Vh) + NL" " (vy,) + (5m+1,vh), Vv, € Xy,
(Vi - (€Y oan) =0, Van € Qn

Ademés, de (Ep)}", se tiene:
10ze3nll2 < C([Va - €5'll2 + Ve - (| 2)- (22)
Por tanto, usando (17),
le5n 122 < CllleR Il + e llan)-

Por otro lado, la propiedad de aproximacién (18) nos dice:
10:-¢35]1 2 < O R [|8zuz(tm) | < C R [u(tm)lgrer < CR.

Usando de nuevo (17),
les Nl Loz < C R

Podemos ahora abordar la obtencién de las estimaciones de error. Supondremos para ello
que tenemos soluciones suficientemente regulares y comenzamos probando el orden O(\/E + b
para ambas velocidades en 1°°(L?) N [2(H!):

Teorema 33 Suponiendo \e%\ < ChY, para k suficientemente pequerio, se tiene

ler ™2 ey + e i aynizay < C (VE+ b

lep /% — el ey + Nt — e T2 )R 1) < CR(k + B2,

A esta altura, no hace falta imponer la restriccién (H) sobre los pardmetros (k, h) aunque
debemos imponer k suficientemente pequerio.

Mejoramos seguidamente las estimaciones a orden O(k + h!) para e]**! en 1°°(L?) N I2(H?).
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Teorema 34 Suponemos las hipotesis del Teorema 33 y (H). Entonces,
ler ™ oo )2y < C (k + hh). (23)
Notemos que, de (22) y (23), se tiene también
e e, < C (k+hh).

A continuacién, obtenemos el orden O(vk + h!) para 5te71”+1 en [2(L?) y para e’ff“ en
[>°(HY).

Teorema 35 Suponiendo las hipdtesis del Teorema 33, ||€9| 1 < Ch!, y la restriccion sobre

los pardmetros (k,h) dada en (H), se tienen las estimaciones de error
Hezﬁ‘l”lw(ﬂl) + HdteZH_l”L?(L?) < C(\/%—&— hl).

Este resultado nos lleva con un razonamiento estandar (aplicando la condicién Inf-Sup hi-

drostdtica (H1)), al orden O(v/k + h!) para las estimaciones de error de presién e;”,j Ven 12(L?):

Corolario 36 Suponiendo que se tienen las hipotesis del Teorema 35, entonces
lers ey < € (VE + hh).

Los resultados anteriores son validos para aproximaciones por elementos finitos lineales y
cuadréticas (I = 1,2). A continuacién nos restringimos al caso [ = 2. Vamos a obtener primero
orden O(Vk + h?) para de]" ! y 5te21+1/2 en [®(L2)NI2(H') y después O(k + h?) para 5] .

Para ello, consideremos los siguientes problemas resultantes de hacer (5t(E1);”+1 y 6t(E2)Z‘+1
para cada m > 1, obteniendo Vvj, € Xp:

(Dl)ZlHl

: ((5tezl+1/2 — 5te§l",vh) + (V(SteZHl/Q, Vvh) — (5t Ps(tm+1), Vi - (vh>)s

- (5t5m+1, vh> + 6,NL (vy,) — %((@egnﬂ — 5e), vh) - (v st Vvh>

donde

6 NLj"H () = C(5tEm> u(tm+1)avh) + C(5t UhmaemH/Z,Vh)

+ c(Em—175tu(tm+1),vh) + c(UT—ljdtemﬂ/{vh)

¥, para todo (W, qx) € Xp X Qn,

1 m m
z (5te?+1 — orey, 2, Wh) + (V (Sref*! — ey, ) VWh)

(D2)y " = — (0 Vi - (W)
(Vi - (Grep ), an) = 0.
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Finalmente, sumando (Dl)z”'H y (Dg)z“rl obtenemos, para todo (v, qp) € Xp X Qp:

%(&geznﬂ — 5te2”,vh> + (V 6te2”+1, Vvh) + (5,56;?2_1, Vg - <vh>>

(Dg)pt - (5t5m+1, vh) + GNL (vy,) — %(&e;”“ — 5™, vh)
(Vi - (Grep*Y)san) = 0.

S

Teorema 37 Suponiendo las hipdtesis del Teorema 84 con una aproximacion por elementos
finitos de orden O(h?) (es decir, | = 2) y suponiendo la siguiente hipétesis para la etapa inicial

del esquema
dier %Iz < C (VE+h?),

entonces
16y oo 22y ey + 10l i (2yriz gy < € (VE + h2),

16t — yel 2 a2y + [love TP = dyef ey < CVE (VE+ ),

Por tltimo, probamos el orden O(k + h?) para el error dej**! en 1°°(L2) N {2(H').

Teorema 38 Suponiendo las hipdtesis del Teorema 37 y la siguiente hipdtesis para el primer

paso del esquema

16ieh )2 < C (k + h?),

entonces

16:€7H [joe (£2y iz ey < C (K + h?).

Este resultado nos lleva a la obtencién del orden 6ptimo para el error de presién, pero sélo en

12(L?). No se consigue en norma [°°(L?), debido a que la estimacién del error intermedio eZlH/ 2

no es 6ptima en (*°(L?).
Corolario 39 Suponiendo las hipdtesis del Teorema 38, se tiene

lep 22y < C (k + h?).

Finalmente, con un razonamiento dual, obtenemos estimaciones de error pero aproximando
ahora el problema (@) mediante una malla estructurada vertical de elementos finitos (por ejemplo
mallas estructuradas formadas por prismas rectos). En este caso, cambiando el cdlculo de la

velocidad vertical a forma integral:

0
uli (x, 2) = / Vi - w(x, 5) ds, (24)

el operador vertical de interpolacion esta definido como
0
KhU3(x, Z) = / VH . Ihu(x, 8) dS,
z
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y de aqui, ey}, = fzo Vx - €.
Entonces, para el esquema cambiando (Sp)}* por (24), obtenemos estimaciones de error de
orden O(k + h'*') para e**! en 12(L?).

Teorema 40 Suponiendo las hipdtesis del Teorema 34, y |A, e)||gn < Ch3 (siendo Ay el

operador hidrostdtico de Stokes definido en (21)), se tiene, para k suficientemente pequeno,
l
e iz (z2y < Ok + ).

Gracias a este resultado, podemos probar las estimaciones obtenidas en los Teoremas 37 y 38

también para el caso | = 1. Esto nos lleva a orden O(k + h') en [?(L?) para la presién:

Corolario 41 Suponiendo las hipdtesis de los Teoremas 40 y 38, se tiene

lepi llizz2y < C (k + 1Y)

4.2.2. Capitulo 5

Presentamos en este capitulo un andlisis numérico del esquema de proyeccién incremental
semidiscreto en tiempo como aproximaciéon de (@), es decir, considerando la forma integral para
la velocidad vertical.

El capitulo consta de dos partes. En la primera, describimos el esquema y se obtienen los
resultados de estabilidad y convergencia. Posteriormente, demostramos estimaciones de error
Optimas con respecto a una solucién suficientemente regular del problema.

El esquema estéd descrito como sigue:

Inicializacién: Sean 1 = u(0) y p? dados. Tomar u’ = u°.
Subetapa 0 : Dada u', calcular 5" como
0
(So)™ ug'(x,2) = / Vi -u™(x, s) ds.
z

Subetapa 1 : Dadas u™, u™, 43' y p7, hallar ™! : Q — IR? solucién de

L omt1 rim ~m-+1 ~m+1
—(@™t —u™) + (U™ A"t —vA" T 4 Vpt = L
oy | )+ )

=~ 1 _ 1 ~ 1 —
Vazum+ ‘FS - g;n+ 9 um+ ’FbUFl - 07

donde U™ = (u™, ug").

Subetapa 2 : Dadas p™ y ™!, hallar u™*! : Q — IR? y p*+! . § — IR? solucién de

Loom4l _ =mtl +1
(Sp) ;- (u u”™") + Vi (pg ps') = en €,

Vg - (™) =0 en S, (u™!).nlgs = 0.
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Sumando (S7)™ " y (S3)™ 1, obtenemos las relaciones de consistencia:

1 1 [7m ~m-+1 ~m+1 1
(S5)m 1 E(uer —u™) + (U™ ") —vAaR™ T+ Up Tt = £ en Q,
v p, =gl @™, =0, Vg-(u™') = 0 enS.
Notemos que en la implementacién del esquema, la introduccién de la velocidad final u+!

m—+1

no es necesaria y el célculo de u™*! y p

puede ser desacoplado. Esto es debido a que, en

cada paso de tiempo, el esquema se implementa como sigue: Dados (p™~ 1, p™, a™),
(0) Encontrar a4 solucién de (Sp)™,

(1) Encontrar u™*! solucién del problema de conveccién-difusion:

ﬁm+1 ~m

J— u ~
_ cmum ~m+1y A~m+1 92 pm m—1\ _ fm+1 O

I/@Zﬁm—"_lh‘s = gm—i-l’

5 1 —
S um+ |FbUFl - 07

(2) Encontrar p™*! solucién del siguiente problema eliptico 2D

. m+1 _ om)) L /m+l
(E)m+1 kNVh (D VH(ps Ps )) =Vu <11 > en S
]“'DVH(p?anrl —p7) -nps =0 sobre 0S.
El problema (g)mJrl se ha obtenido escribiendo u”™ = u" — kVg(pl* — p;n—l) en ( 31)m+1-

Integrando verticalmente (So)™*! entre z = —D(x) y z = 0, obtenemos
™y — @™ + k D Vg (p™ —pl") =0 en S.

Tomando divergencia horizontal y multiplicando por ngg (el vector normal exterior a 95), la

M+l es eliminada y llegamos al problema eliptico con condicién Neumann (E)™*!

incognita u
s 4 m—+1
para la presién p7'™"".

m—+41

Sélo para el andlisis numérico, es interesante introducir la velocidad proyectada u en

m+1

funcién de p™, a™*! y p7+l como sigue:

m+1

u” = amt kv (pm Tt - p™) en Q.

Notemos que, al igual que en el caso de Navier-Stokes, para inicializar el esquema debemos
conocer u’, p' y p~!. Entonces, como ya comentamos, debemos comenzar con unas etapas de

tiempo previas usando otro esquema o comenzar con una aproximacion de la presién inicial.

Estabilidad y Convergencia.
Obtenemos la estabilidad y convergencia hacia una solucién débil del problema continuo (Q).

Para ello, obtendremos algunas estimaciones a priori (estabilidad) y un posterior paso al limite
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(convergencia), donde deberemos aplicar resultados de compacidad para controlar el limite en
los términos convectivos.

Comenzamos obteniendo estimaciones de estabilidad para (0™*1) y (u™*1) en L°°(0, T; L%(Q))N
L?(0,T; H'(2)), con la correspondiente estimacién para (a3') en L2(0,T; H(0.)).

Con respecto al paso de proyeccién (S2)™F! se tiene el siguiente resultado:

Lema 42 (Eristencia, unicidad y dependencia continua de (S2)™!).
a) Dependencia continua en L?. El problema (S2)™ ! tiene una tinica solucion (u™+1, pmt1) €

H x (HY(Q) N L3(Q)). Ademds,
™ e < @™ ey ™ =@ < T - a™ e,

Por otra parte, usando la propiedad de ortogonalidad (um‘H, VHqs) = 0 para toda funcion

qs € H'(Q) e independiente de z, tenemos
T2 = o™ e + [k Va @0 = )17

b) Dependencia continua en H'. Suponemos S € C3, D € WH*(8) y 0 bien D > Diyin > 0
en S oD >0enS yS simplemente conevo. Si u™*t! € Hal(Q), entonces (0™t pmtl) ¢
H(Q) N H%(S). Ademds, existe C = C(Q, D) > 0 tal que

™ < C ™ g

Este resultado serd usado en la obtencién de la estabilidad del esquema. Concretamente se

obtiene

Lema 43 (Estabilidad) Sea f € L*(0,T;H, (Q)), g5 € L*(0,T;H Y3(Iy)) y up € V. Si
&V 12 < Co, entonces existe C = C(Co, v, f,gs,Q) > 0 tal que,

[a 3, + [u™ T3, < C, Vr=0,.,M-1
M-1

B {3 + a3 ) < G
m=0

M-1
Z {Hﬁm-&-l _ umH%2 + Hum—H _ ﬁm+1”%2} < C

m=0
Con respecto a la velocidad vertical, usando la desigualdad de Poincaré vertical (15), existe una

constante C' = C(Cy, v, f,gs, ) > 0, tal que

M-1
kY g e, < C.
m=0

. . . . 1) ~(1
A continuacion, obtendremos la convergencia del esquema. Para ello, definimos u,(C ), u,(€ ),

u,(co), ﬁ,(go), ﬂéol)c las funciones definidas en [0,7], constantes por subintervalos, iguales a u™+!,

~m+1

u ,u™ a™y ug en (ty, tm1], respectivamente. Por otro lado, uy es la funcién continua en

[0, T, lineal por subintervalos y tal que ug(tm,) = u™.
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Teorema 44 (Convergencia) Suponiendo las hipdtesis del Lema 43, existe una subsucesion
(k') de (k), con k' | 0, y una solucion débil U = (u,us) de (Q) en (0,T), tal que: ﬁ,(;), u,(;),
ﬁ,(g), u,(g,) yuy convergen au débilmente-+ en L°°(0,T;L?(Q)), débilmente en L(0,T; H(Q)) y
fuertemente en L*(0,T;L?(5Y)), mientras que ﬂ:(,)?,l, converge a ug débilmente en L*(0,T; H(3,)).

Estimaciones de error

Deducimos estimaciones 6ptimas de error, tanto para la velocidad como para la presién,
con respecto a una solucién suficientemente regular {u, us, ps} del problema (Q). Los resultados
que obtendremos pueden ser considerados como extensiones al caso de Ecuaciones Primitivas
de los obtenidos en el Capitulo 3 para las Ecuaciones de Navier-Stokes. De hecho, seguimos el
mismo argumento, acotando ahora convenientemente los términos convectivos. En este sentido,
adecuadas estimaciones anisétropas deben ser consideradas para conservar el orden éptimo en
dichas estimaciones.

Introducimos la siguientes notaciones para los errores en ¢t = ¢, 41:

e — u(tyy ) — ™, e = u(tyy ) —u™t?
égl+1 = us(tm+1) — ﬂgwrl’ egl+1 = u3(tm+1) — ugl+1
em+1 Ds (tm—i-l ) p;n+1 )

Entonces, los problemas diferenciales asociados a los errores son los siguientes:

]. ~m m ~m m m m
(El)m—‘rl %(e B € ) —vAe i + vH(ep,s + kétps(tm-i-l)) =& + + NL +1 en 2

V826m+1|rs = 07 ém+1|FbUFl = 07

() %(emJrl —&mh 4 vy (e;'fjl —eps — kétps(tm+1)) = 0 en(
Vg - (e™1) =0 en S, (et .ngg = 0 sobre 9S.
donde
ml = gt g gt = - / ) 0Rua(t) dE — (( /:“ av).- v) W(bmsr)
y

NL™ ! = —C((@™, &), ultms1)) — C(T™, ")
El problema (E3)™*! puede ser descompuesto en los dos problemas siguientes:

kVi - (DVh(ep — ey — kdp(tmsr)) = V-€™ 1 en Q,

(E)yt!
kVH( m+1 p7s - kétps(tm—i-l)) : n’OQ =0,
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(Bg)yt! emtl —gntl V(egfjl —eps — kops(tms1)) en Q.

Para obtener las estimaciones de error, debemos imponer las siguientes hipotesis de regularidad
sobre el dominio y la solucién (u,ps) de (Q):
(HO) € C IR? tal que se tiene regularidad H?(f2) para el problema de Poisson (F;)™*!:

—Au=f en(, O,ulry=g, ulpur, =0
(H1)  ueL®H2NYV), p, € L®(H'), dps € L*(H"), u, € L*(H"), uy € L*(H,})
(H2)  Oups € L*(HY), u; € L*(W'3), uy € L*(HY), uy € L*(H,)})
(H3)  uy € L™(H,))
Estas hip6tesis sobre la solucién son mas fuertes que las impuestas para el mismo tipo de
esquema en el caso de Navier-Stokes, debido a que tenemos que acotar de forma adecuada la

parte vertical de los términos convectivos (que son ahora menos regulares), lo que obliga a exigir

més regularidad a la solucién (u, ps).

Razonando como en el Lema 42, ahora para (E2)™ !, podemos obtener el siguiente resultado:

Lema 45 (Dependencia continua de los errores).

a) Dependencia continua con respecto a L*. Si €™t € L?(QQ), entonces €™ € H. Ademds,
le™ M lzz < [&™ 2y o™ =& < (& — e,

Yy se tiene

&2 = €™+ 2 + [ Va (e = €5ty — K 8psltrsn)) 32 = o™ 32 + e — &2,

b) Dependencia continua con respecto a H'. Suponiendo S € C3 y D € WH>o(S). Si e+l ¢
H%’I(Q), entonces €™t € HY(Q). Ademds, existe C = C(2, D) > 0 tal que

le™ g < C & 1.

Podemos ahora probar las estimaciones de error de orden O(k) para las velocidades. Asi,

obtenemos
Teorema 46 Suponiendo (H1) y ||[Vge) |12 < C. Entonces, para k suficientemente pequerio,
€7 e (2yriz ) + 1€ o (2yniz ey < Ck

Ademdas,

”éerl - emle(Lz) < Ck3/2.
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Una consecuencia importante del resultado anterior es la obtencién de las estimaciones de

estabilidad de la velocidad en una norma maés fuerte. Concretamente se obtiene

Lema 47 Suponiendo las hipdtesis del Teorema 46, se tiene para k suficientemente pequeno,
[e™ e <C, V.
De aqui concluimos la estimacién de estabilidad para el esquema
[a™ g < C m,

que nos permitird abordar la estimacién de error de orden O(k) para la presién. Para ello,
primero obtenemos estimaciones de error para las derivadas discretas de las velocidades.

También ahora se tiene la dependencia continua para las derivadas discretas de los errores.

Lema 48 (Dependencia continua de las derivadas discretas)
16ce™ g2 < (168" 2, [1Ge™ T — @™ |2 < (|68 — 6e™|| 2.
Ademds, existe C = C(Q) > 0 tal que
I15:e™ g2 < Cl|8&™ | g
16: 8™ FHI7> = [loe™ 7o + o™ — 5,2 | I2
Este resultado es utilizado en la obtenciéon de las siguientes estimaciones

Teorema 49 Suponiendo las hipdtesis del Teorema 46, (H2) y la siguiente restriccion sobre la
aproximacion inicial

16:€' || 12 + ||k Videy|l 2 < Ck,

entonces para k suficientemente pequeno,
160" [l100 (£2) + 116:€7 100 (12) iz a1y < C'k.

Finalmente, podemos demostrar el orden 6ptimo para el error en velocidad €™t en [*°(H")

y para el error de presién en [*°(L?).
Teorema 50 Suponiendo las hipdtesis del Teorema 49 y (H3), entonces

1€ oo a1y + llep o2y < C'k.

56



4.2.3. Conclusiones

Las dificultades inherentes al problema de EP, hacen que debamos suponer hipdtesis de
regularidad mas fuertes para la solucién que en el caso de NS y debamos emplear técnicas
anisétropas en la obtencién de los resultados.

En cuanto a los dos métodos usados como aproximacién al problema de EP, mientras que
en el método de descomposicién de la viscosidad debemos discretizar el problema totalmente y
obtener los resultados bajo una restriccién del tipo k¥ < ah? (debido al uso de desigualdades
inversas), no pudiendo emplear la semidiscretizacién en tiempo como un problema auxiliar, en el
caso de proyeccion esto si es posible, pudiendo obtener estimaciones de error éptimas en el caso
semidiscreto en tiempo. Ademads, en este 1ltimo caso se han conseguido mejores estimaciones
para la presion, ya que en el método con descomposicion de la viscosidad eran estimaciones
6ptimas en [2(L?), y ahora se tienen en [°°(L?). En contrapartida, en descomposicién de la
viscosidad es posible un argumento de dualidad para evitar las hipdtesis sobre la etapa inicial,
mientras que en proyeccion no funciona un razonamiento similar y ademés hay que imponer
hipétesis sobre la presién inicial.

Por otra parte, en el caso de proyeccién, no esta claro como discretizar en espacio la velocidad
vertical. Podriamos cambiar la etapa (Sp)"™ por (Sp)j* como hicimos en el caso con descomposi-
cion de la viscosidad para mallas no estructuradas en vertical, pero entonces no se corresponde
con el esquema semidiscreto estudiado en el Capitulo 5. Dicho de otro modo, no esta claro cémo
el problema semidiscreto tendria una version totalmente discreta en una malla no estructurada,
porque tenemos que discretizar en espacio la velocidad vertical u5* (que no es cero en el fondo
porque esta en funcién de la velocidad u™ que no verifica la restriccién Vg - (u™) = 0).

Destacar también que en el caso de descomposicién de la viscosidad, las estimaciones 6ptimas
para las derivadas discretas, no funcionan con aproximacién de orden O(h), siendo necesario o
bien considerar una aproximacién cuadratica O(h?) o bien considerar una aproximacién lineal
O(h) con una malla estructurada en vertical de elementos finitos y una modificacién del esquema

respecto al calculo de la velocidad vertical.

5. Posibles extensiones y problemas abiertos

Ante los resultados obtenidos en esta memoria, cabe preguntarse por algunas cuestiones que

quedan todavia pendientes.

= Respecto al problema de NS aproximado con el método de descomposicion de la viscosidad
(Capitulos 1 y 2), hemos obtenido, usando el caso semidiscreto en tiempo como un pro-
blema auxiliar para obtener las estimaciones de los errores totales, el orden éptimo para

la velocidad y presién bajo una condicién relativa a los pardmetros h? < a k.
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Cabe preguntarse entonces qué tipo de condicién apareceria si hubiéramos usado el argu-

mento de discretizar totalmente el problema.

Observando los argumentos hechos en el caso del problema de Ecuaciones Primitivas
(Capitulo 4) y queddndonos sélo con las cotas horizontales isétropas, parece que las esti-

maciones se pueden obtener bajo la restricciéon k < a h.

Respecto al problema de NS, para el método de proyeccién incremental segregando la
presion, hemos obtenido en el Capitulo 3 (usando el problema semidiscreto en tiempo como
problema auxiliar) las estimaciones bajo la restriccién h < a k. Por otra parte, Guermond
y Quartapelle en [45] para el esquema con una formulacién mixta velocidad-presién en el
paso de proyeccién, obtuvieron las estimaciones de error bajo la condicién k* < ah. En
esta caso cabe preguntarse, jpara este método segregado es posible realizar una argumento
discretizando totalmente el problema como lo han hecho Guermond y Quartapelle para
una formulacién mixta velocidad-presién?. Hay que tener en cuenta que en caso afirmativo
y con una restriccion del tipo k < «a h, esto significaria que se tienen las estimaciones de

error para el esquema sin restricciones sobre los parametros de discretizacion.

Respecto al problema de NS, a la vista de los resultados obtenidos para los dos esquemas
estudiados, resulta que el analisis numérico funciona un poco mejor en el método con
descomposicién de la viscosidad, mientras que desde el punto de vista de la implementacién
tiene menor costo computacional el método de proyeccion, al desacoplar el calculo de la
velocidad y la presion. De hecho, el esquema de proyeccion tiene sentido usarlo incluso
para el problema de Stokes, ya que separa la viscosidad de la incompresibilidad. Entonces,
parece natural pensar en combinar ambos métodos, de manera que primero usemos el
método de descomposicion de la viscosidad y, después, aproximemos el problema de Stokes
de la segunda subetapa mediante el método de proyeccion. Resulta interesante preguntarse

por el analisis numérico de este esquema combinado.

Para aproximar las EP con el método de descomposicién de la viscosidad, se obtienen
estimaciones éptimas de error bajo la restriccion k < a h?. Ahora bien, no esté claro cémo
obtener estimaciones de error con hipétesis en cierto sentido contrarias, del tipo h pequeno

en funcién de k.

El estudio de las EP por el método de proyeccién incremental, ha sido realizado en el caso
semidiscreto en tiempo. Entonces, ;, podemos extender estas estimaciones al caso de un

esquema totalmente discreto razonando como hemos hecho en NS ?

Con los mismos argumentos que hemos realizado en NS parece que esto si es posible, pero

las estimaciones se consiguen para [? en tiempo, en vez de [*°.
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Algunos de los resultados obtenidos en la presente memoria, junto con las posibles extensiones
y problemas abiertos anteriores, pueden observarse de forma esquematica en las siguientes tablas.
En la Figura 1 para el problema de NS y en la Figura 2 para las EP.

Como conclusiones finales, observamos en la Figura 1, que para el caso de NS aproximado
por el método de descomposicion de la viscosidad, se pueden obtener estimaciones de error por
dos caminos distintos (usando el problema semidiscreto en tiempo como problema auxiliar o
discretizando totalmente de una vez) obteniendo las restricciones h? < a'k y k < a h respectiva-
mente. En consecuencia, se consiguen estimaciones de error sin restricciones para los parametros,
por tanto incondicionales.

Para el método de proyeccién incremental en presién, las restriccién es h < ak y no esté claro
si se consiguen estimaciones de error con hipétesis del tipo & < a g(h). Por tanto, queda un rango
de valores de los parametros k y h para el que no han quedado demostradas las estimaciones
oOptimas de error, consiguiendo por tanto estimaciones de error condicionales.

En cuanto a las EP, observamos en la Figura 2, que con el método de descomposicién de
la viscosidad, la obtencién de las estimaciones 6ptimas sélo ha sido posible discretizando to-

M+l eg la mejor

talmente el problema (esto era debido basicamente a que la velocidad final u
aproximacion a la solucién, y sin embargo, los términos convectivos dependen del gradiente de
la velocidad intermedia u™+1/ 2). Para el esquema de proyeccién, si es posible, puesto que la

velocidad intermedia u™*!

es ahora la mejor aproximacion. De hecho, la velocidad proyectada
puede ser tratada como una velocidad auxiliar para obtener los resultados de andlisis numérico,

que no es usada en la implementacién efectiva del esquema.
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Figura 1: Navier-Stokes: restricciones sobre pardmetros y estimaciones de error
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to en tiempo)
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O(k + h)
em+1 en [® (Hl)
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NS-Descomposicion  vis-
cosidad

(discretizacion total)

Parece: k < ah (2D)
k < ah®? (3D)

O(k + h)
eerl en loo<H1)

ertl en 1°°(L?)

NS-proyeccion no incre-

mental h? < ak O(k'? + h)
formulacién mixta (problema &+l en [°°(HY)
auxiliar) con condicién inf- em+1 en 1°°(L2)
sup. Badia-Codina[7]

NS-proyeccién no incre-

mental a h2 <k< ,th O(k‘l/2 + h)
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Figura 2: Ecuaciones Primitivas: restricciones sobre parametros y estimaciones de error
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Referencias

[1] I. I. ALBARREAL NUNEZ. Paralelizacidn en tiempo y espacio de la resolucién numérica de algunas

ecuaciones en derivadas parciales. Tesis. Universidad de Sevilla, 2004.

[2] T. ALBARREAL, M. CALZADA, J.L. CRUZ, E. FERNANDEZ-CARA, J. GALO, M. MARIN. Conver-

gence analysis and error estimates for a parallel algorithm for solving the Navier-Stokes equations.
Numer. Math., 93 (2002), 201-221.

[3] J. P. AUBIN. Un théoréme de compacité. C.R. Acad. Sci. Paris, 256 (1963), 5042-5044.

[4] P. AzERAD, F. GUILLEN.

Equations de Navier-Stokes en bassin peu profond: ’approximation

hydrostatique. C. R. Acad. Sci. Paris, 329, Série I (1999) 961-966.

[5] P. AzERAD, F. GUILLEN. Mathematical justification of the hydrostatic approzimation in the pri-
mitive equations of geophysical fluid dynamics Siam J. Math. Anal., 33 (4) (2001), 847-859.

[6] 1. BABUSKA. Error bounds for the finite element method. Numer. Math., 16 (1971), 322-333.

[7] S. BaDIA, R. CoDINA. Convergence analysis of the FEM approzimation of the first order projection

method for incompressible flows with and without the inf-sup condition. Numerische Mathematik,

107 (4) (2007), 533-557.

[8] J.B. BELL, P. CoLELLA, H.M. GLAZ. A second-order projection method for the incompressible
Navier-Stokes equations. Journal of Computational Physics, 85 (1989), 257-283.

61




[9]

[10]

[14]

[15]

[16]

[23]

[24]

[25]

R. BERMEJO BERMEJO. Velocity Error Estimates for a Semi-Lagrangian Ocean General Circulation
Model. Actas de las IT Jornadas de Andlisis de Variables y Simulacion Numérica del Intercambio de
Masas de Agua a través del Estrecho de Gibraltar, Cadiz, (2000), 19-34.

R. BERMEJO BERMEJO, P. GALAN DEL SASTRE. Long-Term Behavior of the Wind Stress Circula-
tion of a Numerical North Atlantic Ocean Circulation Model. European Congress on Computational
Methods in Applied Sciences and Engineering, ECCOMAS (2004), 1-21.

O. BessoN, M. R. LAYDI. Some Estimates for the Anisotropic Navier-Stokes Equations and for
the Hydrostatic Approzimation. M2AN-Mod. Math. Ana. Num., 7 (1992), 855-865.

J. BLASCO. Analysis of Fractional Step, Finite Element Methods for the Incompressible Navier-
Stokes Equations. Thesis. Universitat Politécnica de Catalunya, Barcelona, Spain (1996).

J. BLAasco, R. CopiNA, A. HUERTA A fractional-step method for the incompressible Navier-Stokes
equations related to a predictor-multicorrector algorithm. Int. J. Num. Meth. in Fluids, 28 (1997),
1391-1419.

J. Brasco, R CoODINA. Error estimates for a wviscosity-splitting, finite element method for the
incompressible Navier-Stokes equations. Appl. Num. Math. 51 (2004), 1-17.

J. Brasco, R CODINA. Estimaciones de error para un método de paso fraccionado en elementos
finitos para la ecuacidn de Navier-Stokes incompresible. Proocedings XVII C.E.D.Y.A. (2001).

F. Brezzi, K.J. BATHE. A discourse on the stability conditions for mixed finite element formula-
tions. Computer Methods in Applied Mechanics and Engineering, 82 (1990), 27-57.

C. Cao, E.S. TITI. Global well-posedness of the three-dimensional viscous primitive equations of
large scale ocean and atmosphere dynamics. Annals of Mathematics, 166(1) (2007), 245-267.

T. CHACON, F. GUILLEN. An intrinsic analysis of existence of solutions for the hydrostatic appro-
zimation of Navier-Stokes equations. C. R. Acad. Sci. Paris, 329 Série I (2000), 841-846.

T. CHACON; D. RODRIGUEZ-GOMEZ. A stabilized space-time discretization for the primitive equa-
tions in oceanography. Numer. Math. 98 (3) (2004), 427-475.

T. CHACON; D. RODRIGUEZ-GOMEZ. A numerical solver for the primitive equations of the ocean
using term-by-term stabilization. Appl. Numer. Math. 55 (1) (2005), 1-31.

A.J. CHORIN. A numerical method for solving incompressible viscous problems. Journal of Compu-
tational Physics, 2 (1967), 12-26.

A. J. CHORIN. The numerical solution of the Navier-Stokes equations for an incompressible fluid.
AEC Research and Development Report, NYO-1480-82. New York University, New York, 1967.

A.J.CHORIN. Numerical solution of the Navier-Stokes equations. Math. Comput., 22 (1968), 745-762.

A.J. CHORIN. On the convergence of discrete approzimations of the Navier-Stokes equations. Math.
Comput.,23 (1969), 341-353.

A.J. CHORIN, J.E. MARSDEN. A Mathematical Introduction to Fluid Mechanics. Springer Verlag,
New York, 1979.

62



[26]

[27]

[28]

[36]

[37]

[38]

CLAY MATHEMATICS INSTITUTE. hitp://www.claymath.org/millenium/. Millenium Problems, 2000.

R. CoDINA. Comparison of some finite element methods for solving the diffusion-convection-reaction
equation. Computer Methods in Applied Mechanics and Engineering, 156 (1998), 185-210.

R. CODINA. Pressure stability in fractional step finite element methods for incompressible flows.
Journal of Computational Physics, 170 (2001), 112-140.

R. CoDINA, S. BADIA. On some pressure segregation methods of fractional-step type for the finite
element approzximation of incompressible flow problems. Computer Methods in Applied Mechanics
and Engineering, 195 (2006), 2900-2918.

R. CoDINA, S. BADIA. Algebraic pressure segregation methods for the incompressible Navier-Stokes
equations. Accepted for publication in Archives of Computational Methods in Engineering.

J.L. Cruz, M.C. CALZADA, M. MARIN, E. FERNANDEZ CARA. A parallel algorithm for solving
the incompressible Navier-Stokes equations. Comput. Math. Appl., 25 (9) (1993), 51-58.

G. DUVAUT. Mécanique des milieux continus. Masson, Paris, 1990.

W.E, J.G. Liu. Projection method I: Convergence and numerical boundary layers. STAM Journal
on Numerical Analysis, 32 (1995), 1017-1057.

E. FERNANDEZ-CARA, M. MARIN BELTRAN. The convergence of two numerical schemes for the
Navier-Stokes equations. Numer. Math., 55 (1989), 33-60.

C. Foias, G. PrODI. Sur le comportament global des solutions nonstationnaires des équations de
Navier-Stokes en dimension 2. Rend. Sem. Mat. Univ. Padova, 39 (1967), 1-34.

M. FORTIN. An analysis of the convergence of mixzed finite elemnt methods. RATRO: Modél. Math.
Anal. Numér., 11 (4) (1977), 341-354.

G. Furionl, P. LEMARIE-RIEUSSET, E. TERRANEO. Unicité dans L3(IR*) et d’autres espaces
fonctionnels limites pour Navier-Stokes. Rev. Mat. Iberoamericana, 16 (3) (2000), 605-667.

A. V. FURSIKOV. Some control problems and results relatedto the unique solvability of the mizred
boundary value problem for the Navier-Stokes and FEuler three-dimensional systems. Dokl. Akad.
Nauk SSSR, 252 (5) (1980), 1066-1070.

V.GIRAULT, P.A.RAVIART. Finite Element Methods for Navier-Stokes Equations. Springer-Verlag,
1986.

V. GIRAULT, B. RIVIERE, M. WHEELER. A splitting method using discontinuous Galerkin for the
transient incompressible Navier-Stokes Equations. ESAIM:M2AN, 39 (6) (2005), 1115-1147.

R.GLowiINskI, T.W.PAN, J.PERIAUX. A fictitious domain method for external incompressible vis-
cous flow modeled by Navier-Stokes equations. Comp. Meth. Appl. Mech. Eng., 112 (1994), 133-148.

K. GopA A multistep technique with implicit difference schemes for calculating two- or three di-
mensional cavity flows. J. Comput. Phys.; 30 (1979), 76-95.

63



[43]

[46]

[47]

[48]

[49]

[50]

[51]

[52]

[53]

[56]

[57]

[58]

P.M. GRESHO. On the theory of semi-implicit projection methods for viscous incompressible flow
and its implementation via a finite element method that also introduces a mearly consistent mass
matriz. Part I: Theory. International Journal for Numerical Methods in Fluids, 21 (1995), 837-856.

J.L. GUERMOND, P. MINEV, J. SHEN. A overview of projection methods for incompressible flows.
Comput. methods Appl. Mech. Engrg. 195 (2006) 6011-6045.

J.L. GUERMOND, L. QUARTAPELLE. On the approximation of the unsteady Navier-Stokes equations
by finite elements projection methods Numer.Math. 80 (1998), 207-238.

J.L. GUERMOND, J. SHEN. Quelques résultats nouveaux sur les méthodes de projection. C.R. Acad.
Sci. Paris, Série T 333 (2002), 1111-1116.

J.L. GUERMOND, J. SHEN. A new class of truly consistent splitting schemes for incompressible
flows. Journal of Computational Physics, 192 (2003), 262-276.

J.L. GUERMOND, J. SHEN. Velocity-correction projection methods for incompressible flows. STAM
Journal on Numerical Analysis, 41 (2003), 112-134.

J.L. GUERMOND, J. SHEN. On the error estimates for the rotational pressurre-correction projection
methods. Mathematical of Computation, 73 (2004), 1719-1737.

F. GUILLEN, N. MAsMoUDI, M.A. RODRIGUEZ-BELLIDO. Anisotropic Estimates and strong so-
lutions of the Primitive Equations. Journal of Differential and Integral Equations, 14 (11) (2001),
1381-1408.

F. GUILLEN-GONZALEZ, M.V. REDONDO-NEBLE. Sharp error estimates for a fractional-step met-
hod applied to the 3D Navier-Stokes equations C. R. Acad. Sci. Paris, Ser. I 345 (2007), 359-362.

F. GUILLEN-GONZALEZ, M.A. RODRIGUEZ-BELLIDO. On the strong solutions of the Primitive
Equations in 2D domains. Nonlinear Analysis, 50 (5) (2002), 621-646.

F. GUILLEN-GONZALEZ, J.V. GUTIERREZ-SANTACREU. Conditional stability and convergence of a
fully discrete scheme for 3D wviscous fluids models with mass diffusion. STAM J. Num. Anal., Vol.
46 (2008), No. 5, 2276-2308.

J.G. HEYWOoOD, R. RANNACHER. Finite element approzimation of the nonstationary Navier-Stokes
problem. IV. Error analysis for second order time discretization, SIAM J. Numer. Anal. 27 (1990),
353-384.

E. Hopr. Uber die Anfangswertaufgabe fir die hydrodynamischen Grundgleichungen Math. Nachr.,
4 (1951), 213-231.

J. vAN KAN. A second-order accurate pressure-correction scheme for viscous incompressible flow.
STAM J. Sci. Stat. Comput., 7(39) (1986), 870-891.

G.E. KARNIADAKIS, M. ISRAELI, S.A. ORSZAG. High-order splitting methods for the incompressible
Navier-Stokes equations. J. Comput. Phys., 97 (1991) 414-443.

J. Kim, P. MOIN. Application of the fractional step method to incompressible Navier-Stokes equa-
tions. Journal of Computational Physics, 59 (1985), 308-323.

64



[59]

I. KUKAVICA, M. ZIANE. On the reqularity of the primitive equations of the ocean. Nonlinearity 20
(2007), 2739-2753.

O.A. LADYZHENSKAYA. The Mathematical theory of viscous incompressible flow. Gordon and Breach
Science Publishers, New York, 1969.

L.D. LANDAU, E.M. LiFsHITZ. Mecdnica de Fluidos. Vol. 6, Reverté, 1986.

J. LERAY. Etude de diverses équations integrégrales non linéaires et de quelques probémes que pose
Uhydrodynamique. J. Math. Pures Appl., 12 (1933), 1-82.

R. LEWANDOWSKI. Analyse Mathématique et Océanographie. Masson (1997).

P. Lions, N. MAsSMOUDL. Unicité des solutions faibles de Navier-Stokes dans L™ (w). C. R. Acad.
Sci. Paris Sér. I Math., 327 (5) (1998), 491-496.

P. Lions, N. MAsMoOUDI. Uniqueness of mild solutions of the Navier-Stokes system in L™. Comm.
P.D.E., 26 (11-12) (2001), 2211-2226.

J. Lions, G. PRODI. Un théoréme d’existence et unicité dans les équations de Navier-Stokes en
dimensio 2. C.R. Acad. Sci. Paris, 248 (1959), 3519-3521.

J.L. Lions, R. TEMAM, S. WANG. New formulations of the primitives equations of the atmosphere
and applications. Nonlinearity, 5 (1992), 237-288.

J.L. Lions, R. TEMAM, S. WANG. On the equations of the large scale Ocean. Nonlinearity, 5
(1992), 1007-1053.

R. NARATAJAN. A Numerical Method for Incompressinble Viscous Flow Simulation. Journal of
Computational Physics, 100 (1992), 384-395.

S.A. OrszAG, M. IsSrRAELI, M. DEVILLE. Boundary conditions for incompressible flows. J. Sci.
Comput., 1 (1986), 75-111.

F. ORTEGON GALLEGO. On distributions independent of x in certain non-cylindrical domains and
a de Rham lemma with a non-local constraint. Nonlinear Analysis, 59 (2004), 335-345.

F. ORTEGON GALLEGO. Regularization by Monotone Perturbations of the Hydrostatic Approzima-
tion of Navier-Stokes Fquations. Mathematical Models and Methods in Applied Sciences, 14 (12)
(2004), 1819-1848.

J. PEDLOSKY. Geophysical fluid dynamics. Springer-Verlag, 1987.

A. PROHL. Projection and quasi-compressibility methods for solving the incompressible Navier-

Stokes equations. Advances in Numerical Mathematics. B. G. Teubner, Stuttgart, 1997.

J.H. Pyo. The Gauge-Uzawa and Related Projection Finite Element Methods for the Evolution
Navier-Stokes Equations. Thesis, University of Maryland, USA, 2002.

R. RANNACHER. On Chorin’s projection method for incompressible Navier-Stokes equations. Lecture
Notes in Mathematics, Springer, Berlin, 1530 (1992), 167-183.

65



[77]

(78]

[81]

[82]

[94]

[95]

J. SERRIN. The initial value problem for the Navier-Stokes equations. Nonlinear Problems (Proc.
Sympos., Madison, Wis.) University of Wisconsin Press, Madison, 69-98, 1963.

J. SHEN. On error estimates of projection methods for Navier-Stokes equations: first-order schemes.
SIAM Journal Num. Anal. 29 (1992), 57-77.

J. SHEN. On pressure stabilization method and projection method for unsteady Navier-Stokes equa-
tions. Advances in Computer Methods for Partial Differential Equations, R. Vichnevetsky, D. Knight
and G. Richter, eds., IMACS, (1992), 658-66.

J. SHEN. Remarks on the pressure error estimates for the projection methods. Numer. Math., 67
(4) (1994), 513-520.

J. SHEN. On a new pseudo-compressibility method for the incompressible Navier-Stokes equations.
Appl. Numer. Math. 21 (1996) 71-90.

J. SHEN. Pseudo-compressibility methods for the unsteady incompressible Navier-Stokes equations.
”Proceedings of the 1994 Beijing Symposium on Nonlinear Evolution Equations and Infinite Dyna-
mical Systems”, 68-78, Ed. Boling Guo, ZhongShan University Press, 1997.

J. SHEN. On error estimates for some higher order projection and penalty-projection methods for
Navier-Stokes equations. Numerische Mathematik, 62 (1992) 49-73.

J. SHEN. On error estimates of the projection methods for the Navier-Stokes equations: second-order
schemes. Mathematics of Computation, 65 (1996), 1039-1065.

J. SHEN. A remark on the projection-3 method. Int. J. Num. Meth. Fluids, 16 (1993), 249-253.
J. SiMON. Compact sets in the space LP(0,T; B). Ann. Mat. Pura Appl., 146(4) (1987), 65-96.

R. TEMAM. Une méthode d’approzimations de la solution des equations de Navier-Stokes. Bull. Soc.
Math. France, 98 (1968), 115-152.

R. TEMAM. Sur la stabilité et la convergence de la méthode des pas fractionaires. Ann. Mat. Pura
Appl. LXXIV (1968), 191-380.

R. TEMAM. Sur l'approzimation de la solution des équations de Navier-Stokes par le méthode des
pas fractionaires (I). Arch. Rational Mech. Anal., 33 (1969), 135-153.

R. TEMAM. Sur Uapprozimation de la solution des équations de Navier-Stokes par le méthode des
pas fractionaires (II). Arch. Rational Mech. Anal., 33 (1969), 377-385.

R. TEMAM. Navier-Stokes equations. Theory and Numerical Analysis. North-Holland, 1984.

R. TEMAM. Behaviour at time t = 0 of the solutions of semilinear evolution equations. J. Differential
Equations 43 (1982), no. 1, 73-92.

L.J.P. TiIMMERMANS, P.D. MINEV, F.N. VAN DE VOSSE. An approzimate projection scheme for
incompressible flow using spectral elements. Int. J. Num. Meth. Fluids, 22 (1996) 673-688.

N.N. YANENKO. The Method of Fractional Steps. Springer-Verlag, Berlin, 1971.

M. ZIANE. Regularity Results for Stokes Type Systems. Applicable Analysis, 58 (1995), 263-292.

66



New error estimates for a viscosity-splitting scheme in time for

the 3D Navier-Stokes equations *

F. Guillén-Gonzélez! M.V. Redondo-Neblet

Abstract

This work is devoted to the error analysis of a semi-discrete in time splitting scheme
(using decomposition of the viscosity) for solving the incompressible time-dependent Navier-
Stokes equations in 3D. This scheme has been previously studied by other authors but the
originality of the present work is that it establishes for the first time an optimal error estimate
for the pressure. This behavior had been observed numerically (with fully discrete schemes),
but never hitherto proved. The proof is based on sharp estimates of second derivatives of

the error.

Subject Classification 35Q30, 65N15, 76D05.
Keywords Navier-Stokes Equations, splitting in time schemes, error estimates, first order time

scheme.

Introduction

We consider the Navier-Stokes system, associated to the dynamics of viscous and incompressible
fluids filling a bounded domain  C IR? in a time interval (0,T):
w+ (u-Viu—vAu+ Vp = £ inQx(0,7),
V:u = 0 inQx(0,7),
u = 0 ond2x(0,7),

Ui—g = U in Q.

where the unknowns are u : (x,t) € Q x (0,7) — IR? the velocity field and p : (x,t) €
Q x (0,T) — IR the pressure, and data are v > 0 the viscosity coefficient (which simplicity is
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assumed constant) and f : (x,t) € Q x (0,T) — IR? the external forces. We denote by V the
gradient operator and A the Laplace operator.

We consider a (regular) partition of [0,7] of diameter k = T/M: to = 0,t1 =k, ...ty =
mk, ...ty = T. If u = (W™)M_, is a given vector with v € X (a Banach space), let us

introduce the following notation for discrete in time norms:

M 1/2
lullizxy = (k‘ > !\um!@() and  [[ul[jee(x) = maxm—o,...m[u" || x
m=0

For simplicity, we will denote H' = H'(Q) etc., L2(H') = L?(0,T; H') etc., and H! = H'(Q)3
ete.

The numerical analysis for the Navier-Stokes problem (P) has received much attention in the
last decades and many numerical schemes are now available. The main (numerical) difficulties
of this problem are the coupling between the pressure p and the incompressibility condition
V -u =0 and the nonlinearity of the convective terms (u- V)u.

Fractional step methods are becoming widely used in this context, which split effects due to
different operators appearing in the problem.

The origin of these methods is generally credited to the works of Chorin [5] and Temam
[18]. They developed the well known projection method, which is a two step scheme where the
second step is a free divergence projection step. The main drawback of projection methods are
that the end-of-step velocity does not satisfy the exact boundary conditions and the discrete
pressure verifies “artificial” boundary conditions. The convergence of this projection method,
was proved in [19] for the time discrete scheme and in [6] for a fully discrete scheme associated
to a problem with periodic boundary conditions.

More recently, error estimates for projection methods have been obtained (see [16], [17] for
time discrete schemes and see [10] for a fully discrete scheme). Basically, for the so-called Chorin-
Temam projection scheme, one has time error estimates of order O(k/?) in 1?(H')NI*°(L?) and of
order O(k) in 1?(L?) for both velocities and order O(k'/2) in (?(L?) for the pressure, improving
to order O(k) in [2(H') N [*°(L?) for the intermediate velocity and order O(k) in I2(L?) for
the pressure, for a modified projection scheme (called incremental pressure or Van-Kan scheme)
where a pressure correction term is added in the projection step. Some variants of the projection
scheme and its numerical analysis can be seen in [15].

Another class of fractional-step methods, called viscosity splitting methods (where viscosity
is not fully decoupled from incompressibility), have also been studied. A fully discrete version
of the so called #-scheme (see [9]), was studied in [7] proving stability and convergence.

In this paper we provide new error estimates for a viscosity splitting fractional-step method,
which was introduced and studied in [1], [2], [3] and [4]. It is a two-step scheme splitting the non-

linearity and the incompressibility of the problem into different steps (but keeping viscosity term
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and boundary conditions in both steps). Basically, the corresponding time discrete scheme can
be described as follows. Given u™ an approximation of u(t,,), first one computes an intermediate

m+1/2 (as a first approximation of u(t,,,1)) by means of a convection-diffusion prob-

velocity u
lem, and afterwards (u™*! p™*!) (as approximation of (u(ty+1),p(tms1))) is obtained solving
a Stokes type problem. It allows to enforce, in both steps, the original boundary conditions
of the problem, which leads to the convergence to a weak solution of (P) in the H}(£2)-norm
(see [1], [2]). In fact, firstly a priori stability estimates for both velocities u™+/2 and u™+!
in [°°(L2) N [2(H') are obtained, and afterwards, a pass to the limit yields to the convergence,
where compactness results must be applied to “control” the limit of the convective terms.

On the other hand, error estimates of order O(k) in [?(H') N [°°(L?) for the end-of-step
velocity u”*! and order O(k'/?) in I2(L?) for the pressure p"*! have also been obtained in
[3]. Moreover, these estimates of the time scheme are used in [4] to obtain the following error
estimates for a fully discrete scheme (which solutions are denoted as uZHl/ % and ("t pty),
based on finite element approximations of order O(h) in H! for the velocity and O(h) in L? for
the pressure:

a(tm) = i i (z2yriz(any < C (k + h)

under the constraint h2 < C'k.

In [8], this viscosity-splitting in time scheme is studied jointly with Galerkin discontinuous
finite element in space (with Py x Py discrete spaces), obtaining order O(k + h) in (°°(L?) for
the velocity and order O(vk + h) in 12(L?) for the pressure.

On the other hand, numerical computations were done in [2], driving to order O(k) in L%*(Q)
for velocity and pressure. Consequently, there is a gap between the numerical analysis (that
gives O(vk)) and the numerical computations (that gives O(k)) respect to the approximation
in time for the pressure. In this paper we aim to fill this gap.

Basically, the objectives of this work are:

1. To improve the order of error estimate in pressure, from O(Vk) to O(k).

2. To improve the norm of error estimates in velocity and pressure, concretely from [°°(L?)

to 1°°(H') in velocity and from [?(L?) to [°°(L?) in pressure.

Due to these improvements, projection schemes with incremental pressure and the viscosity
splitting scheme studied in this work, are fully comparable. In this sense, in [2] there are
numerical computations comparing both schemes with respect to the time errors. Moreover,
the viscosity splitting scheme studied in this work has the same analytical results as Euler-type
schemes [20], improving their numerical treatment (since the main difficulties are split).

The extension of error estimates of this paper to the case of finite element approximation
in space have also been obtained and will be the theme of a forthcoming paper [12]. The main

results of this paper have been announced in [11].
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This paper is organized as follows:

In Section 1, we describe the scheme, introducing the problems verified by the errors and
the regularity hypotheses on the exact solution, which must be imposed throughout the paper.

In Section 2, some known results will be presented explaining the main ideas of the proofs (for
the reader’s convenience). Afterwards, we will obtain new O(k/?) error estimates for e™+! =
U(tyy1) —u™t and e™t/2 = u(t,, 1) — u™t1/2 in [°(H') N 12(H?) and for ep' = p(tm) —p™
in I2(H'). Previous error estimates will be used to obtain O(k'/2) in [°°(L?) N I2(H') for the

m+1 which are applied to get O(k) for the discrete in

discrete in time derivative of €™1/2 and e
time derivative of ™!, either in I2(L?) or in [°°(L?) N ?(H!), where a constraint for the first
step of the scheme must be imposed in the last case (in fact, these two estimates are obtained
independently). As a consequence, the improvement of the pressure error estimates to order
O(k) either in 1?(L?) or in [°°(L?) hold, respectively.

In this paper, the following discrete Gronwall’s lemma will be frequently used (for a proof,
see [14, p. 369)):

Lemma 1 Let k, B and am, , by, ¢, Ym be nonnegative numbers.

a) (Discrete Gronwall inequality) We assume

a1tk Y b <k Ymam+k Y cn+B  Vr>0.

m=0 m=0 m=0

Then, one has

a,«+1+k2bm§exp<k2’ym>{chm—i—B} Yr > 0.

m=0 m=0 m=0

b) (Generalised discrete Gronwall inequality) We assume

ar+k > b <kd Ymam+kY cn+B  Vr>0

m=0 m=0 m=0

such that k~yy, < 1 for all m. Then, setting oy, = (1 — ky) ™1, one has

aT+kme§exp<kZUm'ym>{chm—l-B} Vr > 0.

m=0 m=0 m=0
1 Time discrete scheme

1.1 Description of the scheme

Given a (uniform) partition of the time interval [0, 7] with diameter k = T/M, {t,, = mk}M_,,

and (f™)M_, an approximation of f(t,,), we will define (u™,p™)M_, an approximation of the
solution {u, p} of (P) in t = t,,, by means of a two-step scheme (introduced in [1, 3]) splitting
the nonlinearity (u-V)u and the incompressibility condition V-u = 0 into different steps (but

keeping viscosity terms and boundary conditions in both steps):
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Initialization: u® = ug (for simplicity, the exact initial condition is taken, although to change

it by an adequate approximation is also possible).
Time step m+1 :

Substep 1: Given u™, to find u™%/2 solution of

1 m+1/2 m m m+1/2 m+1/2 _ em+1
(5 E(u —u")+ (u" - V)u —vAu =f in Q,
um+1/2‘ag =0.

Substep 2: Given u”t1/2, to find u™*! and p™*! solution of

1 +1 +1/2 +1 +1/2 +1 :
—(u™ —u™ — VAU —u™ + V"t =0 inQ
(Sz)erl k( ) ( )

V- uerl =0 in Q, um+1|3Q =0.

)

In respect of the effective resolution of this scheme, in each time step, it will be necessary to
compute (S1)™*! as three linear convection-diffusion equations (the system is uncoupled by
components) and (S2)™! as a Stokes problem.

Adding (S7)™*! and (S9)™ !, we arrive at

1 m+1 m m m+1/2 m-+1 m+1 _ pm4+1
(S3)mtt %(u —u™) + (u™ - V)u —vAuUTT VT = £ n 0,
Vourtl =0 inQ, u"tyg=0.

Remark 2 (S93)™*! can be viewed as consistency relations, because the idea to prove the con-

m+1/2 m+1

vergence of the scheme (see [1]) is to demonstrate that u and u converge to the same

limit. Therefore, taking limits in (S3)™*!, a solution of the continuous problem (P) is found.

1.2 Differential problems verified by the errors

We will obtain error estimates (for velocity and pressure) with respect to a sufficiently regular
(unique in particular) solution (u,p) of (P). For simplicity and without loss of generality, we
fix the viscosity constant v = 1.

We introduce the following notations for the errors at ¢t = t,,,41:

em+l/2 um+l/2, m+1 m+1 emt1 m+1

e = u(tm+1) —u ; Y - p(tm—f—l) - P )

=u(tm+1) —

and for the discrete in time derivative of errors

m—+1 m m—+1/2 m—1/2
€ —e 5,emt1/2 — et/ —em-l/

k ’ k ’

Subtracting (S1)™ ! with (P) int = t,,, 1, using the integral form of remainder and manipulating

5tem+1 —

the convective terms, one has [1, 3] (for simplicity, we take £ = f(t,,41)):

1 m+1/2 m m+1/2 _ m—+1 m—+1
() %(e —e™) — Ae = —Vp(tms1) + €& + NL
e /2|50 =0,
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where
m+1 1 bt bmt1 m—+1 m—+1
gl — _E/t (t — t) wge(£) di — /t W V) utisr) == EMH 4 &
is the consistency error, and
NL™H = — (™ - V)u(tmi1) — (u™ - V)e" /2

are residual terms appearing in the differences of the quadratic terms. These terms can be also

rewritten as

NL™ ! = —(em . V) umt/2 (u(tm) - V)em+1/2

On the other hand, adding and subtracting the term u(t;,11) in (S2)™*!, we get

1 m-+1 m+1/2 m41 m+1/2 m+1 .
Byt %(e —e )—A(e —e )—Vp =0 inQ
(E2)

V-emtl =0 inQ, e™ |0 = 0.

Finally, adding (E1)™*"! and (E2)™*!, we arrive at:

)

semtl — Aemtl 4 yemtl — gmtl L NL™HL ip
(Eg)m™+! P

V- em“ =0 in Q, em+1‘ag =0.

1.3 Regularity hypotheses.

Let us introduce the following Hilbert spaces:

H = {vel?Q) : V-v=0inQ, v-ngq = 0},
V = {veH|Q) : V-v=0in Q},

where ngq the normal outwards vector to 9. In the sequel, we will assume the following

regularity hypothesis on Q:

(HO) Q) C IR? such that the Stokes problem in € has H? x H' regularity for velocity

and pressure respectively.

In order to obtain the different error estimates, the following regularity hypotheses for the

(unique) solution (u,p) of (P) will appear:
H1 ucL®MH*NV), pel>®H'), uel>®L*nL*H), tuycl?>HY)

H2 Vituy € L2(L?)

an

(H1)

(H2)

(H3)  uy € L*(V))
(H4)  p € L*(HY), w e Ll®H)NL*H?), uye l*(L?), tuy € L?(HY)
(H5)

H5 uy € L2(H2NV))
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(H6) uy € L2(V)
(H7) Uy € LOO(Hil)

Here and in the sequel, we denote H~!(£2) and V' the dual space of H}(£2) and V respectively.

Note that V' and (H2 N'V)" are not spaces of distributions, but uy and uyy are distributions in
(0,7) x Q.

Hypothesis (H1) can be proved assuming enough regularity on the data. Concretely, one
has (H1) assuming that ([20]):

w € HX(Q) NV, fecL®MH), fcl*V).

On the other hand, (H2) and (H3) are obtained in [13] and [16] provided v/tf; € L?(L?) and
f, € L2(V') respectively.

Unfortunately, in order to obtain hypotheses (H4)-(HT), it is necessary to assume that
u;(0) € H!, which implies a non local compatibility condition for the data uy and f. In partic-
ular, it is proved in [13] that this regularity statement can only be valid, if there exists py € H*

(the initial pressure) solution of the overdetermined Elliptic problem

Apy=V- (f(()) — (uo - V)ug) in Q,
Vp0|ag = (Allo + f(()) — (110 . V)uO)‘aQ.

Notice that (H4) implies (H5), differentiating twice respect to the time the momentum system.

The norm and inner product in L?(Q) will be denoted by |-| and (-, -), whereas the semi-norm
|Vv|, which is a norm in HE (), will be denoted by ||v||. Any other norm in a space X will be
denoted by || - || x

In the following, by C we will denote different constants, always independent of k.

2 Error estimates for the time scheme

2.1 0(k'/?) for both velocities in [~(L?) N I?(H})

Theorem 3 ([1]) Assuming hypothesis (H1), the following error estimates hold
€™ 2| oo (r2ymz ety + 1€™ oo 12y iz gy < C kY2 (1)
et 1/2 — ™ a2y + ||€™ T2 — ™[22y < C'k. (2)

Proof. The proof of Theorem 3 can be seen in [1]. The main idea of the proof is to consider
M-1
L Z {((El)m+1’em+1/2) + ((Ez)m+17em+1)} 7
m=0
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using that (Vp(tmi1), €™ TY2) = (Vp(tmer), €™ T/2 —e™) and (u™ - Ve H1/2 em+1/2) = (.

Notice that, (1) implies in particular the uniform estimates for the errors
€™ 2 oo g1ty + (€™ 100 (rr1y < €
and, since u € L>°(H'), the following (*°(H}) estimates for the scheme hold:

™ 2] u™ < €, Y,

(3)

Corollary 4 Under assumptions of Theorem 3 and (H2), the following error estimates hold

6™ |2 r2y + 1€™ oo ez a2y + len H lizeeny < CEY2, (16:€™ 2y < C.

(4)

Proof. The main idea is to consider ((E3)™*!,6,e™!) and to use the (H? x H') regularity of

(E3)™*!. Indeed, thanks to the (H? x H') regularity of the Stokes problem (E3)™+!:
e 3+ e+ s < € (e 12 4 |71 P 4 INL ),
On the other hand, multiplying (E3)™*! by 6;e™*!, we obtain
2 T (e — [l [+ [l — ) < € (|7 4 INLH),

Then, combining adequately the two previous inequalities, one arrives at

C
e 12 + ?1 (le™ 11 — lle™ I* + fle™ " — e™[I*) + lle™ Ira + ey II7

< 02 (|gm+1|2 + |NLm+1‘2).
We bound the terms on the right hand side as follows:
tm41 tm+1
emtp <o { [ Wil b ([ il ) ) B

m m

INL P < O([le™llle™ ez + [[atm) 3o )€™ 212 + Cllaltm1) [Rys ™1

< el + Clle™|? + Ol 22

Here, we have used estimates given in (3) and the inequality ||€™ ||} < C|l€™/|l€™||g-

Now, multiplying by k£ and adding (5) from m = 0 to r, we get

r r
Cille™™ I + Ci Y lle™ —e™P+k D> (16 + [le™ [3gz + llep ™ [I?)
m=0

m=0

< Chk+Ck +ekCy Y [le™f+Ck > (HemH/QHQ + HemH?).
m=0 m=0
Therefore, choosing ¢ small enough and applying (1), we obtain

T T
Crlle™ >+ C1 Y lle™ ! — ™[>+ & Y (16" 2 + e i + leg %) < Ck

m=0 m=0
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hence (4) is deduced. |

Notice that, (4) implies in particular,
€™ e a2y + llep ™ e ay < € (6)
and, since u € L>°(H?) and p € L°(H"), one also has
[u™ g2 + [p" | < €, Vm (7)
Corollary 5 Assuming hypotheses of Corollary 4, the following error estimates hold
e — 12 e 12y < C'k (8)
Hem-‘rl o em+1/2||loo(H1) < Ck‘l/Q, Hem-ﬁ-l . em+1/2||loo(H2) <C. (9)
Proof. Multiplying (F5)™*! by k (™! — e™*1/2) and integrating in €, we obtain

’em—l—l _ em+1/2|2 + k Hem—i—l _ em+1/2”2 _ k(vpm—i-l’em—&—l _ em+1/2)

< el — @M H22 L 02 vt
Therefore, using (7),
7L — @MFL22 | |l — 2|12 < O k2,
On the other hand, multiplying (E;)™t! by —k A(e™t! — e™+1/2) | we obtain
e+t — 22 4 kA — e < ok |A™H - @I 4 C kT2
hence, using again (7), we get

Hem—i—l _ em+1/2”2 + k ‘A(em—i—l _ em+1/2)|2 < Ck.

|
In particular, using (4), (6) and (9), one has
™ /2 ey < CRYZ, [l 2 e 2y < €, (10)
and, since u € L°°(H?), one concludes
™2 oo a2y < C. (11)

Remark 6 In [3], estimates for (u™', pmt1) in I2(H? x H') and for w2 in 1*>(H?) are
deduced, under the constraint k small enough. Now, these scheme estimates are improved from
12(0,T) to 1°°(0,T) and without constraints on k.
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Remark 7 Assuming hypotheses of Corollary 4 and p € LQ(HZQOC), the following error estimates
hold

Hem+1 _ em+1/2||l2(Hlloc) < Ck, Hem—H _ em+1/2||12(H1200) < Ckl/27

i.e. for any compact K C Q and ¢ a cut-off function (with ¢ =1 in K and support(¢r) CC
), one has

o (€"+ =™ V2| 2y < C(dr) ks lork (€7F — ™ V2| 22y < Clor) K2 (12)

Indeed, multiplying (E2)™ ' by —k ¢ Ao (€™ — emT1/2)) and integrating by parts (all

boundary terms vanish), one has
V(1™ — &) 4 HA(Gxe(e — o)
< S HA(r(e™ ! YR O(6xe) k([ P4 [V e g e )
k[ DV pltns1))) V(o™ =™ 1)k [ V(Toiepltinin)) Vo (e —emH12)
< cA(x (™! — &™) 4 Clor) k ([l — ™ V2R + et 2
e V(or(e™ = e V)P 4 Cox) K (s (i) o + [p(tne) )
If we choice € small enough, multiplying by k and adding in m, one arrives at

lox (™ — &™) gy + kll ok (€™ — &™) Ry a2

< Cr) k(le™ = &2 Ry + e g ) + C(6x) B2 (Iomp ey + Iplany)-
Therefore, we arrive at (12) using (4) and the regularity for the pressure p € L*(HY)NL*(H} ).
Note that, the estimates of (12) are local in space because a boundary term (which is not
possible to bound) appears in the exact pressure term. Since this boundary term vanishes provided
(Vp)loa = 0, in this particular case, these estimates hold until the boundary if we assume
p € L*(H?).
2.2 O(k) for e in l°°(L2) N l2(H(1))
Theorem 8 Under assumptions of Corollary 5 and (H3), the following error estimate hold:

€™ e @eyz@y < Ck, (13)

6™ 122y < CKY2.
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Proof. The proof of Theorem 8 can be seen in [3]. The main idea is to consider
M—1
kYo ((Bg)mtem™t)
m=0
using that the pressure term vanishes and bounding the nonlinear terms as follows

k(NLm+1, em+1) - _k (em . vum+1/2 + u(tm) . vem+1/2’ em+1)
-k (em . Vem+1’ um+1/2) +k (u(tm) . vem+17em+1/2 N em+1)
eklle™ P + Ck[[u™ 2| le™ P + Ck[[utm)[Foe [/ — ™2

< ckle™? + Ck(le™? + [em T2 — &™),

IN

For the last inequality, we use (H1) and scheme estimates (11). Therefore, the proof can be

concluded thanks to discrete Gronwall’s Lemma and (2).

From (8) and (13), one arrives at
€12 gy < (14)
Remark 9 Ouwing to (13) and Remark 7, if p € L*(H?), one arrives at

Hem+1/2||l2(H1 ) S C]C

loc

Moreover, arguing as in the proof of Corollary 4 and Remark 7, assuming that uy € LZ(L%OC),

it is easy to arrive at the following local in space error estimates

1 1 1
16:e™ 2wz y + €™ oo ez ) + llep iz ) < Ck.

2.3 O(k'/?) for 6,e™*! and &,e™+/2 in [=(L?) N I12(H})

(El)erl _ (El)m (E2)m+l _ (Ez)m

Making &, (Ey)™t! =
aking &;(FE7) ’ ’

obtain:

and & (o)™t =

respectively, we
1
(Dy)™t1 E(atem“/? — €M) — A§e™ TV = —V6ip(tiny1) + 6 E™T + 5, NL™H!

1
(Do) (G = 0y ™) — AGe™ T — 0™ ) + V(e — 0yp(tm 1)) = 0.
Finally, adding (D1)™*! and (D3)™*!, we get (Vm > 1):

1
(Dg)m+t %(&emﬂ —6e™) — Ase™t 4 V(Stez”l = §,EMT 4+ 5, NL !
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Theorem 10 We assume the hypotheses of Theorem 8 and (H4). Then the following error
estimates hold

16:€™ 2 oo 2y iz any) + 160 e (Loyriz ey < C K2,

16:€™ /2 — 5,e™ 122y + ||6€™ T2 — 6, ™| 2r2y < C' k.
Proof. We divided the proof into two parts:

1. Initial error estimate : |5e'| < C'kY/? and ||5e!| < C.
Multiplying (E3)! by ke! (recall that e’ = 0),

le!|? + k|let|? k(&Y el) + k (NLY, el)

< ele' P+ CR uel oy g me) + C K la(tn) e uel g 000
+ ekle!|?+ Ck[lu’[{xle?
< ele'P+CE +ek|et|?+ Cklet/??

Hence, using that |e!/2|> < C'k? (thanks to (14)), we conclude |5;e!|? + k ||6:e!||? < C'k.

2. Generic estimates for 6™ ! and 6;™+t1/2 (¥m > 1).

Multiplying (D1)™*! by 2k 6,e™t1/2,

|5tem+1/2‘2 . ‘5tem‘2 + |5tem+1/2 . 5tem‘2 +2 kH(Stem+1/2H2

15
=2 k:(—VcStp(th) + 5t6m+1 + 5tNLm+1, 5tem+1/2) = IO + Il —+ 12. ( )

We bound the RHS as follows (using d;(a, bs) = a, 6;bs + dra, bs—1):

tm
o = —2k(V8p(tmer), 6™ /2 — 5,6™) < &[5, V2 — 5,62 4 C'k / el
tm

tm tm
L = 2k(5t6{”“+(/ ) Vo) + 0 / +1ut)-Vu(tm),5tem+1/2>
tm tm

e k|5 22 + C k|16 £ |-
tm+1
5t(/t ut)

1 tTVLJrl 4
+ C-— H/ ut
kAt L
m+1/22 bmt1 2
Rl 4+ Ok [ Ve s
tm—1
t'm+1 9 2 t7ﬂ+1 2
+ Ck (/ ||utHL4) +C/~c/ [Vtuy|
tm tm—1
Here, we have applied the following estimates (obtained in [17]):

tm+1
(515(/ ut)
tm
Moreover, we have written

k(/t:nﬂ m) VS utmer) = (/t:nﬂ Ut) v (/:ﬂ ut> ,
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+Chfultn) [
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tm41 2 tm+1
16: E7 [ F- < C/t [Vtugllf-+ and < C/t [Vtuy|*
m—1 m—1




hence integrating by parts,

2

tm+1 tm+1
2k ((/ ) u;) - Vo utmi), 5tem+1/2> <C H/ wl [loe™?
tm tm L4

1 tm+1 4
§Ek|]5tem+1/2||2+C'% H/ ut
tm

L4
Finally, we have bounded as follows
4

tmt1 tmt1 4 ) tma1 )
L7 el (7 e ) < (7 )
tm L4 tm tm

Now, we decompose [z (using d¢(a, bs) = dta, bs + ar—1 6:bs) as follows:

2

I, = —2k(0,™-Vu(tm+1), 6tem+1/2) —2k(6u™ - VemH/Q, 5tem+1/2)
4
- 2 k(em_1 -Voru(tms1), 5tem+1/2) -2k (um_1 . them+1/2, 5tem+1/2) = Z J;
i=1

Bounding each J; term:
J1 < 8kH6tem+l/2H2 + Ck|u(tmi) |3 |6:€™]* < EkH(StemH/QHZ + Ck|oe™?
Jy =2 k(0™ - Ve t1/2 5tem+1/2) — 2k(6pu(ty,) - Ve t1/2) (5tem+1/2) = Jo1 + J22

Jo1 < k|6, T2|2 4+ Ok ||e™ 2| s [6:€™ | < e k||,™ 2|2 + O k |5,

2
1 tm tm
Joy < e k|| G 4 C e T2 (/t IIUt\La*) SﬁkH(Stem“/QHerCk/t e 1Z
m—1 m—1

1/2)2 1 e ([ 2 +1/22 bmt1 2
Ty < ebllaem 22 .0 e P ([ s ) < ekl AR+ Ok [ s
tm tm

(in order to obtain the last three estimates, we have applied error estimates for e™+1/2 in [°°(H?)

and O(k'/?) for e™+1/2 and €™t in 1°°(H') respectively),
Jy=0.
Applying previous bounds in (15) and choosing e small enough,

1
e e L e e R L

bt 2 m|2 bt 2 2
<Ok [+ om0k [ (Il + Vi) ()
m m—1

tm41 2 tm+1
+C’k(/t HutHi4) +Ck/t w35
m—1

m

On the other hand, multiplying (D2)™*! by 26; €™,

‘5tem+1‘2 _ ‘5tem+1/2’2 + ‘5tem+1 _ 5tem+1/2’2

+k{|]5tem+1|]2 _ ”5tem+1/2”2 + ||5tem+1 _ 5tem+1/2H2} =0
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Making >>7. _{(16) + (17)} (with any r < M), and taking into account that

kzl(/t uutnm) <k Z/ ) < ks g < Ck

(using the Jensen’s inequality S0 _; a2, < (320 4 am)? for ay, = fttm+1 |ug||2,), the Discrete

Gronwall’s Lemma can be applied, concluding
T
1
|6ter+1|2 + Z {’fsteerl — 6 em+1/2‘2 + §|5t em+1/2 — 65 em|2}
m=1

+ k Z{‘|5tem+1‘|2+‘|6tem+l_5tem+1/2”2} < |5te1\2+C’kz < Ck,

m=1

hence the estimates of this theorem can be deduced. []

Remark 11 In a similar way to the proof of Corollary 4, now combining ((Dg)m“, 5t5tem+1>
and the regularity H? x H' of the Stokes problem (D3)™*!, we can obtain

18:0ee™ [l 2y + 106 1 (b iz ez + 19eep ey < C ko C(HuttH%Q(LQ) + Hut”2L2(H1))
(18)
where 6,0,emtt = %((%em“ — 6,e™). Also, order O(k'/?) is obtained if Vtuy € L*(L?) and
Vituy € L2(HY).
Taking into account (18) and arguing as in the proof of Corollary 5, that is making

((Dg)m+1, —k A(étemH _ 5tem+1/2)>’

we can obtain

16:€™ /2| oo (et )iz 112y < C. (19)

(and order O(kY/?) imposing higher regularity hypotheses on the exact solution u.)
Finally, from (18) and (19), and using that u; € L>°(H') N L2(H?), we get

166 oo ey iz az2) + 10002 e iz a2y < C-

2.4 0(k) for &€ in [>(L?) and ¢)'t! in [*(L?)

Let us denote by A~! the inverse of the Stokes operator. Indeed, given u € H™!, we define
v = A7lu € V as the weak solution of the following Stokes problem (with an associated

pressure )

—Av+Vr=u inQ, V-v=0inQ, v=0 on 9.

The variational formulation of this problem in a “reduced” form (eliminating the pressure) is:
To find v € V such that (Vv,Vz)=(u,z) Vze V. (20)
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In particular, |ullvs = ||v]| = [|[A71 u]|. In the sequel, we will use the following equalities:

(Vu,V(A™tu)) = |[u? VueV, (21)
(u, A""u) A" (= [lul})  VueL® (22)

which are obtained taking as test functions in (20) z = u and z = A~'u respectively. Moreover,

using H2-regularity of the Stokes problem, one has
A" a2 < Cul Vue L2
Theorem 12 Under assumptions of Theorems 10 and (H5), the following error estimate holds
16:€™ 100 (vynizzy < C'k
provided k is small enough.

Proof. Again, we divide the proof into two steps:
1. Initial estimate : ||6;e' |y < C'k and |6;e!| < C' kY2,
Multiplying (E3)! by k A~le! € V, and using (21)-(22),
le! I3 + kle'|* < CK ||€" + NL |3
Since |e!/?| < C'k then |[NL'|y» < C'k. On the other hand, ||E'|v+ < C k. Therefore,

6.3 + k|6 |2 < C k2

2. Generic estimate of 5™l (Vm > 1).
Multiplying (D3)™*! by 2k A~ §,e™+! (for each m > 1):

1™ 5, — ll6ie™ I3 + lldee™ — Gre™|I3,) + 2k g™ |2

=2k (5;£™F, A7 et + 2k (NL™ L AL et =1 + I

Now, the pressure term vanishes and we bound the RHS as follows:

tTn
I - 2/<:<5t5{”+1+(/ "

m

bmt1 1 1
W) - Vorultmsr) + 0 / W) - V), A1 sem )
tm

< ek|o ™2 4+ C k|6, 51m+1||?H20V)’

1 tm+l 4 2 tm+l ?
+ C= / w + Cklu(tm) |1~ 5t(/ uy)

k o L12/5 tm L.6/5
<

tm+41
e k|6, ™2 + O k2 /t ||llttt||?Hsz)'
m—1

tm+1 tm+1
+ C]fZ/t ||ut|‘i12/5+0k2/ ||utt||i6/5

m—1
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Iy = —2k(6e™ Vu(tmse1), A1 6™ —2k(6u™ - Ve /2 A715,em )
4
- 2 k(emfl . V(St U(tm+1) s Ail 5tem+1) — 2k (umfl . V(Steerl/Q’ A*l 5tem+1) — Z Jz
=1

Bounding each J; term:
Jy < ekl|oe™|? + CkHétemHH%,/ [u(tms1) [is < ek |6:e™|* + CkH(Stem“H%//

Jy = Qk(étem - Vemtl/2 g1 5tem+1) —9 k(ét U(ty) - Ve /2 4-1 5tem+1) = Jo1 + Jao

Jo1 < k|6, e™? 4+ Ck ||5tem+1||i,,|yem+1/2||%w < ck|6e™? + Ck||6e™ 3,

2
1 tm t'm
J22 < 5k:|5tem+1|2 + C % ’em+1/2|2 </ ”ut||L3> < 6k|5tem+l|2 + Ck‘Q/ Hut||%3
tm—1 tm—1

(in Jo; we use the estimate |[€”1/2||pe < C given in (10) and in Joy the O(k) of €™t1/2 in
1°°(L?) given in (14) is applied)

1 tm+1 2 tm
Ja < ekl P4 € e P ([ s ) < ekl P 4 C R
t t

m m

+1
2
[ [gs
Now, the term Jy is not zero, but we can bound it as follows

Ji < Chu™ uel [16€™ |y |6/

Cle[u™ B 1607 |3 + e & { |82 4 |02 — grem 2}

IN

Adding from m =1 to r (with any r» < M), taking into account estimates obtained in Theorem

8 and regularity hypotheses for the continuous solution, we get

r r
”5ter+1‘|%;/ + Z ||5tem+1 o 5tem||3/—/ +k Z |5tem+1|2

m=1 m=1

<163+ Ck > 6™ 2, + Ck > [de™ T — 5™ A2 4 Ok
m=1 m=1

Thanks to Theorem 10, one has k3" _, |6;e™*! — §;,™1/2|2 < C' k2. Therefore, applying the

generalized discrete Gronwall’s Lemma, the desired estimates hold, for any k small enough. =

Corollary 13 Assuming hypotheses of Theorem 12, the following error estimate holds
leg ™ 2y < Ck.
Proof. From (E3)™*!, (em™t!, e;”‘H) verifies the following Stokes problem in €,
—Ae™t 4 Vez@H =Fmtl v.emt =, efggl =0,

where
Fm+1 — _5tem+1 + 5m+1 _ (em . V)u(tm+1) _ (um . V)emH/Q.
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In order to bound eg”*l in L2, we consider the H'! x L? regularity of the previous Stokes problem.
Then, we have to bound F™! in the H™!-norm. Indeed, for all v € H!(Q):

(0™, v) < S g V] < Clae™ ! |v]
€™ v) < ORIl ) + 10z, b [0 e} V]
(" Vu(tmi1),v) < [[ultmir)ll[e”|[v] < Cle™|||v]

( u” - ve™tl/?, v)

IN

Cl[u™ [l [e™ 2] [[v]| < C e /2] v
Accordingly, it is easy to deduce
IF™ 2 g1y < Ck,

hence we can conclude the proof. [ |

Remark 14 When only H3/2(Q) regularity of Stokes problem is assumed instead of (HO) (for
instance, this is the case of a general polygon or polyhedron domain without any additional
conditions about its angles), we can repeat estimates of this Subsection, but changing H™! by
(Wh2te) ie. bounding the test functions in ||V||w12+e, obtaining that ||€)' ] 2(f2-2) < Ck.
Consequently, the same error estimate as in Corollary 13, Hem—H”l2 y < Ck, can be obtained
assuming H3/*t¢ regularity of Stokes problems, for e small enough (cwozdmg additional con-
ditions about the angles of the domain). For this, it is fundamental to use the embedding

H3/2te s W3 N L, which is the appropriate space in order to bound the nonlinear terms.

2.5 0(k) for &, in [*(L*) NI*(H') and for (e™*! e7"*!) in [*(H' x L?)

In this section, we will prove again order O(k) for discrete in time derivative of end of step
velocity, but in higher norms than Theorem 12 (concretely, changing the 2 (L?)-norm by [*°(L?)N
I2(H')). This improvement will require an additional hypothesis for the first step of the scheme.

Theorem 15 We assume the hypotheses of Theorem 10 and (H6). Assuming the following
approximation hypothesis for the first step of the scheme

6e'| < CE,
the following error estimates hold
”5tem+1Hloo(L2)mlz(H1) < Ck.

Remark 16 Comparing Theorems 12 and 15, in this last result k small enough is not necessary
although the initial estimate |5e'| < C'k or equivalently |e'| < C k* must be imposed. It is not

clear that this hypothesis be true in general, because e' satisfies
(I —kA)e! + kVe}) — k(€' —u’-Ve?), V.el=0, ellpgg=0,
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and the RHS is only of order O(k) in the L*(Q)-norm due to the term u® - Vel/2. In fact,
assuming that uy € 1°(L?) and u; € [°(L3) then &' has optimal order O(k) in the L?(f2)-
norm.

Consequently, if u(0) = 0 then the constraint |e'| < C'k? imposed in Theorem 15 holds.

Remark 17 In the particular case when the solution satisfies Vp(0)lgn = 0, there is other
manner to avoid the hypothesis |6;e'| < C'k, defining an “artificial” backward step giving sense
to 0, (see the proof of this assertion in Appendiz). Moreover, this special solution must satisfy

the following additional reqularity hypotheses: uy € L (L?) and v/tuy € L*(L?).

Proof. [of Theorem 15]. Since initial estimate has been assumed, it is suffices to prove the
generic estimate for §;e™*! (for each m > 1). Multiplying (D3)™*! by 2k §e™ !, pressure

terms vanish, obtaining:

’5t6m+1‘2 — ‘5tem‘2 + |5tem+1 — 5tem|2 + 2 :ICH(Stem-i_l’P

23
= 2k(5; £, 5,€m ) + 2k (§;NL™TL, g™ ) =1, + 1, (23)

We bound the RHS as follows:

tm+1

m+1 bt m+1
Il = 2k (5,581 + (/ ut) . V(Stu(tm_H) + 5t(/ ut) . Vu(tm), 5te )

m tm

< cklae™ Y2 + C k|62,
1 tm+1 4 2 tm+1 2
b o ([T )+ Ot e 5[ )

tm+1
< 5k||5tem+1||2+0k2/ S

tm—1

tm41 tm+1
+ CkQ/ Hut\|§4+0k2/ [ |2
tm tm—1

I, = -2k ((5tem . Vu(tm+1), (5tem+1) -2 k‘(dtum . vem+1/2’ 5tem+1>
4
— 2k(em*1 . V(;t U(tm+1) s (Steerl) —2k (umil . V(Stem+1/27 (Steerl) — Z JZ
i=1

Bounding each J; term:
Ji < e k|| + Ck u(tims) |32 0™

o =2k(0ie™ - Ve 2 5,6 ) — 2k (8 ut) - Ve 2, 664 ) = o1 + Jan
Jor < e k|62 4+ Ck €™ V2|3 6™ ? < e k|6 e™ 2 + C K |6,e™)?

tm
Tz < e k|6 P + C k|6 ult) [f~ |72 < e kg™ + C K /t (BT
m—1
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(here the O(k)-estimate of €”+1/2 in [°°(L?) given in (14) has been used)
+1)2 1 —uy2 ([ ? +1)2 —1y2 2
Ta < ek P+ 0 pllem P ([ il ) < e kg R + € e

(here it will be necessary u; € L>°(L3) and the O(k)-estimate of €™~ ! in [2(H!)).
Now, again the term J4 is not zero, but we can bound it of the following way
Ji < Ck|u™ e [|6:€™ Y| 6,672 — 5em T

< ¢k ||5tem+1||2 +Ck |5tem+1/2 - 5tem+1‘2
Adding from m = 1 to r (with any » < M), taking into account estimates obtained in
Theorem 8 and regularity hypotheses for the solution u, we get

r r
|5ter+1|2 + Z |5tem+1 75tem‘2+ k Z ||5tem+1||2

m=1 m=1
T T
< CkY |6e™™ — 5™ 1 Ck Y [6e™)? + C K
m=1 m=1
Thanks to Theorem 10 and applying the discrete Gronwall’s Lemma, the proof can be concluded.

Corollary 18 Assuming hypotheses of Theorem 15 and (HT7), the following error estimates
hold
lep ™ lioo(r2y < Ck  and  [|€™ ooy < Ck.

Proof. In order to bound (e™'!, ezﬁl) in H! x L?, we consider again the weak regularity of
the Stokes problem in €:

—Ae™ 4 VeZ”l =F"tl v.emtl =, em+1|5g =0,

where
Fm+1 — _6tem+1 + ngrl _ (em . V)U(tm_H) - (um . v)em+1/2‘

Then, we have to bound F*! in the H~!-norm. Indeed, for all v € H!(Q):

(G v) < (|6 g V]| < C 6™ ||v]

(€™ v) < Ok { ey + [l o) [l @) } VI < CRlv]
(€™ Vu(tmi1),v) < Cllultme)lr= ™ [v]| < Cle™|v]]
(um Vet v) < Clu g [ [lv] < Clem 2 v

Accordingly, applying O(k) in [°(L?) of €™*1/2, €™ and 6;e™*!, one has
B joo (a-1y < C'k

and the proof is concluded. [ |
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Remark 19 Arguing as in Corollary 18, but bounding F™*! in 1°°(L2) instead of in 1°°(H™1),

we can obtain order O(k'/?) for (€™, er) in I°°(H? x H').

Appendix

Proof. (of Remark 17)
We consider the following backward step of the semidiscrete scheme:

Given € = 0 and p® = p(0), to find e~ /2 such that

el _ e—1/2

(E2)" k
e_l/Zyag =0,

A —e V2 —vp’ =0,

that is, e /2 is defines as the solution of the elliptic problem:

e V2 _kAe 2=k V p(0), 9_1/2‘69 =0.

1/2

In particular, multiplying by e™"/<, one has

e 2P+ k fle”2? < C R [p(0)|* < Ok,
On the other hand, multiplying by —Ae~!/? and imposing Vp(0) € H} (), one has

le 22 + K e~ 2 |3 < C K2 |[Vp(0) 2 < C K. (24)

1/2

On the other hand, given e~!/2, we define e~! such that

e—1/2 _ g1

(Ey)° ’

—Ae V21V p(0) = &%+ NL,
(that is, e ! = —k (£° + NL?)) where

£° = w(to) — dpufto)
(here u(t_1) will be chosen later, see (30)) and, since u® = u(0),

NL® = u(to) - Vu(ty) —u’ - Vu 2 = u(ty) - ve /2

Notice that u=! can be defined by u(t_;)—e~!. Moreover, in general V-e~! # 0 and e !|yq # 0.
From (24)
INLY| < [[u(to) [ lle™ /[ < Ck, (25)
Finally, adding (E»)? and (FE1)°, we arrive at:

0 1
(E3)° € ¢ _Ae®=¢0 4+ NL
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Then, since €” = 0, one has

;€ = 0+ NL° = w,(to) — dulto) +ulty) - Ve V2. (26)
BN — (By)° Eo)! — (By)°
On the other hand, making §;(F;)! = (l)k(l) and 6;(Ep)! = W, we obtain
respectively
1/2 _ 5,00
(Dl)l M - A 5te1/2 +V 5tp(t1) = (5,551 + §tNL1
1_5al/2
(_DQ)I % - A((Stel - 5te1/2) -V (575])1 =0.
Finally, adding (D1)! and (Ds)!, we get:
1_ 540
(D3)! w — Age' + Vel = 6, + 6, NL?
Since
E' = w(t)) — Spu(ty) — kspu(ty) - Vu(ty)
then . 0
& =& w(ty) —u (t dru(t1) — dpu(t
st = &8 2wz mllo) _onlf) i) s ) (@
On the other hand,
1 _NT0
§NL! = w = —ul. v(stel/?_

Now, in order to chose d;u(tp), we expand the functions u; and u by convenient Taylor’s

developments around of ;5 = to + :

2
k t1
u (t1) = ue (try2) + e (t1/2) + i (t1 — t)ugy dt
1/2
k to
Uy (to) = U¢ (t1/2) — 5 Uy (t1/2> + . (to — t)uttt dt (28)
1/2
Then
u (t1) — g (¢ 1 t1 t1/2
¢ (t1) . t (to) _ wy (ty/2) + - </ (t1 — t)ugy dt + (to — t)ugy dt) (29)
ty/2 to
In a similar way,
k 1, 1t )
u(ty) =u(tiye) + 5w (tiye) + 5k uu(typ) + 5 (t1 — t) uyy dt
2 8 th/2
k 1, 1 o )
u(to) =u(tye) — 5w (tiye) + gk uu(tin) + 5 (to — 1) uyy dt
2 8 2 t1/2
Then
u(ty) —ul(t 1 i1 t1/2
5t11(t1) = (l)k(o) = w (tl/g) + ﬁ (/ (tl — t)2uttt dt + / (to — t)Qumg dt)
t1/2 to
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We choose u(t_1) such that
(StU(to) = ut(tl/g) —k utt(tl/g) + k 5tU(t1) . VU(tl) (30)

(i.e. u(t_1) =u(te) — ku (t1/2) + k* ug(ty2) — k* dpu(ty) - Vu(t) ) With this choice,

opu(ty) — opu(t 1 t tiy2
tu () — o (to) _ it (t12) —ru(ts)-Vu(t)+55 / (t1 — t)*uy dt + (to — ) up dt
k 2k \ iy to
(31)
Therefore, from (27), (29) and (31)
1 1 i1 ti/2
e = — / (t1 — t)ugy dt—/ (to — t)uwe dt
k ti/2 to
1 /t1 9 t1/2 9 )
— t1 — t)%u dt—/ to — t)2ugy dt | .
5 12 ( t1/2< ) Ut a ( ) a
Therefore, for any norm || - ||, one has
1 h 2\
et < o ([ 1veul?) (52)
0
On the other hand, from (28) and (30)
0 k o
&Y= ut(t()) - (Stu(t[)) = §utt(t1/2) —k (5tU(t1) -V u(tl) + . (t[) - t)uttt dt.
1/2

In particular,

1/2
k k to
[€°] < Slune(tyye)| + K [ue () s lu(t) | 2+</ [Vtu |2dt> -
o IWet(t1/2 t L H NG - ttt

Therefore, imposing that u; € L>(L?) and vtuy; € L?(L?), and recalling that u; € L>®(L3),

one has
£ < Ck. (33)

Finally, using (25), (26) and (33), one has |5;:e°] < C'k.
Now, multiplying (D;)* by 6;e!/2,

6,622 — |6:€"? + |5pe!/? — 5,€" 2 + k || e /2|
= k(V &p(t1), 6e'/?) + k (5, 6,61%) — k (u° - V6,12, 5,e1/?)
t1
< ckllge! 2+ Ch [ lipd + Ok 15E" s
to

t1 t1
<ckloe 22+ Ck [+ Ck( [ IVEumlos at)
0 0

Here, we have used that (u’ - Vée'/2, 6;e'/2) = 0 and (32). Then, since d;€° is of order O(k),
one has |5,e/?|? < Ck.
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We

Finally, multiplying (D3)* by d&:e!,
6,612 — 16,€°|% + [0t — 6,:€°? + k||6. | = K (6,EL, 6,e) + K (5,NLL, §,e') = J; + J;
bound as follows
Ji <e|oe? 4+ Ck6,E < e|oet]? + CK? (/ttl |\/Zuttt\2>
0

Jy = k(u® -V éet,5,eY2) < e k|6 |? + C k|6,

Therefore, since |5;e°| and |5;e!/2|? are of order O(k), we get |5;e!|> < C k2. ]
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Spatial error estimates for a finite element viscosity-splitting

scheme for the Navier-Stokes equations®

F. Guillén-Gonzélez! M.V. Redondo-Neblet

Abstract

In this paper, we obtain error estimates in space for a fully discrete first order time
fractional-step scheme (using decomposition of the viscosity in time and finite elements in
space), applied to the Navier-Stokes equations.

In [10], optimal first order error estimates (for velocity and pressure) for the corresponding
time discrete scheme was obtained. Now, we use this time discrete scheme as an auxiliary
problem to study the fully discrete finite element scheme, obtaining first order for the velocity
and pressure in the norms of H*(Q2) and L?(Q) respectively, and order two for the velocity
in the L?(Q) norm.

AMS subjects classification. 35Q30, 656N15, 656N30, 76D05.
Keywords: Navier-Stokes Equations, splitting in time schemes, error estimates, finite ele-

ments.

Introduction

We consider the Navier-Stokes system, modelling viscous and incompressible fluids filling a

bounded domain Q C IR? in a time interval (0,7T):
w + (u-V)u —vAu+Vp = f inQx(0,7),
Vou = 0 inQx(0,7T),
u = 0 ondx(0,7),

U|t:0 = O in €.
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tDepartamento de Mateméaticas. Universidad de Cadiz. C.A.S.E.M. Poligono Rio San Pedro S/N, 11510

Puerto Real. Cddiz (Spain), email: victoria.redondo@uca.es, phone: ++ 34 5 6016085.
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where u : (x,t) € 2x(0,T) — IR? the velocity field and p : (x,t) € 2x (0,T) — IR? the pressure
are the unknowns, and data are v > 0 the viscosity coefficient (which is assumed constant for
simplicity) and f(x,t) € Q x (0,7) — IR? the external forces. We denote by V the gradient
operator and A the Laplace operator.

Considering a (regular) partition of [0,7] of diameter k = T/M: to = 0,t1 = k,... ty =
mk,...,tyy = T, for a given vector u = (u™))! with v™ € X (a Banach space), let us to

introduce the following notation for discrete in time norms:

M 1/2
lullzx) = (’f > !\um!@() and  [|ullj(x) = maxm=o,.. v x
m=0

For simplicity, we will denote H' = H'(Q) etc., L2(H') = L?(0,T; H') etc., and H! = H'(Q)3
etc.

The numerical analysis for the Navier-Stokes problem (P) has received much attention in the
last decades and many numerical schemes are now available. The main (numerical) difficulties
in this problem are the coupling between the pressure and the incompressibility condition and
the nonlinearity of the convective terms.

Fractional step methods are becoming widely used in this context, allowing us to separate
the effects of different operators appearing in the problem. For instance, the projection schemes
decompose the convection-diffusion operators to the incompresibility ([8], [13], [14], [12]).

Another fractional step method, called viscosity splitting methods (when viscosity is not
fully decoupled from incompressibility), was introduced and studied in [1], [2], [3] and [4]. It
is a two-step scheme splitting the nonlinearity and the incompressibility of the problem into
different steps (but keeping viscosity term and boundary conditions in both steps). Given
u}’ an approximation of u(ty,), first one computes an intermediate velocity uZnH/ 2 (as a first
approximation of u(t,,+1)) by means of a discrete convection-diffusion problem, and afterwards
(wtt pitt) (as approximation of (W(tm+1),p(tm+1))) is obtained solving a discrete Stokes
type problem. In [1], [2], Blasco, Codina and Huerta prove the convergence of this semidiscrete
in time scheme. On the other hand, also for the semidiscrete in time case, error estimates of
order O(k) in I2(H') N1°°(L?) for the end-of-step velocity u™*! and order O(k/?) in (?(L?) for
the pressure p™*! are obtained in [3]. Moreover, in [4] these estimates are used to obtain the

following error estimates for a fully discrete scheme, based on finite element approximations in

space of order O(h) in H' x L? for the velocity and pressure:
[utm) — up'lliee (2yriz(ary < C (k +h)

under the constraint h2 < C'k.
It is important to remark that error estimates for the fully discrete pressure are not described

in [4], although the estimate ||p™ — p}*{|;2(z2) < C'h/ vk can be obtained with similar arguments.
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On the other hand, in [2] numerical computations drive to order O(k) in L?(Q) for velocity
and pressure.
In [10], we have improved the previous error estimates for the semidiscrete in time scheme

obtaining the following sharp error estimates for the pressure:
[p(tm) — p™ iz(z2y < Ck.

Moreover, imposing ||(u(t;) — u!) — (u(0) — u%)||z2 < Ck? one can improve the norm in the

error estimates as follows,
[utm) —u"[[iee g1y + [[P(tm) — ™ 1o (r2) < C'k.

Now, in this paper, we use this semidiscrete in time scheme as an auxiliary problem, in order
to obtain error estimates for the fully discrete finite element scheme.

On the other hand, in [7], this viscosity-splitting in time scheme is studied jointly with several
Galerkin discontinuous finite element methods in space. From the analytical point of view, with
Py x Py discrete spaces, order O(k+ h) in 1°°(L?) for the velocity and order O(v'k+ h) in I2(L?)
for the pressure are obtained. On the other hand, by means of numerical computations, the
following approximations in space are observed: order O(h) in a discrete H'-norm and O(h?)
in L? for the velocity and order O(h) in L? for the pressure using Py x Py approximation (also,
O(h?) in a discrete H-norm and O(h?) in L? for the velocity and order O(h?) in L? for the
pressure using P, x P; discrete spaces). Consequently, there is a gap between the numerical
computatios (that gives O(h?)) and the numerical analysis (that proves O(h)) respect to the
approximation in space for the velocity in the L?-norm. In this paper, we pretend to fill this
gap.

Basically, the objectives of this work are:

1. To extend the order in the error estimates, in velocity and pressure, from the semidiscrete

in time scheme to a fully discrete scheme, concretely from O(k) to O(k + h).

2. To improve the order in the error estimate for velocity in norm L?(L2?), from O(k + h)
(obtained in [4]) to O(k + h?).
More concretely, under the same constraint h? < C'k imposed in [4], we will obtain the
following sharp error estimates (for k& small enough):
Ip(tm) = Ph'liz(r2) < C (K + h),
[ultn) — iy < C (b + h2).

0

Moreover, imposing |(u! —u}) — (u®—u))| < C'kh (but not k small), one can improve the norm

in the error estimates as follows,
a(tm) — w1y + [[P(tm) = PF' i (22) < C (k + h).
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Notice that, regarding the O(k+h) and O(k+h?) error estimates and the constraint A2 < C'k,
an appropriate choice of the pair (k,h) is between k = O(h) and k = O(h?) (being both cases
valid).

Due to these improvements, projection scheme with pressure correction and viscosity splitting
scheme, are fully comparable. Moreover, this scheme has the same analytical results than Euler’s
type schemes [15], improving their numerical treatment (since the main difficulties are split).

The main results of this paper have been announced in [9].

The paper is organized as follows:

In Section 1, we present the semi-discrete in time scheme, which, as we have said, it will
be considered as an auxiliary scheme and the corresponding error estimates obtained in [10],
explaining (for reader’s convenience) the main ideas of the proofs. Basically, in [10], firstly
O(k'/?) error estimates for €™+ = u(t,,; 1) —u”*! and € /2 = u(t,,, 1) —u™ /2 in 1°(H)N
12(H?) and for ep' = p(tm) —p™ in I2(H') were obtained. These error estimates had been used
to obtain O(k'/2) in [*°(L2) N 12(H') for the discrete in time derivative of €”*+1/2 and of e™*1,
which were applied to get O(k) for the discrete in time derivative of €™ "1, either in [2(L?) or in
1°°(L2) N I2(H'), imposing either k& small enough or a constraint on the first step of the scheme
respectively (in fact, these two estimates were obtained independently). Finally, O(k) in [?(L?)
and in [*°(L?) for the pressure hold.

In Section 2, we study the fully discrete scheme. We present the finite elements spaces and
their approximation properties. We describe the scheme and the problems verified by the discrete
errors (comparing semidiscrete scheme and fully discrete scheme). Firstly, we will obtain O(h)
error estimates for e'*! = ! — u"™! and ezlnH/Q = u"tl/2 uZHl/Q in [*°(L?) N I2(HY),
which imply estimates in W9(Q) for the discrete velocities whether h%/k < C. Afterwards,
O(h) for the discrete in time derivative of €' in 1?(L?) and in [°(L?) N [?(H') are obtained
independently, where again k small enough is necessary in the first case or a constraint on the
first step of the scheme in the last case. Moreover, O(k + h?) error estimates for €1 in 12(L?)
is deduced. Finally, the pressure error estimates of order O(h) in [*(L?) and in [°°(L?) are
obtained.

In this paper, the following discrete Gronwall’s lemma will be frequently used (for a proof,
see [11, p. 369)):

Lemma 1 Let k, B and an, , by, ¢ s Ym be nonnegative numbers.

a) (Discrete Gronwall inequality) We assume

T T T
aT+1+k‘me§k‘Z'ymam—l—/£Zcm+B Vr > 0.
m=0 m=0

m=0

Then, one has

ar+1+k2bm§exp<k2fym>{chm+B} Vr > 0.

m=0 m=0 m=0
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b) (Generalized discrete Gronwall inequality) We assume

ar+k D b <kd Ymam+kY cn+B  Vr>0

m=0 m=0 m=0

such that k~y,, < 1 for all m. Then, setting o, = (1 — kym) ™1, one has

ar—i—kmeSexp(kZam’ym){chm+B} Vr > 0.

m=0 m=0 m=0
1 Semi-discrete in time scheme

1.1 Description of the scheme

Given a (uniform) partition of the time interval [0, 7] with diameter k = T/M, {t,, = mk}M_,,
and (f™)M_, an approximation of f(t,,) we have to define (u™,p™)M_, an approximation of the

solution {u,p} of (P) at the time ¢t = t,,.

Initialization: u® = ug
Time step m +1 :

Substep 1: Given u™, to find u™*'/2 solution of

1

—(umH/2 —u™ 4 (u"- V)um‘*'l/2 —yAQ"H2 = gt Q)
(Sl)m+1 k

um+1/2|39 =0.

Substep 2: Give u™ Y2, to find u”t! and p™*! solution of

l(um—i—l _ um+1/2) _ I/A(um+1 _ um+1/2) + vpm—i—l -0 in 97

(52)m+1 k
V-u™tt =0 inQ, u™ 50 = 0.

1.2 Differential problems verified by the errors

For simplicity and without loss of generality, we fix the viscosity constant v = 1.
We consider the following notations for the errors in ¢t = ¢,,41:

em+1/2 _ u(thrl) _ um—&—l/Z7 el — u(thrl) _ um—&—l’ 6;n+1 _ p(thrl) 7pm—|—17

and for the discrete in time derivatives of errors

m m—+1/2 m—1/2
e —e semr/z _ €2 el

k ’ k ’

m+1
5tem+1 =

The errors verify the following problems:

1 m+1/2 m m+1/2 _ m—+1 m—+1
() %(e —e™) — Ae = —Vp(tms1) + €& + NL
em+1/2’89 — O,
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where
]_ tm+1

% - (t —tm) uy(t)dt — </t:n+l u; V) u(tm+1)

is the consistency error, and

Serl —

NLm+1 — _(em . V)U(tm_H) o (um . v)em+1/2 —_ _(em . V) um+1/2 _ (u(tm) . v)em+1/2

are residual terms appearing in the differences of the quadratic terms. On the other hand,

1 m+1 m+1/2 m+1 m+1/2 m+1 _ :
(B %(e —e ) —A(e —e )—Vp =0 inQ
V-e™tl =0 inQ, e"tlyq =0.

Adding (B7)™*! and (E)™*!, we arrive at:

spemtl — Aemtl 4 Vertl = gmtl 4 NL™H in Q,
By ’

V.-emtl=0 inQ,  emtlyg=0.

1.3 Known results.
Let us to introduce the following Hilbert spaces:
H = {vel?Q) : V-v=0inQ, v-ngq = 0},
V = {veH|Q) : V-v=0in Q},
being nyn the normal outwards vector of 0f2.
We denote H1(£2) and V' the dual space of H}(2) and V respectively. The norm and scalar
product in L?(2) will be denoted by | - | and (-, -), whereas the norm in H{ () of the gradient

in L?(Q) will be denoted by || - ||. Any other norm in a space X will be denoted by | - || x.

On the other hand, by C we will denote different constants, always independent of £ (and
h).

In the sequel, we will assume the following regularity hypothesis on €

(HO) Q C IR? such that the Stokes problem in Q has H? x H! regularity for velocity

and pressure respectively,

and the following regularity for the exact solution (u,p)
uc L®MH*NV), pe L°(HY), uy € LY NLAHY), uy € LA(V').
In these hypotheses, one has the following error estimates ([3]):
le™ 2 ey < CVE - lle™ ey < Ch - and g™ a2 <CVE (1)
lemtL/2 — ez + €™ - em+1/2Hl22(L2) <Ck (2)

whether £ is small enough.

On the other hand, in [10], the following improvement for the pressure error is obtained:
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Theorem 2 Assuming additional regularity hypotheses: p; € L*(H'), u; € L°(H') N L?(H?),
uy € L2(L2), wy € L2(V') and iy € L2(H™Y), the following error estimate holds

ley ™ leey < Ck
for k small enough.
Proof: The main ideas in the proof are based in the following three steps:

1. H? error estimates. Using the H? x H'-regularity of Stokes problem verified by (€1, eg”rl)

and the H2-regularity of the Poisson-Dirichlet problem verified by e™11/2, one has

e /2 ™1 bounded in I°°(H?) ®)

On the other hand, we have
e 2 e ) < C'h (4)

2. Making (6;(Ey)™*1, 6,™F1/2) + (6,(Eo)™t!, 5,e™11), one gets

160€™ 100 (r2ymuz ) + 1002 |poe 2y iz ery < C Ve

3. Duality argument. Making (6;(E3)™!, A=1 §,™1), being A~! the inverse of the Stokes

operator, one has, for k small enough,
16:€" 100 (vryriz(2y < C'k. (5)

Theorem 3 [10] Assuming |5et| < Ck and uy € L°(H™Y), the following error estimates hold
le” ey <Ck  and  [lep™ o2y < Ck.
The proof of this Theorem is based in the error estimate
18e€™ |00 L2y erry < Ck

obtained making (d;(S3)™*1, §,em+1).

Remark 4 When only H3? regularity of Stokes problem is assumed instead of (HO) (for in-
stance, this is the case of a general polygon or polyhedron domain without any additional condi-
tions about its angles), we can obtain ([10]) ||€;n+1Hl2(L276) < Ck, for any e > 0 (and the error
estimate HeZ”al(p) < C'k, is obtained assuming H3/*T¢ reqularity of Stokes problems, for e

small enough, whence there is not additional conditions about the angles of the domain).
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2  Fully discrete scheme

2.1 Finite element approximation and fully discrete scheme

We consider a finite element approximation of the semidiscrete problems (S1)™*! and ()™ 1.

We restrict ourselves to the case where 2 is a 2D polygon or a 3D polyhedron satisfying (HO).
We consider three families of finite element spaces Xy, Y, C H{(Q) and Qj, C L3(Q) associated
to a family of triangulations of the domain €2 of mesh size h, which it will be assumed regular
and quasi-uniform (in the sense of Ciarlet [5]). The finite element functions in X, Y} and Qp,
are locally polynomials of degree at least 1, 1 and 0, respectively. Moreover, the approximating
spaces Y, and @y, are thus required to satisfy the standard ”inf — sup” condition ([6]):

There exists 6 > 0 independent of h such that, for all A > 0,

(Qh,V-Vh)> >

inf sup
0 €Qn\0} \v,ev,\foy [[Valllanl
In such a way, the following approximating properties hold ([6]):
1
Iv=Tavl+ 7 v =T < Chve Vv e HA(Q) NHY(©),

lg— Jngl < Chlg| Vg€ H' ()N L),

where (I, J;) : H2 x H' — Y}, x Qy, is the vectorial operator defined as:

(V(Ihv—v),Vvh)—(th—q,V-vh) = 0 VVhGYh,

(6)
(V-(Ipv=v),qn) = 0 Vagu€ Q.

(IhV,th) EYL XQy: {

On the other hand,
1
v — Kpv| + [V =K < Ch |vlge Vv e H*(Q)NHQ),
where K}, : H? — X, is the (scalar) operator defined as:
Kpv e Xy, (V(KhV—V),VVh) = 0 Vv,eXy.

Finally, the following constraint between the time step size k and the mesh size h will also

be assumed:
h2
(H) There exists a constant o > 0 (independent of k and h) such that "’ <a.

This assumption does not impose an upper bound on the time step size, hence the scheme
remains unconditionally stable.
As usual, in the fully discrete problem, we will use the following skew-symmetric part of the

trilinear form for the treatment of the convective term:

c(u,v,w):;/ {(u-V)V-W—(u-V)W-V}, VuecH}, ve H, weH
Q
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or equivalently

c(u,v,w) :/ {(u-V)V~w+%(V‘u)v~w}

Q
or equivalently

{(u-V)w-v—l—%(V-u)v-w}

Previous equalities hold even in the discrete case, hence we can use, in the sequel, any of these
three possibilities. Obviously, c(u, v, w) = / (u-V)v-w whether V-u=0.
Q

The trilinear form c(+, -, ) verifies

c(u,v,w) = —/

Q

c(u,v,v) =0, YuecH}, VveH, (7)

ull ||V 1 W
C(uav,W) S C H H H HWl 3M [0 ‘ ‘
Jal[ s [[v] [w

where the role of u, v, w can be interchanged, using the appropriate expression of c(-,-,-). The
fully discrete scheme remains as follows:
Initialization: Let u?L € Y}, be an approximation of ug

Step of time m + 1:

Subtep 1: Given uj® € Y}, to compute uhmH/2 € Xy, such that, for all vj, € X,
1
(Sy)ptt E(uznﬂ/2 —up’,vy) + c(uy’, u2n+1/27 Vi) +(V uZLH/Q, Vvy) = (™ vy)
Substep 2: Given uZHl/Q € X}, to compute (u}?“,pﬂ‘“) € Y, X Qp,, such that for all

(Vh,qn) € Yi X Qp
1 m m m m m
(S )m+1 E(uh A uy +1/27 Vh) + (V(uh - uy +1/2)7 vvh) - (ph +17 V- Vh) =0,
2)n
(V-up ™ qp) = 0.

In the first substep, a decoupled linear convection-diffusion scheme must be computed, whereas
the second substep can be seen as a (generalized) Stokes problem.

Notice that, using (7), one can extend results of stability and convergence for the semidiscrete
in time schemes to this fully discrete scheme (see [1]). In fact, making ((Sl)}?ﬂ,uzlﬂ/ 2) +

((Sz)znﬂ, uZLH), one can obtain

1/2|

1 i 2y ) + 110y oo 2y iy < C. (8)
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2.2 Problems related to the space discrete errors

We will present an error analysis for the fully discrete scheme (u;nﬂ/ 2 m“, p;L”H) as an ap-

proximation of the semidiscrete scheme (um“/ 2 umt pm ) Consequently, we consider the
following space errors:
m+1 _  m+1 m+1 m+1/2 m+1/2 m+1/2 m+1 _  m+1 m—+1
e,/ =u —u, ", e, =u - s €pg =D - D

These errors can be decomposed as follows (splitting the discrete and the interpolation parts):

m+1l _ gm+1 m+1 m+1/2  m+1/2 m+1/2 m+1 m4+1 m—+1
€y e, te €q =€, te; ) €pd = Cpn T

being e; interpolation errors and ey space discrete errors, concretely

;L”H Iynu™tt — uZlH and ezm+1 =u™! — umt,
1/2 1/2 1/2 _
eZ1+ 2 _ Khum“/2 - u2n+ /2 and eer / umt/2 Khum+1/2,
e;’},j'l = Jpp™ Tt —p}?+ and eZ“Z'H p g™t

Comparing (S1)™+1, (S2)™+! and (S1)7" ™, (S2)7" ™, we have the following variational prob-

lems verified by the space errors e, mH+1/2 and (e m“, e;”jl) respectively:

]' m m
(Bt ST el vi) + (Ve Vv = NI (i), Vv € X,
where
gl B m+1/2 fym mA1/2 — ee™ /2 _ m+1/2
NL;" " (vy) = c(uy', u,, , Vi) —c(u™ u , V) = —c(e]’,u ,vp) —c(up’, ey s Vi),
and

]. m m
%<egl+1 —e) +1/27Vh)+ (V (e&”“ +1/2) Vv )

(EQ)ZLJFI —( m+1 , V- Vh) 0, VvpeYy
(V- emH’ an) =0, Van€Qn
2.3  O(h)-error estimates for both velocities in [*(L?) N [*(H")

Theorem 5 We assume hypotheses of Theorem 2, (H) and |y < Ch. Then, the following

error estimates hold

m-+1/2 m
1€l 2 e w2yrizqany + 1€ oo oy ey < C b 9)

el 7% — el e w2 + lle ™ — eZLH/QHﬂ(L?) < CVkh. (10)
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Remark 6 From (1), (4) and Theorem 5, we can bound the total error as follows
m m—+1/2
[ (tm1) = W e 2y + 10(tmen) = wp 2 g2y < Ok + B)
[a(tm1) = w2 ey < C(VE+ ).

Proof. [of Theorem 5]. Theorem 5 is announced in [4]. Here, for the convenience’s reader, we
give an outline of the proof.

The main idea is to make
2k Z {((BOF e ™) + (Bt e}

In fact, making 2k ((E1)}", ehmﬂ/ ) and using e?ﬂﬂ = eZHl/Q - e;nH/Q, we arrive at

m-+1/22 m+1/2 m+1/2)2
leg 71T - |

— |ef* + ley — P+ 2k |ley
1 €4

— 2ke(ufl et e ) 4 2(e] o — e el ) 2k (Ve T2 el )

= 2kc(el, w2 e ) 4 2k e(el, w2 e ) 2k e(up, e T e )

We bound only the main terms related to e;nH/Q of the RHS (using that ||[u™*1/2|| 2 < O):

2ef 1 — e o) < el = e Cle R < e e — el Ot a2
< clef ™ e+ ont
2ke(up, ey e < Ok up? el s + e klle) )2
< Ck|up|? e 2] e 2 + e kel )2
< CRB Jup|? w122, + = kel 22
< CRR |u|® + e kle) /22

On the other hand, making 2k ((E2)7" ™, e]"™), and using e}"** = "' — e"™! we arrive

at

le

m+1|2 m+1/2‘2+| m+1 ;n+1/2‘2+2k{Hem+1H2 H m+1/2||2+|| m+1 ;n+1/2||2}

— 2(egz+1_e;n+1/2’e;n+1)+2k(v(egl+l ?+1/2),Ve?1+1)+2k(egfjl,v ( m—+1 e;n—i—l))

The RHS can be bounded in a similar way, take into account that (e;’f;rl, V- (e;l”‘*'1 —e;”“'l)> =0.

Adding from m = 0 to r (with any » < M), we can get (applying discrete Gronwall’s Lemma)

1 m m
H €y m+1/2 ||loo L2)NI2(H) + ||ed +1||loo L2)Ni2(H) < Ch2(1 + h2//€) + Ck‘h?’z Hu HQ

Finally, the first term of RHS is bounded by C h? using (H) and the last term is bounded by
C h3 using (8). ]
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Remark 7 In [}/, the same discrete space for both velocities is considered, although the result

of Theorem & is valid without constraints between X, and Yy,.

Remark 8 If X, =Y}, and I, = K}, is the L?-orthogonal projector, the constraint (H) can be
avoid in Theorem 5. Indeed, the treatment for the discrete in time derivative is changed taking

into account that

mi1/2 mAl _ m+1/2
2k (e’ — ,eZ”l/Q> ~0 and 2k (el = ,e’;?“> — 0.

In the sequel, to consider the constraint (H) and the same discrete space X; = Y}, (which
we only will denote as Xj,) will be necessary.

From (9) and constraint (H), one has in particular

h2
I 212 g2 < o (el 22 + fle R+ [l 22 + umH2) < ¢ (k + 1) <c.

(11)

On the other hand, from (10) and using again (H), one has

e — e Bz + et — e B g < O K2

that can be re-written as:

mi1/2 m4l _ jmt1/2
w and % are bounded in 1?(L?).
B m+1 _ m+1/2
Finally, using (2) and that u(tm+1)k u(tm) is bounded in [?(L?), we get u ku and
um+1/2 —um
— are bounded in [2(L?). Consequently,
m+1/2 o m+l _ mt1/2
w and h kuh are bounded in 1?(L?). (12)

Lemma 9 Assume the inverse inequality || vy||w1e < Ch™Y||vp|| for each vy, € Xp,. Let g € L2.
If (up, qp) € Xy, X Qp is the solution of the problem

(Vuy, Vvy) = (pn, V- vi) = (g,Vh) Vv, € Xp,
(V-up,qn) =0 Vg, €Qyp

or respectively up € Xy, is the solution of the problem
(Vup, Vvi) = (g,va) Vvi € Xy

then (in both cases)
[unlwre < Clgl.
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Proof: See Appendix.

Corollary 10 Assuming hypotheses of Theorem 5, one has

m+1 +1/2

uj and uy’ are bounded in  1>(W1©).

Consequently, using the estimates of u™t' and w2 in 1°°(H2) (obtained from (3)),

e and eZHl/z are bounded in  1>(W10).

Proof: Adding (S1)}"*! and (S2)7"™, one has for all (vp,qn) € Xp, x Qp:
(S5)p ™
(Vup . Vva) = (1 - va) = Gt =g - Va2 4 (Ve up up g g )

(V- uZHl, qn) = 0.
Therefore, using Lemma 9 (here X = Yy, is necessary) and (11),

m+1

1/2
g e < COSAT T + ™2 4 [ [Fnanee Il ™))
< OGP E a0 g )
< elluflffe + C (100 2+ £ 4+ 1),

Since (12) implies in particular that §;u"™" is bounded in ?(L?), then
u}"*! is bounded in >(Wh5). (13)
On the other hand, re-writting (S7)7"™" as :
(SR (VY = g v - el ) + ()
then, by using again Lemma 9,
™ e < © (ﬁ(u’:“/? )] P 4 e ||uz”“/2u?) .

Finally, by using (11), (12) and (13), the estimate of uZLH/Z in I2(W16) holds. ]

Remark 11 When only H3/2%¢ reqularity of Q0 is assumed (see Remark 4), estimates of Corol-
lary 10 hold, but changing W15 by WL3NL>®. In fact, estimates of uZ”H, uT+1/2 in (W30
L) will be sufficient in the sequel.
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2.4 O(h)-error estimates for 6,7 and §,e7""/? in [*(L?)N2(H!) and (e7+!, ™)

p,d
in [*(H' x L?)
Making &;(F1)""! and 6;(Fs);*+?, one obtains (Vm > 1):
(D1)p ! %(@E?H/Q — el vi) + (Vo) T2 Vvy) = 5 NLI (vy) Vv, € X,
where,

SNLI ™ (vy) = (e, w2 vy) + e(dpup, el T2 v,)

_ _ +1/2
+ c(el 1,5tum+1/2,vh)+c(uz‘ 1,(5tezln /7Vh)

and, for all (wp,qp) € Xp, X Qp,

1 m m m
LGref Tt —se) 2 W)+ (V (6l — 5l T), Vowy,)
(Do)t —(Eem LV W) = 0,

(V-5ef ™, qn) = 0.

Finally, adding (Dl)z1Jr1 and (DQ)ZZH we obtain, for all (vp,qp) € Xp X Qp:

k pd

1
(Dy)p { LGt = el vi) + (VAT vi) + (e LV - vi) = 5 NLP (v),
3/

(V- 5teg‘+1, qn) = 0.
Theorem 12 Under the hypotheses of Theorems 2 and 5, assuming the hypothesis for the first
step of the scheme

\5teé| < Ch,

then

16 e 2y ety + 10e€ 2 i 2yiz ey < C

Proof: Since the initial estimate |§;e}| < Ch has been assumed, it is suffices to prove the
generic estimate for 5te’d”+1 and (5te;n+1/ 2, for each m > 1.

Taking 2 k 5tehm+l/2 € X, as test function in (D1)7**!, which is decomposed as 2 k(étegﬁl/z -

1/2
5te;n+ / ), one has

1/2 1/2 1/2
el T2 e 2 + (Gl T — sie)® + 2 K|oel TR

= 2k (F0e % = Sie), 6l ) — 2k (V dief T2, Ve ) (14)

i

+2GNLY (507 ?) = L4 I+ I,
We bound the RHS of (14) as follows:
I <clbel ™2 — 5672 + C el PR < e 15l — Sl + C B |5 2|2
I <ek||sel 22 + Ck |16l < ek ||5,e7 2| + C kB2 (5™ 2|2,
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With respect to the nonlinear terms, for m > 1,
I = 2ke(sel, w2 sep ) 12k e up, ) T, sep )

4
+ 2kc(en s um 2 5te2n+1/2) +2kc(ult, 5te21+1/2, 51&87;:“/2) = Z Ji

Bounding each J; term:
Ji = 2kc(5e], w2 5T 4 2k e(Sely, w2 5,6 ) = Ty + Jh

Ti1 < e k||Se) P2 4 C ke [u V22 (Srel |

Tia < k|62 + C k [[u™ /2|12 |67 22 < e k|6l |2 + C k B2 |50V

J2:—2k:c(5tu2”, m+1/2 6t m+1/2)+2k:c(6tuh, ;n+1/2 5te;n+1/2) :J21+J22

Joar = 2kc(5ted,ed+1/2 5te?+l/2) 2kc(6pu™, e m+1/2 5tegl+l/2)
< 2k|5el] lef w162+ 28 C 5™ s llef ) 60

+1/2 +1/2 +1/2
< ckle P+ Okl Ry snne 10 4+ C ke
Here, we have used that §;u™ is bounded in [*°(L?3) (that is obtained from the previous estimates

of (5)).

Reasoning as in Jo1, we bound .Joo as follows

T = 2ke(drel el T2 0l ) 4 2k (g um, ) T, 0,
< Chllef ™ Byrann e+ Ch llef 212+ C kel

Cklle) )32 Ck e ™12 4 C k h2||oa™ /2|12,

HWLSOLOO |reg ’2

IN

Js =2kc(e) !, 6 u™t 2, e mH/Q) +2ke(er ™ 5 um 2 5tel'n+1/2) = J31 + Ja2
Js1 < Ck e~ 1o 2 1 lovel 2| < ek dey 22 + C e fle |2

o < Ck|loe] ™22+ C e 2 < Chb? S 2|3 + C el |2

Ji=2kc(u ! 52 52y p 2k c(u Y sl 2 5l TR = Ty + Jag

J41 =0
Jio < Ck a1 2 s llee T2
< ek ||5 em+1/2||2 + Ckh3||5tum+1/2”%[2
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Here, we have used the error interpolation \|5tem+1/2H s < Ch32| 62| e

Now, taking 2 k 5tem+1 € X}, as test function in (Dg)mJr1 which is decomposed as 2 k (5te21+1—

5tem+1

7%, one has:

|5te(7in+1|2 . |5 em+1/2|2 + |5 em—|—1 5 em+1/2|2

1/2 2
+k{‘|5te:ln+1H2 6; em+ / H2 + 15 em'H 5te;n+1/ HQ}

= 2(5e ! — 5,e7 T2 Sty £ 2 k(W (5t — 5,emt1/2) v 5elt )

-2k (5156;?6—1’—1’ V- (5te;n+1) +2k ((5t€;?;_1, V-é em+1) =IL1+ Lo+ Ls+ L4

(15)

We bound the RHS of (15) as follows:
Ly < clsett — 5,822 4 C e P < e|5ett — 6T 4 Ot ||su™ |

Ly < ek ||5e ! — 5l 22 4 C k|15l 2 < ek || 6e ! — Set Y22 4+ Ok h2 S 12

Ly =—2k(6 e,V - 6" — 2k (6, ¢) 1,V - e

ph’

< Ckld; em+1|2 +e k|0l H* < C kA2 6p™ | + e kB2 || 6u™ |3

(here we have used that (51562?;{1, V. ((Ste;”“)) =0)

L4 =2k (5t€m+ V- 6tem+1) + 2 k (5t6 V- (Steerl)

ph’

< Ckld €m+1| +ek H&temﬂ”z < Ckh2|]6tpm+1|]2 ek ||5te:ln+l||2
(here we have used that (5tem+ \VAR) em+1> —0)

Making Y7 1 {(14)+(15)} (with any < M), taking in account the estimates of the Theorem
5 and the estimate k 3, (||;u™ /2|12, + [|s,u™||2,) < C (obtained in [10]), we get

|5ter+1 + Z{’(s em+1 m+1/2‘2+ ‘5 m+1/2 5tegL|2}
m m m-+1/2
+ kz{uée 2 Sl — el )2

m h?
< |oegl* +Ck Z e’ [* + C'k Z el 2 R s 000+ C (1 + ) h?.

m=1 m=1 k

Therefore, taking in account that k m+1/ 2”

m lleg

wisnLe < C, the condition (H) and ap-

plying the Discrete Gronwall’s Lemma, we obtain

m+1/2

||5ted i (L2)rz(an) 15tey li (L2)N2(HY)

. o (16)
<||5 eerl 516 Jr1/2Hl2 12) + ||5t +1/2 5tem+1||12(L2)> < |5tecll 2 + C’hQ.

Finally, using the hypothesis |§;e}| < C h, the proof is finished. [ |
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Corollary 13 Under hypotheses of Theorem 12 and assuming |[u))||%,16 < Co (that is ug €
W) one has
("™ is bounded in 1 (W),
Proof: The proof is similar to Corollary 10, using now that, from Theorem 12, (5tu2”+1 is
bounded in L>(L?). Indeed, we have
i 6 < el lfe + C (18 2 + £ 4+ 1) < el[u [0 + C1,

hence, if we choose ¢ verifying e Cy < C; and €2 Cy < (', one has

lup* s <2C1 Vm.

Lemma 14 Let (u,p) € H) x L2 and g € H™ L. If (up,pr) € Xy, x Qp is the solution of
(V(u—up),Vvp) =@ =pn, V- vi)=(gve) VvieX,
(V- (u—up,qn) =0  Vgr € Qp
then
o —upl| + [p = pu| < Ch(|ullg2 + lIpl) + Cllgllg-1-

The proof of this Lemma can be seen in [6] in the case g = 0. For the more general case g # 0,
the weak estimates are also valid, but the duality argument to obtain the estimate in the L2

norm is not clear.

Corollary 15 Assuming hypotheses of Theorem 12, the following error estimates hold
ler o2y < Ch and  |lef ™ |1y < C h.

Proof: Adding (El)ZH'1 and (EQ)ZZ'H, one has for all (vp,qrn) € Xp X Qp,

(E3);Ln+1 (V eZH_l’ vvh) - (ezﬂ-l’ V- Vh) = _(5te¢71n+17 Vh) + NLZH_l(Vh)
(V-egtt qn) =0.

Therefore, using the Lemma 14, it is necessary to bound ||5;e;"* [0 (gr-1) and |INLj*+! o0 (£1-1y-

Thanks to Theorem 12, |5/} ll10(£2y < C h. Therefore, it is suffices to bound |INL oo -1y <

C h. In fact, for each v € H},

+1/2
NLH(v) < O (lef ] [ 2| + [uflwesnne lef 2] Iv]
+1/2
< Ol +lef ™) vl < Chv]
hence the desired estimates hold. [ |

Remark 16 Combining Theorem 3 and Corollary 15, the following error estimate for the total

error holds

la(tm1) = g™ ooy + Ip(Emer) = 2 o2y < C (k + h).
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2.5 A Duality Argument

The task of this subsection is to eliminate the hypothesis about the initial step |5te61l] < Ch of
the previous subsection, and to obtain O(h?) in (2(L?) for €/ and O(h) for &'t in 12(L?)

and for (e, ez:‘jl) in I2(H! x L?).

Proposition 17 (Initial estimate) Under hypotheses of Theorem 5, if we assume ||uf)|| 1.5z <

C and ||€9]|? < C h?, then
h2

In particular, the same estimate holds for 5te(1i.

Proof: Re-writting (E3)} in function of the errors e, and e;, and taking as function test

Vp = 5te}1p
12 1 12 02 1 1112
o (e CA DA
C
< cldepl” + Cloe;|* +ekloen® + - lleg |
C 12, C
+ luRlsn e/ |2+E||u1/2||w1,moo leal”.
2
From [e/?| + [eY] < Ch, [0e}[? < Ch2|oul|?, [le}]|? < Ch2[ul||, and [juflwrsnre +
u?||wrsapee + |6t 4 [ul]| g2 < C, we get the desired estimate. |

Arguing as in Theorem 12 (without applying |5¢e}| < C h) we can arrive at (16). Then, from
(17), one has

116, em+1 5e m-&-l/?”l2 L2y + ||(5t m+1/2 m+1||l2 L7 < Ch2. (18)

and

m+1 2

I18eel 7 (rayruz ey + l16ee Hzoogﬁ neay ¢4 =0

where we have used (H) in the last bound.

Then, arguing as in Corollary 13, but changing schemes u}" mtl and umH/ 2 by errors eZlH
and eer /2 , one can deduce
e/ is bounded in (W) (19)

Indeed, splitting the fully discrete error and the interpolation error in (Eg)znﬂ, one has for all

(Vh,qn) € Xp X Qp,

(Ve Vvy) = (e, V- vi) = —(6ieft, va)
+e(er, ut 2 vy) — c(u ,e&nﬂ/z,vh) — (Ve V) + ( ;”fl V- vp)

(v : eZln+1a Qh) =0
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Using the interpolation operators defined in (6), (Ve[ Vvy,) — (eg"’fl, V -vp) = 0. Then,

from Lemma 9, we get

+1/2
e B < CUSEE R+ 1 I 1™ 2 s an g + 0 By e 2)
< OO+ a0 g5 < g s + C,

hence estimate (19) holds.

In particular, using continuous dependence of interpolation operator I, from (19) we get
(u"*)  is bounded in [®(W'9). (20)

Now, let us denote by Agl the inverse of the discrete Stokes operator. Indeed, given uy, € Xj,
we define wy, = Agluh € X, as the weak solution of the following discrete Stokes problem (with

a pressure 7, € Qp)

(Vwi, Vvp) — (10, V- vi) = (ap, vi) Vv € Xy,
(V-wn,qn) =0 Van € Qp.

In particular, taking v, = uy, € Xy, since (V - up, q) = 0 for all g, € Qp,, one has
lup|? = (Vwp, V) = (VA5 tuy, V),
and taking v, = wy, € X,
IVwi|? = (up, wr), e |[VA upl? = (up, 45 ay).

2.5.1 O(h?) for e in 1?(L?)

Theorem 18 Assuming hypotheses of Theorem 5 and Proposition 17 and ||€))| z-1 < C h?, for
each k small enough, one has
e lli2zy < C(k + h?).

Proof: Re-writting (Eg,)z'”rl in function of the errors e; and e; and using
(Ve Vvy) — (e;f‘;rl,v vp) =0 Vv, €Yy,
we have

(e vy) + (Ve ™, Vvy) — (;”,fl,v vy) = NLP T (vy,) — (6", vy).

Taking vj, = A} ! m'H € X, we obtain

1
S (147 e 1P = 143 e I + 14, e — Ay eft|1?) + Klepr ™! P
§k‘( Lm+1 A 1 m+1) k(éte;'n+1,x4h1 Z”Hrl) _Il+12
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Bounding the terms of the RHS as follows

I = ke(ep, a2 A et 4 kc(u) ’e;n—i-l/Q At et
< ORI g+ 0 Bnsgee) 47 €l + shlef 2+ < ke TP
< CE|A e P + eklef|” + c k lef'?

+5k{|em+1 ;n+1/2|2+|em+1|2+|em+1’2}
CE|A, e 1?4 ekle [ + e k b [u™ |3

ek {Jef ! — ey TP g et i e}

(in the above inequality, we have used that |u™*1/2

thanks to (20))

||W1,3mLoo S C and ||u?||wl,3ﬂLoo S C

I k(0] At et < Ok Ay te |12 + e ke (Su™ T 2

Ck?HA 1 m+1||2+€kh4||5 um—HHH

IN

Now, adding from m = 0 to r (with any r < M), we get

T
4 Tk 3

< AR+ Ok Y Ay e 2 e Z o™+ 3
m=0
m m m m 2
+ Ckh4 Z{Hu HH +Hu +1”H2}+€kz ’eh ‘Q—i-&‘k Z |e +1 _ d+1/ ‘2
m=0 m=0 m=0

Then, using firstly (10) and estimates of u™, u™*! and §u™*! in (>(H?) and afterwards (H),

one has

A e 2+ kS et < cueh|r21+c(kz||A et + kb2 + ht) + e klef?

m=0 m=0

< Z |45 e 2 + k2 + h?)

Finally, applying the generalized discrete Gronwall’s Lemma, we obtain (whether & is small
enough)
lep ™ lipey < C (k + h?).

In particular,
lef ez < C (k + h?).

Remark 19 From (1) and Theorem 18, one has

lu(tm) —uillzwe) < Clk +h?)
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2.5.2  O(h) for diej*! in I*(L?) and for (e'*', e ") in I(H! x L?)

Theorem 20 Under assumptions of Proposition 17 and |eg| < Ckh?, the following error esti-

mate holds (for each k small enough)

||(5teT+1 ||l2(L2) S Ch.

Proof: Using interpolation errors, it is suffices to prove the result for (5tem+1

6, < C'h||6;u™ || and that §;u™*" is bounded in I?(H'), one has

. Indeed, using

16ceg  izrzy < Ch+ (10 2.

ez

Therefore, we will prove that ||d;e}" 12) < Ch. We divide this proof into two steps:

1. Initial estimate : ||A; ' §et|| < C'h and |e}| < C.

Re-writting (Eg)}ll in function of the errors e; and e;, we have
(6:e},,vi) + (Vep, Vvy) — (eéjh, V-vi) = NL} (vy) — (0ce},vi) Yvi € Xy,

Taking v, = A,:l Sre},, we obtain

1
147" deehll” + 5 (Iehl” — [ef]? + e}, — hP)
< (NLh,A;L (Steh) ((Ste A 5teh) —Il+[2

Bounding the terms of the RHS as follows
I < el Ay Sue} 1P + Cllal s o1 + Cla 2 s ledf? < el 4y el | +C 12

(in the above inequality, we have used that |e)| < Ch by hypothesis and |ecli/ 2| < Ch as a

particular consequence of (9)),
I < e||A; oiep |2 + C h? || 6pat 2.
Hence, using the hypothesis |9 < C'k h?, we arrive at
47" G| + lebl? < b7 + CH? < C R

2. Generic estimate of 5;e}"** (Vm > 1).

Writting (D;),)’,:H'1 in function of the errors e; and e;,

1
(%(&e;f“ — & eZl),vh) + (V&tehm+1,VVh) + (5t€ph ,V -vp)
= 51& NLZH-I(V}L) — (k ((5tem+1 (5t elm), Vh) + (V(Stezm—i_l, Vvh) — ((51562?_1, V- Vh)

1
= BNLP () = (el - del) v )
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Taking vy, = 2k A, ' 6] (for each m > 1):

45 02 = 11AR " due 2+ 147 duef ™ — A7 G2 + 2 dreg

1
= 2k (ENL™ A ge ) + Ok (- F(Ger ™ = ger), Ay srep )
We are going only to bound the more complicated term of the RHS:

2k e(uy ™ Gy A 8 < Ok g 145 Sl P + ekl

< Ck|A; s 2 + ek {16 P + (e T - Ge )

71||12/V1a3mL°<>'
Adding from m = 1 to r, last term in the above inequality can be bounded by C h? thanks
to (18).

Reasoning with similar arguments to Theorem 2 ([10]), applying the generalized discrete

where (20) is used in order to bound ||u}’

Gronwall’s Lemma, we arrive at
+1
||5te2n ||l2(L2) < Ch.

for k small enough. ]
Corollary 21 Assuming hypotheses of Theorem 20, one has

||€Z,L;1||z2(L2) < Ch.
The proof is based in (Eg)ZH_l, in a similar manner as in the proof of Corollary 15.

Remark 22 Combining Theorem 2 and Corollary 21, we arrive at

Ip(tm) = pi’ liz 2y < C(k + h).

Appendix

Proof [of Lemma 9]:
We consider (u(h), p(h)) the solution of Stokes Problem (or respectively Poisson Problem)

with second member g. This solution verifies ([6])
la(P)l[z2 + llp(h) I < Clg| (or respectively [lu(h)|| g2 < C'lg])
and
[u(h) —unl| < Ch{l[a(h)| g2 + [lp(R)][ g1} (or respectively [lu(h) —up|| < C hl[a(h)| =)

In particular,

la(h) —up|| < Chlg (21)
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On the other hand, we decompose u, = uy — Iyu(h) + Ipu(h) — u(h) + u(h). Then,
[unlwre < [lun = Inu(h)llwrs + [Hau(h) —u(h)llwrs + [[u(h)[lwrs

We bound the RHS as follows

[u()l[wre < Clla(h)|m2 < Clgl
[nu(h) —u(h)[[wre < Cllu(b)llwre < Clluh)|g2 < Clgl

(here, the stability property |[Ipu|ly1.6 < ||ullj1,6 has been applied)

C C
lan = Inu(h) fwre < ollup = Iyu(R)|| < S-{l[up —a(h)l} + [ Znu(h) —u(h)]}

(here we have used the following inverse inequality ||vy|ly16 < Ch™Y|vy]| for each vy, € X},).
Finally, applying (21) and error interpolation inequality [[Iyu(h) —u(h)|| < Ch|u(h)| g2,
we arrive at

[1hu(h) —apflwre < Clgl.
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Optimal error estimates of a pressure segregation scheme for the
3D Navier-Stokes equations via an incremental pressure

projection method *

F. Guillén-Gonzélez! M.V. Redondo-Neblet

Abstract

This work is devoted to obtain optimal error analysis of a fully discrete scheme for the
incompressible time-dependent Navier-Stokes equations in three-dimensional domains, which
decouples the computations of velocity and pressure, solving a linear convection-diffusion
system for the velocity and a Poisson problem for the pressure.

The main idea used here, is to introduce an artificial projection step in order to rewrite

the scheme as the pressure incremental projection method.

Subject Classification. 35Q30, 656N15, 76D05.
Keywords: Navier-Stokes Equations, pressure segregation, projection schemes, error estimates,

first order time scheme, finite elements.

Introduction

We consider the Navier-Stokes system, associated to the dynamics of viscous and incompressible

fluids filling a bounded domain Q C IR? in a time interval (0, T'):
u + (u-V)u—vAu+Vp = f inQx(0,7T),
V-u = 0 inQx(0,7),
u = 0 ond2x(0,7),

Ui—g = up in
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where the unknowns are u : (x,t) € Q x (0,T) — IR? the velocity field and p : (x,t) €
2 x (0,7) — IR the pressure, and data are v > 0 the viscosity coefficient (which simplicity is
assumed constant) and f : (x,t) € Q x (0,7) — IR? the external forces. We denote by V the
gradient operator and A the Laplace operator.

We consider a (regular) partition of [0,7] of diameter k = T/M: tg = 0,t1 = k,...,tm =
mk,... .ty = T. If u = (u™)M_, is a given vector with u™ € X (a Banach space), let us to

introduce the following notation for discrete in time norms:

M 1/2
[ullzx) = <k > HumH?(> and  [|ullj(x) = maxm—o,...n [[u™[|x
m=0

For simplicity, we will denote H' = H(Q) etc., L2(H') = L?(0,T; H') etc., and H! = H'(Q)3
etc.

The numerical analysis for the Navier-Stokes Problem (P) has received much attention in the
last decades and many numerical schemes are now available. The main (numerical) difficulties
of this problem are the coupling between the pressure p and the incompressibility condition
V -u =0 and the nonlinearity of the convective terms (u- V)u.

Fractional step methods are becoming widely used in this context, which split effects due to
different operators appearing in the problem.

The origin of these methods is generally credited to the works of Chorin [4] and Temam [21].
They developed the well known Chorin-Temam projection method, which is a two step scheme,
computing an intermediate velocity via a convection-diffusion problem and the second step is
a free divergence projection step to obtain a pair velocity-pressure. Afterwards, a modified
projection scheme (called incremental pressure or Van-Kan scheme) where an explicit pressure
term is added in the first step and a pressure correction term in the projection step was developed.
The main drawback of projection methods are that the end-of-step velocity does not satisfy the
exact boundary conditions and the discrete pressure verifies “artificial” boundary conditions.

There are other variants of projection methods: rotational pressure-correction schemes ([24],
[11]), in which the rotational operator plays a key role, velocity-correction schemes ([9], [10]).
Other variants can be seen in [16] and [17].

The convergence of the Chorin-Temam projection method, was proved in [22] for the time
discrete scheme and in [5] for a fully discrete scheme associated to a problem with periodic
boundary conditions.

More recently, error estimates for projection methods have been obtained (see [19], [20] for
time discrete schemes and see [8] for a fully discrete scheme). Basically, for the Chorin-Temam
projection scheme, one has time error estimates of order O(k'/?) in I2(H') N 1°°(L?) and of
order O(k) in 1?(L?) for both velocities and of order O(k'/?) in I2(L?) for the pressure. For the

incremental pressure scheme, the error estimates are improved to order O(k) in 1?(H') NI>(L?)
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for the intermediate velocity and order O(k) in [?(L?) for the pressure (this last estimate in
the linear case) [19], [20]. In fact, these optimal estimates for the time discrete scheme, are
also obtained in [8] for a fully discrete scheme by stable finite elements, solving the projection
step by means of a mixed velocity-pressure formulation, under the constraint k? < ah in three-
dimensional domains or k? < «a(1 + log(h™!)) in two-dimensional cases. The argument is
based on the use of some inverse inequalities, hence a regular and quasi-uniform family of
triangulations of of the domain €2 must be considered. By the contrary, in the present paper,
we will obtain optimal error estimates under the completely different constraint h < ak and
without to consider a quasi-uniform triangulation, for a FEM decoupled scheme, which can
be rewritten as the incremental pressure projection method but solving the projection step by
means of a Poisson problem for the pressure.

This particular property that these projection methods (without and with pressure correc-
tion), can be rewritten as pressure segregation methods (decoupled the computations for velocity
and pressure), was observed in [18], [19], in order to justify heuristically the better approximation
of the first step velocity than the free-divergence one. Very recently, for the segregation scheme
associated to the non-incremental projection method, in [1] the convergence and sub-optimal
error estimates for the pressure (of order O(k'/2+h)) are obtained without to impose the inf-sup
condition for the finite element spaces, under the more exigent constraint ah? < k < 3 h2.

The work of the present paper follows this line, in the sense that we use the pressure segre-
gation formulation, but related to the incremental projection method, obtaining optimal error
estimates (of order O(k+h)) also for the pressure, assuming the inf-sup condition for the discrete
spaces and under the constraint h < ak.

This paper is organized as follows:

In Section 1, we study the time discrete scheme. Firstly, the scheme is described and its
stability is deduced, introducing the problems verified by the errors and the regularity hypotheses
imposed on the exact solution. Afterwards, we will obtain O(k) error estimates for the velocity
in [*°(L?) N ?(H') and O(1) for the pressure in [°°(H'). As a consequence, the intermediate
velocity is bounded in [*°(H?). After that, we will get O(k) error estimates for the discrete in
time derivatives of velocity in I°°(L?) N I?(H'). Finally, O(k) error estimates for the velocity in
[°°(H') and for the pressure in [°°(L?) hold.

Section 2 is devoted to the fully discrete scheme, which decouples the computations of the
pressure and for the velocity. We present the finite elements spaces and their approximation
properties, the scheme and the problems verified by the errors (comparing the time discrete
scheme given in Section 1 and this fully discrete scheme). With respect to the spatial error
estimates, we will obtain firstly O(h) for the velocity in (°°(L2)Ni?(H!) (jointly with O(h) for an
auxiliary discrete projected velocity in [°°(L?)), which imply W%(Q)-estimates for the velocity
whether h/k < C. Afterwards, O(h) for the discrete derivative of velocity in 1°°(L?) N ?(H!)
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(and for the projected velocity in 1°°(L?)) are obtained. Finally, O(h)-error estimates for the
velocity in [°°(H!) and for the pressure in [°°(L?) hold.

1 Time discrete scheme

1.1 Description of the scheme

Given a (uniform) partition of the time interval [0, 7] with diameter k = T/M, {t,, = mk}M_,,

M

m—1 an approximation of the

and (f™)M_, an approximation of f(t,,), we will define (u™,p™)
solution {u, p} of (P) at the time ¢ = t,,,, by means of a two-step scheme splitting the nonlinearity
(u-V)u and the incompressibility condition V-u = 0 into different steps (but keeping pressure
terms in both steps):

We consider a pressure correction projection scheme of Van-Kan type [15]. Concretely, an
explicit pressure term is introduced in the convection-diffusion problem for the velocity (step 1),
with an implicit correction in the free-divergence projection step (step 2).

In the sequel, as usual, we will use the following skew-symmetric form of the convective term:
1
C(u,v)=(u-V)v+ i(V ‘u)v YucH}, veH,

and

1
C(u,V7W):/QC(II,V)-W:/Q{(U-V)V'W+§(V'U)V'W}, YuecHj, ve H, weH

or equivalently

c(u,v,w)zi/g{(u«V)v-w(u-V)w~v}:/ {(u~V)w'V+%(V'u)v-w}

Q

Previous equalities hold even in the fully discrete case, hence we can use, in the sequel, any of
these three possibilities. Obviously, c¢(u, v, w) = / (u-V)v-w whether V-u=0.
Q

The trilinear form c¢(-, -, ) verifies

c(u,v,v) =0, VYucH}, VveH, (1)
u v E - lw

c(u,v,w) < C lall [|vI[wisnne W]
a2z [|v]| ||w]]

where the role of u, v, w can be interchanged, using the appropriate expression of ¢(-, -, -).
For simplicity and without loss of generality, we fix the viscosity constant v = 1.

The semi-discrete scheme is defined as follows:

Initialization: Let u’ = u(0). Let p® be given and to take u® = u°.
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Sub-step 1 : Given u™, u™ and p™, to find u”*! : Q — IR? solution of

L m ~m ~m+1 ~m+1 +1
—(@m —u")+Cc@u"mm) AT VP =T in Q
sy =t )+ C( )

" pn =0, on 9Q

Notice that we have written the convection term in a linear or semi-implicit form. For

simplicity, we take £ = f(t,,41).

Sub-step 2 : Given p™ and ™, to find u”*! : Q — IR? and p"*! : Q — IR solution of

1
(@™ —am ) + v (" —p") =0 inQ,
(Sg)+1 5 ) +V( )

V-u™l=0 inQ, u™! nlyg=0.

This step is a projection step. In fact, u”+! = Pgu™*! where Py is the L2-projection onto H,
because
(um+1,Vq> =0 Vqe HY(Q). (2)

It is well known that Sub-step 2 is equivalent to the two following (decoupled) problems:

1. To find p™*+! : Q@ — IR such that

kAperl_pm Zv-ﬁerl in Q
(S2)gt! { ( )

EV(pmtt —p™) -mnlsgo =0 on 9.
2. To find u™t : Q — IR? as

(So)p ! u™t ="t — E V(= p™) i Q.

With respect to the practical implementation of this scheme, an initial pressure p® must be
introduced as approximation of p(0), which is not possible to compute (see Remark 5 below).
Consequently, to implement this scheme, is necessary to begin with several auxiliary initial steps

with another scheme. This problem is inherent to each pressure incremental scheme.
On the other hand, adding (S1)™! and (S2)™*!, we get

1 +1 ~m ~m+1 ~m+1 1 1
—(u™t —u™) + c@m,amt) — At 4 vp Tt =t in Q)
sy =t )+ C( )

" pn =0, V-um" =0 inQ.

(S3)™*! can be viewed as consistence relations, because if we could demonstrate that a”*! and
u”*t! converge to the same limit function u and the convergence is sufficiently strong, taking

limits in (S3)™*!, we will find that u is a solution of the continuous problem (P).
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1.2 TUnconditional stability of the time discrete scheme

Let us to introduce the following Hilbert spaces:

H = {vel?Q) : V-v=0inQ, v-ngq = 0},
V = {veH{Q) : V-v=0in Q},

being nyq the normal outwards vector to 0f2.

In this Section, by C' we will denote different constants, always independent of k.

The norm and inner product in L?(2) will be denoted by | - | and (-, -), whereas the norm
in H}(2) of the gradient in L?(£2) will be denoted by || - ||. Any other norm in a space X will
be denoted by || - ||x

Lemma 1 (Continuous dependence of the scheme)
a) Continuous dependence with respect to L?.

Assuming 0™y u™ € L2(Q), then there exists an unique u™ ! € H. Moreover,

|um+1| < ‘ﬁm+1‘ and ‘um+l _ ﬁm+l‘ < ’ﬁerl _ um‘_

b) Continuous dependence with respect to H'.
Ifu™ € HY(Q) NH and a™*! € H{(Q), then u™t € HY(Q) N H. Moreover, there eists
C=0C(Q) >0 such as

™ < O flam .

Proof.
a) From u™*! = Pgu™*™! one has [u™ ! < |[um*l|.

On the other hand, by multiplying (S2)™*! by u”*! —a™*! we obtain

|um+1 . ﬁm+1|2 _ (ki v(pm+1 . pm)’ um+1 . ﬁm+1> — (k? v(perl o pm)’ u™ — ﬁerl)

A O Il e e It

IN

)

hence we get [u™*! — a”*t!| < |[a™*! — u™|. Notice that this last estimate can be obtained

directly as consequence from the L?-projection property of best approximation, because ]um+1 —

1" = min ju — a™ |
ucH
b) By applying the regularity of the problem (S3)™! | there exists p™™! — p™ € H% N L3

a

and it satisfies
ENIVE™T = p™)lm < Cllamt),

where C = C(2, D) > 0. Then, u™! € H(Q) and

< Cf a4 kYT = g™ )
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obtaining the desired estimates.

Notice that b) can be understood as the H!-stability of the L2-projection.

Lemma 2 (Stability of the scheme) Let f € L2(0, T; H1(Q)) (H1(Q) being the dual space
of H{(Q)) and up € H. Assuming the following constraint on the initial discrete pressure

k|Vp°| < Co, then there exists a constant C = C(Co,f,Q) > 0 such that,
WP R kTP <O V=0, M -
M-1
k Z {||1~1m+1H2 + Hum-{-lHQ} < C,
m=0

M-1
Z {|1~1m+1 _ um|2 + |um+1 _ ﬁm+1|2} <C.
m=0

Proof. (An outline of the proof) By making 2k ((Sl)m+1, ﬁm+1) +k ((Sz)m+1, amt pamtt 4
k(Vpmtt + me)), one can obtain (following the same lines that in the proof of Theorem 6),

0™ oo 2y + 0™ 2y + 1k V™ 1o 12y < C.
After that, taking into account Lemma 1, we obtain the supplementary stability estimates
@™ o2y < C and - [[u™ |2y < C.
]

Starting of the previous stability estimates, the convergence of the velocity approximations
have already been established (for instance, see [23]). Concretely, defining uy as the piecewise

constant functions taking values u™*! on (¢, tm11], the following result hold:

Proposition 3 (Convergence) Under conditions of Lemma 2, there exists a subsequence (k')
of (k), with k' | 0, and a weak solution u of (P) in (0,T), such that: up — u weakly-x in
L>=(0,T;L2(9)), weakly in L?(0,T; HY(Q)) and strongly in L*(0,T; H).

1.3 Differential problems verified by the errors

We will obtain error estimates (for velocity and pressure) with respect to a sufficiently regular
(unique in particular) solution (u,p) of (P). For this, we introduce the following notations for

the errors in ¢t = tp,41:

~m+1

=Uu(tmi1) — 1 , emtt

é'erl m+1 6m+1 m+1

=u(tmt1) —u o oep =p(tmgr) —p™T,
and for the discrete in time derivative of errors

em+1 _em ém—i—l _gm

m+l _ sm+l _
6te = 2 5 (5756 = 2
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Subtracting (S1)™*! with (P) in t = t,,11, using the integral rest and manipulating the convec-

tive terms, one has [2, 3]:

1 ~m+1 m ~m—+1 m _ em—+1 m+1
(Ep)m+! %(e —e”) = A" + V(e + kb p(tmt1)) =€ +NL in Q,

ety =0,

where

m+1 1 bmet1 bmet1 m+1 m+1
et = 2 [Tt = ([ we ) ult) = & g

is the consistency error, and
NL™H = —C (", u(tmp1)) — C(a", &™)

are the residual terms appearing in the differences of the quadratic terms. These terms can be
rewritten as
NL™H = —C (™, wm!) = C(u(ty), &™)

On the other hand, adding and subtracting the term u(t,,+1) in (Sp)™*+!

1 m+1 _ gm+1 m+1 m . .
(Ey)mt gl e+ (et = ey = kdpltnsn)) =0 in ©,

V-e™tl =0 inQ, e™tl . njgq = 0.

, we get

Again, the problem (E3)™*! can be decomposed into two problems as follows:

(Ey)m+t kA(erH - egz - kétp(tm“)) =V-emth inQ,
kv(e}ﬁ”*l —e — kétp(tm+1)) ‘njpg =0,

and

(EQ)IT)n—i-l emtl —gmtl _ V(ezl+1 - 621 - k5tp(tm+1)) in €.

Finally, adding (E1)™"! and (E3)™!, we arrive at:
1

m+1 _ m\ _ Azxm+l m+1l _ em—+1 m+1
() ? (e e™) — Ae + Ve, =€ + NL in Q,

V-eml=0 inQ, e .n|yg=0.

Lemma 4 (Continuous dependence of the errors) The following inequalities hold

et < ] e g < e e
Moreover, there exists C' = C(Q2) > 0 such that
le™ ] < C e .
Proof. The proof is similar to Lemma 1, by using that e™! = Pgem+!, [ |
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1.4 Regularity hypotheses.
In the sequel, we will assume the following regularity hypothesis on 2:
(HO) Q C IR? such that the Poisson problem in € has H?(Q) regularity.

In order to obtain the different error estimates, the following regularity hypotheses for the

(unique) solution (u,p) of (P) will appear:

(H1) ucL®MH?*NV), pecl?HY), ueclLl?L?, uycll?H)

(H2) pu € L2(HY), w € L®(L3) N L3HY), wuy € L2(L?), wy € L2HY

(H3)  uy € L*HY)
Remark 5 Unfortunately, to obtain hypotheses (H1)-(H3) is necessary to assume that u,(0) €
H', which implies a non local compatibility condition for the data ug and £. In particular, it is

proved in [14] that this reqularity statement can only be valid, if there exists pg € H' (the initial

pressure) solution of the overdetermined Elliptic problem

Apo=V- (f(o) — (uo - V)ug) in Q,
Vpoloo = (AUO +£(0) — (up - V)uo>|aﬂ-

1.5 O(k)-error estimates for the velocities

Theorem 6 Under conditions of Lemma 2, (H1) and the constraint |V62] < C, the following

error estimates hold:
1€ e ayriz ) + 1€ e @eynzry < Ck and e oo a1y < C. (3)

Moreover,
[&™F! — e™|2re) < CKY/. (4)

Proof.
By multiplying (£;)™*! by 2ke™*! and integrating in €2, one has:

(82 — e |2 4 [§ 1 — e™[2 4 2k[[& |2 + 2k (V(e! + k6 p(tmy1)), 8™ 5
<2k <gm+17 ém+1> ) k(NLm+17§m+1)

The consistency error €™+ = €1 4 £ can be bounded as follows:
tm

- k- +1
2k (e < SRR CR [ funle d,

m

m —m tm+1 ~m k ~m tm+l
2 (gt ety <2k ([ ) 90l s l8™ o < 5 1872+ R [ il

m m
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With respect to the convective terms,
~ - ~ k- ~
2ENL @) = 2k (&, (b 1), 8" 1) < 2SI + Ck lultns) ey af&™

(here the antisymmetry property c(a™,e™*!,&"+1) = 0 has been used).

Taking into account these estimates in (5), we arrive at

|§m+1|2 . |em|2 + |ém+1 . em|2 + k||ém+1H2 + 92k (V(e;,n + k5tp(tm+1)),§m+l)

~m 2 g [tmtt 2 2 (6)
<CREE+CR [ (s +

On the other hand, multiplying (E2)™! by k(e™*! +em*!) + k2 (Veg”rl + Ve;”) and using
that (em“, Vezlﬂ) =0= (emH,Veg‘) = (emH,V(Stp(th)) (owing to (2)), we obtain
‘em+1‘2 . ‘6m+1‘2 + (]k Ve;”HP — |k vemz) _ 9k (fém+17 Ve;”) -

= k? (émH, V5tp(tm+1)) + K? <V5tp(tm+1)a Vept! + Ve?)

Now, we bound the RHS of the above equality as follows:
K2 (87, Vaip(tmi1)) = k2 (87H! — €™, Vaip(tms1)) < e [8"F! — &2 4 Ck* [Voyp(tmyn) 2
(here, we have used that (€™, Vép(tm+1)) = 0)
i (V(Stp(thrl), Ve;”+1+Ve;”) =K (Vétp(tm+1), Ve;”H—Ve;”)+k:3 (V5tp(tm+1), 2 ve;,n) = 1+1,
By using (E2);"*!, the term I can be rewritten as

t7n+1
L < B2 (Vop(tms1), & = ™) + 1 [Vop(tm)|” < e e — e 2+ Ok / Vpe|?
tm

tm+1
<e ‘6m+1 _ em|2 + Ck_?)/ \th|2

m

We bound the I> term:

2 3 2 2 o [imt 2
L < CkkVer? + Ck® [Vop(tmi1))? < CkkVem? + Ck / V|
tm

Adding up Y7, _0{(6)m + (7)m } the term 2 k:(ém+1, Veg‘) vanish, hence taking into account

the above estimates, we obtain

12 [k Ve 2 4 5 30 (@ =Pk Y @ < e + [k VP
m=0 m=0
. \ (8)
+Ck Y [P+ kY [k Vey” + C R el Zo -1y + el Fa 2y + VPl Zz gz}

m=0 m=0
Now, bounding the third term of the RHS of (8) as follows (using again (FE»);""' and the
L?-orthogonality property (2))

CkY [P <CkY "+ Ck Y {[kVe)' > +|kVey P+ CE Y [Vop(tms1)],

m=0 m=0 m=0 m=0
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then, applying the discrete Gronwall inequality, for each m > 1, we arrive at
€™ oo 2y + 1€ |2y < Cky €™ —e™logrey < CE¥? and  [|e)"™[joe sy < C.

The estimate |[|€"|[;c(z2) < C'k is obtained from [€"F1] < [€"F1 — ™| + |€™] and the

previous estimates. Finally, taking into account the Lemma 4, we obtain

||em+1||lz(H1) <Ck and Z lem Tl g2 < Ok

Notice that the estimate [[€"||;2(g1) < C'k implies in particular [[€™| 1 < C for each m.

Lemma 7 Under hypotheses of Theorem 6, one has
€™ g2 <C,  Ym.

Proof. From the H?2-regularity of the Poisson problem (E;)™*!, one has
= m+1 _

€
k

m 2

e
‘ + [VeP|? + K|V 6ep(tma1) > + [E™T P + INL™ ) .

[&™ e < © (\

To bound the first and the second term of the RHS, we use that [e™™! — e™| < C'k from (4)
and ”egl—‘rlnloo(Hl) < C from (3). It is easy to bound the third and the forth terms of the RHS.

Finally, we bound the more complicate term of the nonlinear term NL™! = C(&™, u(t;,41)) +

C(em, &™) + C(u(t,,),e™ ) as follows:
[Ce™ & )? < Clle™ || [&™ | pwrmwrs < Cl™ & g2 < el 7 + C,
where in the last estimate, we have used that ||e™| < C. |
Remark 8 As a consequence of the L™ in time estimates ||€™ (|2 < C and He;”‘HH <C, Vm,
one has
Q"2 < C and  |p" T < C Vm.
1.6 O(k)-error estimates for the pressure

First, we are going to obtain error estimates for discrete time derivative of velocity. Afterwards,

we will obtain the optimal O(k) estimates for the pressure.
Lemma 9 (Continuous dependence of discrete derivatives)

|6, < |5, 8T, |6, — g8 < |68 — 5e™.
Moreover, there exists C' = C(Q2) > 0 such as

16:e™ || < C [lae™ ).
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Proof. The proof is similar to Lemma 1 and Lemma 4, by using that §;e™*! = P (5;6™*!). m

Theorem 10 Assuming hypotheses of the Theorem 6, (H2) and the following constraint on the
initial approrimation
0’| + |k Viey| < Ck,

then one obtains
160" 100 12y a2ty + 1606 100 (£2y iz a1y < C'k
Remark 11 Reasoning with similar arguments as in [12], we can get |5e!| < C k'/2.

Proof. By making §;(F1)™ ! and 6;(E>)™*, one obtains Vm,

sm+1
(Dy)m+! { 0T — 0™ _ A§E™ T+ V(5€ + k 8,0p(tmg1)) = GE™ T + §NL™

k

1
%(5tp(tm+1) — 0p(tm)), and

{ 5tem+1 _ 5t’ém+1
k

where 0;0;p(ty+1) =

(D)L + V(8™ = Siept — k 6:6p(tm1)) = 0.

The proof follows similar lines of [8] and [19]. By multiplying (D1)™! by 2k §; €™+, we get:
’(5t~m+1’2 ’5 em‘2+‘5 ~m+1 5tem|2+2k,”5 ~m+1||2

+2k(V(Ouep’ + k00ip(tm 1)), 687 1) = 24 (6™, 5,8 ) + 2k (NI, 58

We bound the RHS as follows:

m4+l ¢ ~m+1 ~m+1)12 g [imt 2
2k (687,68 ) < <klo@ P+ OF [ sl

m—1

2k(6 &8, 0,8 ) = 2k (8u(tnir) - V(ultmir) = ultn)), 68" )
+ 2k((0r(tmir) = G(tn)) - Vult), 08" ) = I + I

_ tm — tm41
I < ek||6&™ || +C’€H5tu(fm+1)||is\|/t dyul[fp < ek||o ™ +Ck2||ut”L°°(L2)/ [ty

m

1 tm41 tm 2 " tm+41
%(/t Ut_/t ut)‘ < e k|6 " |*+C K / lug|?
m m—1 —

(in the above inequality we have used estimates obtained in [20])

Iy < e k|| 6@ P+C k|| Vult,) || 2s

Now, we bound the non-linear terms:

2 (GNL™, 58 ) = 2k (08, u(tms1), 68" ) + 2k g™, &, 58" )
+2k (8™, u(tn), 687 ) + 2k (@, 68, gt ::iLi

=1
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Ly < k18 @" [ [[u(tmi1)llLeonwis [16: 8" < ek |6, 8" + Ck |6, &™)

Ly =2k (6,8, 8", 6,8 ) + 2k c(dpu(tn), ™, 0,8 ) i= Loy + Loy
Loy < 2k |[[&™ |2 |68 |6, " < ek [|6 & + Ok |5 €™
where we have used that [[€" |2 < C,
Loz <k [|6eu(tm)llzs 0,8 | €™ < ek [|a ™ H|* + C'k [le™+1|?
(in the above estimate we have used the regularity u; € L°(L?)), and from similar way,

Ly <ek|se™ 2+ Ckle™ >

Finally,
Ly=0.

Taking into account the above estimates and taking € small enough, we arrive at
(G2 — |2 + |58+ — G ? 4 k[ |2 + 2k ((V(Sre + k GiSip(tm1)), 8™
tm41 tm41
< OHEE" 2+ Ck [ (s +uel?) + O [l C RO+ &)
m—1 m
(9)
On the other hand, multiplying (D2)™"! by k (§;€™ ! 4 6,&™F1) + k2 (Vée' 1 + Viept) we
obtain
(82 — |58 L2 o [ Vet 2 — [k Ve |2 — 2k (68", Voep)

2 (5,am+1 3 +1 (10)
= k2 (881, Voi0ip(tms1) ) + K (Vore ! + Ve, Vodup(tmsa) )

T
Reasoning as in Theorem 6 making Z {(9) + (10)} and using error estimates of Theorem 6, we
m=1
arrive at

R - k< ~
|5ter+1’2 + ‘kV6t6;+1|2 + 5 Z |5tem+1 _ 5tem’2 + 5 Z ”(Stem+1”2
m=1

m=1
<|6e' P+ |k Ve P+ Ck > 0@+ Ck Y |[kVoe)|* + Ck?
m=1 m=1

Now, we bound the third term of the RHS as follows (using again (D3)™ and the L2-
orthogonality)

T T T T
Ck> 6@ <Ck > |6:€™*+Ck Y (|kVoe) *+[k Ve 1) +C k> > |V0ep(tmsr) |-
m=0 m=0 m=0 m=0
Then, applying the discrete Gronwall Lemma, we arrive at

||5tem+1||loo(L2) < C]{?, Z |5t6m+1 - 5tem|2 < Ckz, H(stémJFIHZQ(HI) < Ck
m=1
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and ||(St€gl+1”loo(Hl) <C.
After that, taking into account Lemma 9,
16:€™ 2y < Ck and > (6,87 — ™ TP < Ok

Finally ||5tém+1||loo(L2) < C'k is deduced. |

Theorem 12 Under hypothesis of Theorem 10 and (H3), the following error estimates hold

1€ M oo a1y + Nl ™ Hlioo(z2) < Ck.

Proof. From Theorem 10 and the continuous inf-sup condition applied to (E3)™*!, we can

deduce the estimate [|e"||;2(12) < C'k. Indeed, rewritten (E3)™*! as
_ve;n+1 _ 5tem+1 o Aé'm+1 o gm+1 o NLm+1, e;ﬂ+1 c Lg(Q),

then, applying the continuous inf-sup condition, one has

632, ptmsa
ey Hlze < o™ s + [+ ORI + == ( /tm luwl-sdt) ). ()
Taking into account that [[€"1 |21y < C'k and [|6;€™ |00 12y < C' k we arrive at
leg ™ 2y < Ck.
On the other hand, of (E3)™*! we have
SAETHL = —gemtL — vt 4 gmHl | N &0 = 0.

m+1

Multiplying the last inequality by 2 k d.e , we obtain

(Vem L2 _ |vem|? 4 Vet — vem|?
= —2k(Veptt, 68" ) — 24 (g™, 5,8 ) + 2k (£ 58 ) 4 2k (NL™H, ggm )
< klef TP + k|Voe™ T P + Ck 6™ + Ck |6, @7 + 2k |EM 2 + 2k INLT 2
Now, we bound the two last terms on the right side hand as follows
EMF2 < O k2
INL™ 2 < C(le™]* + [le™ %)

where in the second inequality, we have used |[U"||;cqp13 < C and [[u(tms1)|| poenmwrs < C.

Adding from m =1 to r we obtain

|V~T+1‘2<C]€Z (|€m+12+|vé~m+1|2+|5 em+1|2+|5~m+1|2+HemH2_’_H~m+1H >+Ck2

m=1
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hence, we arrive at |[e™ | oty < C'k applying the estimates of precedent results.

On the other hand, by using the inequality (11) and taking into account that
|67 -1 < C 6™ < CE, | <Ck and wuy € L®°(H)

we arrive at
||€;n+1||loo(L2) < Ck.

2  Fully discrete scheme

In this section, by C we will denote different constants, always independent of k£ and h.

2.1 Finite element approximation and fully discrete scheme

We consider a finite element approximation of the time discrete scheme given above. We restrict
ourselves to the case where 2 is a 2D polygon or a 3D polyhedron satisfying the regularity
hypothesis of (HO). We consider two finite element spaces Y, C H}(Q2) and Q, € HY(Q)NL3()
associated to a regular family of triangulations 7}, of the domain €2 of mesh size h (in the sense
of Ciarlet [6]). The finite element Y}, and @ are globally continuous functions and locally

polynomials of degree at least 1. Moreover, we will assume:

e The “inf-sup” condition ([7]) for (Y, Qn):

There exists 6 > 0 independent of h such that,
) %
inf sup u > .
2 €Qn\{0} \v,ey,\{0} lIValllanl
e There exists certain interpolation operators with the following properties:

— I, : L? = Y}, such as

(u—TIpu, V) =0, Y, €Qy (12)

and satisfying the following approximating properties:
|G — Ipall g < Chla— Il VaeL*(Q),
[0 — Il < Chla)g: Vae H?(Q)NH(Q),
— Jp : H' — @y, defined by
(V(Jhp —P)7V%) =0 Vagn € Qn,
satisfying

p— Jwpl < Chllp— Jppllgr < Chlpll;s Vp € HY(Q)NL§(Q),
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Remark 13 For instance, if we consider the IP1-bubble X IP1 approximation to construct the
space Y, X Qp, then a possible manner to choice Iy, is as follows: Let fh be a regularization
interpolation operator (of Clément or Scot-Zhang type) onto the globally continuous and locally
IP, finite element space, that is Inu|p € IPy for each T € Ty, then I, satisfies

Tl < Clul, [Tou—ul < Chljul, [Tu—ul < Chlulle.

We define Iyu = Iu+ > rbrar(u) with by a bubble function and ar € IR such as [p(u —
Iyu) =0 for each T € Ty, that is

ar(u) = Jr(a— Iyw) VT €T

fT br

Then, in particular (12) holds. Moreover, it is known ([7]), by means of a duality argument,
that
lu — Inpu|lg-1 < Chlu— Ipul.

Now, if I, is L?-stable, we obtain the desired estimates. For this, since fh is L?-stable, it suffices
that the bubble part Y7 by ar(u) be L2-stable. Indeed,

’ZT:bTaT(U)‘QZ;‘aT(u)f(/Tb?T) ZXT:(/Tu_fhuffTb?T

(fT bT)2

- T -
<O I( [ u- ) |’T|' < C'u— Tl < Cluf
T

where in the last estimate, the L?-stability of I, has been used.

Now, following the equality u™ ™! = a™ ™! — k V(p™*! — p™), we define Kp, u™ € Y}, +VQy
by:
Kh’kuerl = Ihﬁerl — k} VJh(pm+1 — pm). (13)

Then, we can obtain
K < 0 (B g - 7)< COk ) .
Indeed, due to the definition (13) of Kj, yu™"!,
u"t — K pu™ = amt - pamtt — V((Pm+1 — Jpp™ ) = (" - Jhpm))
< C (R g + k[lp™ = ™) < C(k + h),

where the approximation properties for I, and J have been used.

Finally, the following constraint between the time step size k and the mesh size h will also

be assumed:
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IS

(H) There exists a constant o > 0 (independent of k£ and h) such that — < «

The fully discrete scheme remains as follows:

Initialization: Let (0),p)) € Y, X Q be an approximation of (u’,p?). Put u) = uaf.

Step of time m + 1:

Sub-step 1: Given (u}’,p}") € Yi, x Qp and up* € Y, + VQp, to find u ~m+1 € Y}, such that,
(St
1/ —m ~
? (uZ‘Jr1 — uZ"‘,Vh) + c(uh , Z“Ll,vh) + (V uZZH,Vvh) + (Vpﬂ””,vh) = (fm“,vh).

Sub-step 2: Given (@]""!, pi*) € Y, x Qp, to find p}" ™ € Qj, such that

(Sa)ait! (k? Vpptt = i), V(Ih) = (ﬁZnH,VQh) Van € Q.

Now, we define um+1 €Yy, +VQy by
(Sg)m+1 uZ‘H ~m+1 kv( m+1 pzn)
Observe that, u m“ verifies the L2-orthogonality property:

(uhm“, th) =0 Vg€ Qn (14)

Notice that, adding both sub-steps, we obtain:
1 ~m
(Ss)tt Z (uhm'H —u}f‘,vh) —|—c<uh v ) (Vum+1 Vvh) (me'H ) = (fm+1,vh)
We introduce the end-of-step velocity uj* only to make the numerical analysis. This is not
necessary for the practical implementation of this scheme, which can be realized as follows:

Given (pzl_l,ﬁzﬁ‘) € QnxYy,
(a) To find p}* € Qp, such that

(k¥ — ™), Van) = (@7, Var) Yan € Q.

(b) To find @)"™ € Y}, such that, Vv, € Yy,

(ﬁMHk_ﬁ]T vh)+0(uh S Vh>+(V ﬁZnH,VVh)ﬂL(V(QPh -7 ), Vh) - (fm+1’vh)'

Then, the computation for pressure and velocity is decoupled (for this, the scheme is called a
pressure segregation method). In fact, (a) is a Poisson problem for the pressure and (b) is a

linear convection-diffusion problem for the velocity (which is also decoupled by components of

a ).
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Note that, we have to begin with a pressure p,jl (for m = 0), which has not sense. For this,
either we have to begin with several auxiliary initial steps with another scheme or we have to
begin with a first step with the scheme written as before, i.e., with ﬁ%, pg y u?L = ﬁ%, beginning
then with a approximation of the initial pressure.

It is easy to extend the results given in the previous Section about the continuous dependence
for the semi-discrete in time scheme, to this fully discrete scheme. Indeed, from (52)m+1 and
(14), we have

[T = [t 2 4 V(- )P (15)
hence, in particular, [u}’ < |~m+1| From (52)m+1

kY (@ =)l = @ kYt = p) = @ - ut RV - o)

then

m+1 ~m+1| < |~m+1

uy — .

Moreover, using the antisymmetric property of c(uj’, hm'H uZZH), see (1), one can extend

results of stability and convergence for the semidiscrete in time schemes to this fully discrete

scheme, that is, the following estimates hold, for any r < N:
[, ||l°° (r2) t [CHe Hzoo L2) 012 myy + [k v107"H||zo<>(L2) <C

Z |~m+1 m|2 + Z ’um—i-l ~ZL+1’2 < C

Indeed, by making ((Sl)mJrl 2k um“) using the fact that
2k (V' W) = 2(k Vi kY (0 = i),
and the equalities (¢ — b)2a = a? — b + (a — b)? and (a — b)2b = a® — b? — (a — b)?, we have

i R L e L G e Lo e A e e (e 0 | Rl | g [/
(17)
Adding (17) and (15), we arrive at

[P = a4 @ = P ke Ve — RV R < R

Now, adding from m = 0 to r (r < N) in the above expression, we obtain the desired estimates
(16).

2.2 Problems related to the space discrete errors

We will present an error analysis for the fully discrete scheme (u;l”"H m'H, pznﬂ) as an approxi-

mation of the semidiscrete scheme (™ +!, u™*! p™+1). Consequently, we consider the following
errors:
m+1 _ _.m+1 m—+1 ~m+1 _ ~m+1 m+1 m+1 _  m+1 m—+1
e, =u —u, ", e; " =u -4, €, =P - Py
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These errors can be decomposed as follows (splitting the discrete part and the interpolation
one):
m+1 m+1 m+1 ~m+1 ~m+1 ~m+1 m+1 __ m+1 m+1
e, =€, + € , €y =€, + € , €pd = €ph +e

being e; interpolation errors and e;, space discrete errors, concretely

m+1 __ +1 m+1 m+1 _ +1 +1
e = Kppu" —u)'" and e =u"" — Kppu™t,
gm+1 ~mt+l _ ~mtl sm+l _ =mtl Sm+l
e =Lu"" —uy" and €' =u"" — L,u"",
m+1 m—+1 m+1 m+1 _ _m+1 m—+1
epn = Jnp —p, and ey =p — Jpp .

Remark 14 From the equalities u™™! = a™! — kV(p™t! — p™) and K pu™ ™! = Lum ! —

kVJ, (™t —p™), one has

et = gmt! —kV(e) L e, (18)

In particular, by using this equality replacing m for m — 1, we get

1
S(E T =€) = e, (8™ ) + V(eg; — e )- (19)

Moreover, owing to the choice of the interpolation operators I, and Jy,
m+1 \v4 _ [zxm+1 v — k(v m+1 _  m v =0 v 20
e, Van) = (€&, Vay (epi —€pi)sVan) =0, Vap € Qp. (20)

On the other hand, from (uh ml th) =0, Vq, € Qp and ( mH,th) =0,Vq, € H' N L3,
then

(e, Van) =0 Vg € Qu. (21)

Finally, from (20) and (21), we arrive at

( et V%) =0 Vg € Qp.

Comparing (S1)™*+1, (S2)™+! and (S1)7" ™, (Sg)m+1 we have the following variational prob-

lems verified by the space errors &7 and (ef'** egfjl) respectively:

! (’ég”rl — eg’,vh) (V eerl Vvh) + (Vegd,vh) = NLZH_I(V}L), Vvh €Yy,

k
m+1 __ ~m+1 m+1
e —kV(e,d —€pa)s
where
NLZ‘H(vh) = c(uh ,uZLH,vh) - c(ﬁm, ﬁm+1,vh) = —c(ézl”, ﬁm+1,vh> — c(uh ,eglﬂ,vh).
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Then, splitting the error in the discrete and the interpolation parts and by using (18)-(19), we

obtain
(B ;(agﬁl — e, vi) + (Ve Vvn) + (Vep, va) = NLP ! (v))

o —(ei(étﬁmﬂ),vh) — (VEI-”H,VV;I) — (V(Z €pi — e;’?,i_l),vh), Vv, €Yy,
(EQ)ZLJrl eZl+1 — 6hm+1 kV( m+1 eg}h)'

Finally, adding (E1)}"*! and (Bs)j**,

et | g ) = (VL) (V) = N )

" —<ei((5tﬁm+1,vh) — (VETH,VVh) — (V(2 Cpi — egfi_l),vh), Vv, €Yy

2.3 O(h) error estimates for &,"*" in [*(L?) N /2(H') and for e]"™" in [*(L?)

Theorem 15 We assume hypotheses of Theorem 6, |€?| < C'h and k]Vegvh\ < Ch. Then, the
following error estimates hold
||62n+1||12m L2)ﬁl2(H1) + Hem+1Hloo L2) + Hk' V6m+1||loo L2 < Ch2 (22)
6" — ey < ORI (23)
Proof: By making ((El)m'H 2k~m+1) and using that (Vegfh, Z‘H) =0, hence
2k (Veph, &) = 2(k Ve, k V(e —ep)) = [k Vel 2=k Vep, P = [k V(e —ep) 2,
we arrive at
G — (et [2 4+ 6 — e 2 + 2 [ 4 [k Vel — [k Ve, 2 — k(e — e )
= —2k (ei(8 ™), ~;7;+1) — 2k (Ve veptt) — 2k (V(2ep — e, egm)
+2kc(eh ,amth 62”1) +2 kc('ev;" amt! 'éZLH) - 2kc<ﬁh ,e}?“fé?“)
—2l<:c<uh, Z”H,éznﬂ) = 1‘7:1 I;
(24)

We bound the RHS of (24) as follows:
Iy < ek|l&y P + Cklles (0 a™ )| F-1 < ekllef™|* + C h? k|ga™ |
I <ekl[ep™* + C R k@™
Iy=2k ((2eps —ep ), V&) < ckI& 1P + CRR (™) + ™)
With respect to the nonlinear terms,

1= 2k @ &) < CRER [ ranp &) < ek &7 + C k&)
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Iy = 2k (&, 0" & ) < ek @2+ Ch (&2 < k[P + C bt k(6"

Ig = 2ke(ap, &t &rtt) = 0

IN

I; = ch(uh ,emﬂ,éznﬂ)

i Ck @l [l 1Zs + e ke 2

Ck a1 [ 18| + e ke 12
C kR G| [[am |3 + e klley |
Ckh® |8 + ¢ k& |

IN A

IN

On the other hand, from (E2)}"*! and the L2-orthogonality property, we have
&P = e ™+ [k (Ve —ep) (25)
Then, adding (24) and (25), the last term of the LHS of (24) is canceled and we obtain

|em+1|2 ’ezn|2 |~m+1 —ey |2 + k ||~m+1||2 + |k‘ V€m+1‘2 |k‘ velr)r}h|2

< CE[EP?+Ckh?+Ckn®|uy|?

Finally, taking into account (25), [€7'* = |e}*|* + |k V (e, —epn D2 < lep? + 2]k ver, >+
21k Ve 1|2, then adding from m = 0 to r (with any 7 < M), since kY [|a}||? < C, we can get

(applylng discrete Gromwall’s Lemma):
wHW+MWﬁW+§NW“ %P+k2w%“w§c®W+mv%ﬁ+W)

hence the estimates (22)-(23) hold. |

As consequence of Theorem 15 and constraint (H), we can obtain stability estimates in

regular norms:

e From (22) and constraint (H), we obtain in particular |Vem+1| < C hence, since |Vem+1| <

C and |Vp™tl| < C, we arrive at
|Vpt < C (26)

e From (22) and constraint (H), one has in particular

h2

IFWNP<CM”MHQ+WW”P+W”“H)<C<k

+ R A e + 1) <C.(27)

e Finally, from (23) and using again the constraint (H), one has

ém+1 m
hTh is bounded in loo(LQ)-
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entl _en an ! -y
hence, by using that ’T’ is bounded in 1°°(L?) and Z : < C, we
m
obtain
antt — g
h : b is bounded in 1*°(L?). (28)

Previous estimates (26)-(28) will be used jointly with the following result, in order to improve

the stability estimates for ﬁZ”l.

Lemma 16 [7] Let g € L2. If uj, € Y}, is the solution of the problem
(Vuh,Vvh> = (g,vh> Vv € Y.

then
[upllpre < Clgl.

Corollary 17 Assuming hypotheses of Theorem 15, (H) and [[u)||f16 < Co (that is ug €
WL6) one has

ﬁ;L”H is bounded in 1°(WH9), (29)
Proof: Re-writting (S1)7" " as :
(S 1
(Vo vve) = = (=) = e(m gt va) + (7 ) = (Ve va)

then, using the Lemma 16,

[ e < C (

+IE T 8 s e 1P + IVPT\2)

Bounding
15 an e < A1 G G < C RIS < ellaf[fe +C
and using (27), (28) and (26), we have
1@ frs < ellag[fue + O (1 2 + (Vo 2+ (£ 4+ 1) < ef|ap{[fe + O
Then, it suffices to choose ¢ small such that ¢ Cy < C; and €2 C; < (], to arrive at

HINIZLHWLG S 201 Vm,

which is the estimate of @}**! in 1°°(W15). |
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2.4 O(h) error estimates for &)™ in I>°(L?), §,&"" in [*(L?) N *(H') and
(ertt,ert!) in I°(H' x L?)
By making 0;(F1)7" ™ and 6;(E»);**!, one obtains (Vm > 1):
%(5@;}”1 — Gef,vi) + (Vo Vva) = (6iVep, va) = S NLH (vy) Vvy €Y,
where,

SNL" (vy) = c(étégl, ﬁm“,vh)—i-c(étﬁh, CUanS h)—i—C(éd ot v >+C< et 5tem+lavh)

and

et = ot — kY (Giel s — bieply)
The following L?-orthogonality property holds:
((5te2”+1,th) =0, VYq, € Qp.
Then, due to the choice of interpolation operators,

y (5 ~m+1 seel, Vh) + (vétézl-i-l’ VVh) + (Vétezlh, Vh) =4 NLZI'H(Vh)

(Dl)m+1

" (ez(ététumﬂ vh> — (V(Sté;”H,VVh) — (V(Q Srepy; — 5tem 1) Vh> Vv, €Yy
(Do)t et = oreptt — kv (Srel — biepy,)
and

((5tem+1 th) =0, Vg€ Qh.

Theorem 18 Under the hypotheses of Theorems 10 and 15, assuming the hypothesis for the
first step of the scheme
|6re}| + |k Ve, ] < Ch,
then
18e€ oo r2) + 10665 i (ynizqa) + 11 8: Ve o2y < Ch. (30)

Remark 19 Reasoning with similar arguments as in [13], we can get |6;e1|* < C'h?/k and, in

particular, using (H), one deduces |5ie},|*> < C h.

Proof: Since the initial estimate |d:e}| + |k V(Stezlj’h\ < C'h is assumed, it suffices to prove the
generic estimate for 6teh 5tem+1 and kzétVe;'?;{ L for each m > 1.
Taking 2k 6,;&8;"t! € Y}, as test function in (D;)}" ™ one has
(682 — (e |? + eyt — der® + 2 Kl|o@y |2 — 2k (dier, V - 08
= —2k (e (0,00 HY), 6,87+ ) — 2k (Vo Vo) — 2k (V(2 b€y — diep ), et
+2NLP Y (st =1 + I + I3 + Iy
(31)

137



We bound the RHS as:
L < ek |68 + C kB |55 am 2

I < ek |6 &2 + O k 3|50 |5,
I3 < ek |58 1P + C kB ([|6:0™ (17 + [16:0™ 1)
The nonlinear terms, for m > 1, are treated as follows:
I = 2ke(g@y, @, ey ) + 2k sy, et ot
4
+ 2ke(Ept aamt, o) + 2ke (At GEyt, sEptt) =Y J;
Bounding each J; term:
Ji=2 k:c(5t amtt , 0 ~m+1) + 2kc((5te amtt , 0 em+1) = Ji1 + Jio

Jin < e k|6 + Ck [0 21000 [6:87

Jia < e k|6 &2+ Ck[am™ 2 |68 < e k|6 & 2 + C kR |5 a™|
Jy < ek |6 €] + C ko] + Ck[€) 51 5n10 (6672

T = 2kc( o 5tém+1) +2kc( 7ol st 5tem+1) = J31 + Js2
Jot < C R 6™ s 168 < e k ™72 + C kg2

~ ~ 2 ~ ~m—
Jg < ek 872 + C & < ek del 2 + O klla @™ e |2

Jo=2ke(Ty ", ot o) + 2ke(ay ! a8, 58y ) = Ju + Ja
Jiu =0
Jiz < Ck a1 | 02y || < ek (|6l HI* + O ke [lay =1 B2l g™+ 7y

Here, we have used the error interpolation |68 || s < C |68 T 1/2 || 6,8 H|Y/2 < C h3/2|| 52| .

On the other hand, from (Ds);**! and the L2-orthogonality, we have
66 P =[Sl TP + |k V(Seelt ! — brept) P (32)

Then, by adding (31) and (32), taking into account the above estimates and writting the

term

2k (Voseph, 08y tt) = 2k (Voueph, k V(Sienit = depy))
= |k — |k Voep | — [k V (Sl — beph,)
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using that (Vé.e”, .6, 1) =0), we obtain
p.h h
|0 eer1|2 |6:e | + + |6.€ep et _ el + k |]5t~m+1|]2 + |k V5t€m+1|2 |k (5tVez:”h|2

< Ck & s 108712 + C kR < Ck |68 + Ckh?

where in the last inequality the estimate ||€]}’ le||W1 snpee < C (due to [[a™ | g2 < C and (29))

has been used. Finally, taking into account (32),
6651 = |61 |* + [k V (Srepy, — ety DI? < [ |* + 21k Vérepy |* + 21k 6, Vel |,
therefore, by adding from m = 1 to r (with any » < M), the discrete Gromwall’s Lemma can

be applied, hence using the hypothesis |§;e}| < C'h and |k V 5te;)7h| < Ch , we get

|(5 r+1’2+ ‘kvé 61“Jr1 2+ Z |5 ~m+1 _5tem‘2+k Z ||5~m+1||2 < C(|6te}L|2+|k:V5te;,7h\2+h2)

m=1

and (30) hold. [ |

Corollary 20 Assuming hypotheses of Theorem 18, the following error estimates hold
||6 Hloo L2 < C]'L cmd “6?+1“ZN(H1) S Ch

Proof: Arguing as in the semi-discrete in time scheme, from the discrete inf-sup condition
applied to (F3)/"*! and the already obtained bounds [} +1||lz g1y < Ch and |6, oo (2 <

C h, we have the estimate
lepmlliz(rzy < Ch. (33)

On the other hand, by multiplying (Eg)m+1 by 2 k:csfmﬂ we have

VeI — Ve[ + Vet - Va2 = ~2k(Vert 6y tt) — 2k (Ve a8y

~2k(Gep sy ) — 2k (8e) T o) — 2k (Ve gpep ) — 2k NI (58 )
Then we obtain
Ve P — V&P + Vet — Ve < 2k e+ 2 ket
+Ck|V - 682 4 Ck |62 4 C ke |6,8 |2
+2k [lei(Su™ ) |G- + 2k &P + 2k |NLy 2

then
’vézﬂ—l‘Q _ ‘Véh ‘2 + |vfev7};n+1 ~h ’2 < 2%k ‘em+1’2

+Ck|V - 58" T2+ Ck|se 2+ Ck &t
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+C RBP4 C kA2 0™ 2 4 C R A6 e + 2 [NLj 2
Bounding the last term of the right side hand as follows, taking into account (29),
2ENL (5t < e k|68 12 + Ck €T 2+ C k(&> + Ck[& T2 + Ckle!|
< k|6 &P+ Ok &2+ C k(&) 2 + Ckh?
we arrive at
V&P — Ve + [Vertt — Ve |* < klep;* + K[V - &)
+C k[Se) P + K|V 682 4+ C k|68 T P+ Ch e P + CRISR )+ C k 12

Adding from m = 0 to r we arrive at

Ve, P < |Ve P+ Ck Z ler P+ Ck Z Ve P+ Ck Y |oel |+ Ch?

m=0 m=0 m=0

Then, we obtain

15 Hlpso 1y < Ch (34)

applying (33) and the estimates obtained in Theorems 15 and 18.
On the other hand, using again the discrete inf-sup condition and taking into account (34),
we arrive at

H€;?h+1||loo(L2) <Ch

and the proof is finished. [

Remark 21 Combining Theorem 12 and Corollary 20, the following error estimate for the total

error holds

la(tim1) = 3 ooy + 1p(Emer) = 2 o2y < C (k + h).
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Convergence and error estimates of a time fractional-step method

for the Primitive Equations *

F. Guillén-Gonzélez! M.V. Redondo-Neblet

Abstract

The purpose of this paper is the numerical analysis of a first order fractional-step scheme
in time, using decomposition of the viscosity, and stable finite elements in space for a model
of Primitive Equations of the Ocean. The aim of the paper is twofold. First, we prove that
the scheme is unconditional stable and convergence towards weak solutions of the Primitive
Equations and second, we will prove optimal error estimates for the velocity as well as for
the pressure for a regular enough solution, provided ¥ < C h? where k and h are respectively
the time step and the mesh size. In both arguments, H? regularity of the hydrostatic Stokes

problem and some inverse inequalities must be assumed.

Subject Classification 35Q35, 65M12, 66M15, 75D05
Keywords: Primitive Equations, finite elements, anisotropic estimates, splitting methods, sta-

bility, convergence, error estimates

Introduction

Assuming some simplifications (basically hydrostatic pressure and “the rigid lid” hypothesis),
the 3D Navier-Stokes equations derive to the so-called “Primitive Equations” (also called the
Hydrostatic Navier-Stokes equations). These equations are a general mathematical model in the
field of geophysical fluids ([24, 28]). In particular, they describe the general circulation of the
water in lakes and oceans [25]. For simplicity, we take constant density, Cartesian coordinates
(z in the easterly direction, y in the northerly direction and z perpendicular to the surface of

the Earth) and we assume that the effects due to temperature and salinity can be decoupled
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from the flow dynamics. Then, the model governed by the Primitive Equations is ([23, 24, 25]):

ou+ (U-V)u —vAu+ b(u) +V%p = f inQx(0,7),
0.p=—pg, V-U = 0 inQx(0,7),
(P) u=0 onI;x (0,T), u=ugng = 0 onTDyx(0,T),
vo,u=gs, ug = 0 on I'y x (0,7,
uy;—g = up in{,

\

where Q = {(x,2) € R*: x= (2,9) € S, —D(x) < z < 0} is the 3D domain filled by the water,
with S C R? the surface domain (a regular bounded 2D domain) and D : S — Ry (with D >0
in S) the function describing the bottom. Then, I's = S x {0} is the part of the boundary of
2 corresponding to the surface, I'y = {(x,—D(x)) : x € S} corresponds to the bottom (with
outwards normal vector (nx,n3)) and I'; = {(x,2) : x € 95, —D(x) < z < 0} correspond to the

lateral walls. Note that if D € C(S) then the bottom has no skips and the condition uzng = 0
on I'y, x (0,T) derives to ug =0 on I'y, x (0,7).

The unknowns of the problem are U = (u,u3) : Q x (0,7) — R? the 3D velocity field
(with u = (u1,ug) the corresponding horizontal velocity and us the vertical velocity) and p :
2 x (0,T) — R the pressure.

Also, b(u) = fu’ represents the effect of the Coriolis Forces, with ut = (—ug,u1)" and
f =2|w|sin, where w is the angular velocity of the Earth and 6§ = 6(y) is the latitude, p € R
is the water density (that it is assumed a positive constant), g € Ry is the gravity acceleration
(another positive constant), f : Qx (0,T) — R? is a field of external horizontal forces (depending
for instance on the salinity and temperature) and g, : T's x (0,7) — R? represents the stress of

the wind on the surface.

Finally, V = (Vk, 9,)! stands for the three-dimensional gradient operator (with Vi = (9;, d,)"

its horizontal component) y A stands for the three-dimensional Laplacian operator.

For simplicity, we have considered in (P) isotropic diffusion, which is written as —vAu,
where v > 0 is a viscosity coefficient. In general, due to the difference between the horizontal
and vertical dimensions of the domain, it is usual to consider anisotropic (eddy) diffusion; for
instance

—Vx - (1 Vu) — 1, 0%u

where vy, v, > 0 are the horizontal and vertical eddy coefficients respectively, being v, < v
([28]). The results of this paper can be easily extended to this case.
Now, we will give two reformulations of the problem (P) which will drive us two different

spatial approximations.
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If one defines ps(t;x) = p(t; x, z) — pgz, then ps : S x (0,7) — R is a new unknown (defined
only on the surface S), that it will be called the surface pressure.
Notice that the equation V- U = 0 in £ x (0,7") and the boundary condition uz = 0 on

I's x (0,T) is equivalent to the explicit formula

0
us(t;x, z) = / Vi - u(t; x, 8) ds (1)

Moreover, one has the equality,
0
/ V- -Udz = Vx - (u) — (u,u3)(x,—D(x)) - (VxD(x),1) =0, inSx(0,T), (2)
-D(x)
where (u) denotes the total vertical flux of the horizontal velocity:
0
(u)(t;x) :/ u(t;x, z) dz.
—D(x)
Therefore, since (VxD(x), 1) is parallel to the normal vector (nx, ng) on I'y, if we assume V-U =
0 in Q x (0,7, the so-called slip condition u - nyx + ugns = 0 on I', x (0,7) is equivalent to the
constraint Vi - (u) = 01in S x (0,7") ([23, 24, 25)).
Then, the problem (P) can be reformulated as the following integro-differential problem:
( Jdu+ (U-V)u —vAu+b(u) + %p, = £ inQx(0,7),
V-(u) = 0 inSx(0,7T),
vo,u=gs; onlsx(0,7T), u =0 on((lLuly) x(0,7),

u;—p = U in Q,

where U = (u, u3) and the vertical velocity uz depends on the Vx -u by the integral formula (1).

The existence of weak solutions (u, ps) of the problem (Q) is well known, see Lions-Teman-
Wang [25] and Lewandowski [23], always in domains with side-walls (i.e. D > Dy, > 0in S). In
these works, a compactness method is used to obtain the velocity u in a space with the restriction
V- (u) = 0 and afterwards, the surface pressure p; is obtained by means of a specific De Rham’s
lemma on the surface S. In domains without side-walls (i.e. when the depth function D can
degenerate to zero), the existence of weak solutions (u, us, p) of (P) is obtained by an asymptotic
limit applied to the Navier-Stokes equations with anisotropic viscosity when the ratio depth over
horizontal diameter (of the domain) goes to zero; see Besson-Laydi [5] for the stationary case and
Azerad-Guillén [1, 2] for the evolution one. The existence of a weak solution of the stationary
problem related to (@) in domains without side-walls is proved in Chacén-Guillén [9] by internal
approximation arguments: a mixed (velocity-pressure) variational formulation is approximated
by a conformed Finite Element method verifying the so-called “hydrostatic Inf-Sup condition”,
see [9]. Moreover, Ortegén in [27], obtains a generalization of De Rham’s Lemma to general

domains without side-walls.
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Respect to the regularity results for the Primitive Equations, the existence of strong solutions
(with H?2(§)-regularity for the horizontal velocity) is treated by Ziane in [31] for the linear
stationary problem associated to (()). This result is extended in [19] to the linear evolution
case. With respect to the nonlinear problem, existence and uniqueness of strong solution for
2D domains, global in time for small enough data or local in time for small enough depth, is
demonstrated in [19]. The extension (and improvement) of this kind of results to 3D domains
can be seen in [14]. Finally, assuming flat bottom and Neumann boundary condition on the
bottom, the existence of global in time regular solutions without constraints is proved in [8]. In

[22], this result is also obtained with Dirichlet boundary conditions on the bottom.

In order to give a fully differential formulation, we consider the following reformulation of

problem (P), replacing the integral equation for us given in (1) by a differential equation:

ou+ (U-V)u —vAu+b(u) + %ps = £ inQx(0,7),
Puz +09,V-u = 0 inQx(0,7T),
") Vg-(u) = 0 inSx(0,7),
vo,u=gs onl'gx(0,7), u =0 on (I, UTy) x (0,7),
ug = 0 on (I'yuTy) x (0,7).
Ui—g = U in €,

This reformulation is based on the following equivalence: assuming the slip-condition on I'y, one

has
0.(V-U)=0 inQ
ZV(X-<u>)—0 s }@V-U—OinQ.
Indeed, from the equation 0,(V-U) = 0, one has V-U = g(x). Integrating in vertical this equality
and using (2) (taking into account that Vx - (u) = 0 and the slip-condition u - nyx + uzng = 0 on

I'y holds), one has

0
0= /_D(x) g(x)dz = D(x)g(x) in S.

Therefore g = 0in S and V- U = 0. Conversely, since V- U = 0 then 9,(V - U) = 0. Moreover,
Vx - (u) = 0 is deduced again from (2) integrating in vertical V- U = 0, taking into account the
slip-condition on I'y.

Notice that in (R) the vertical velocity us is uniquely defined by the z-elliptic problem
D*uz = -0,V -u in Q% (0,T), wus|r,ur, = 0. (3)

The goal of this paper is to design a numerical scheme for (R) based in a fractional-step
time scheme (using decomposition of the viscosity) and Finite Element in space, obtaining at

one hand unconditional stability and convergence towards a weak solution of (R) and on the
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other hand error estimates respect to a sufficiently regular solution of (R), under the constraint
k < C h?. Basically, in every time step m, three subproblems must be solved. Given (up?, p;’?h),

firstly the vertical velocity ug’, is computed in function of Vi - uj’, afterwards we obtain an
intermediate horizontal velocity uZLH/ % and finally we obtain uT'H and p;n,j ! by means of a
linear Stokes type problem.

From the numerical analysis point of view, convergence of some Finite Element schemes for
the stationary problem related to (@), has been proved in [9], where the so-called hydrostatic
inf-sup stability condition appear. To approximate the time-dependent problem, a stabilized
scheme with finite elements was used by T. Chacén and D. Rodriguez in [10, 11], and R. Bermejo
in [3] and R. Bermejo and P. Galan in [4] have used a semi-lagrangian projection scheme in time
together with finite elements in space. On the other hand, some numerical analysis results of a
time fractional-step scheme with decomposition of the viscosity for the transient Navier-Stokes

Equations can be seen in [6, 7] and [15, 16, 17].

This paper is organized as follows. In Section 1, we give some preliminaries. In Section 2,
we describe the fully discrete scheme, obtaining in Section 3 its stability and convergence as
(k,h) — 0 towards weak solutions of the problem (R). In Section 4, assuming the existence of
a (unique) sufficiently regular solution of (R), we obtain error estimates for velocities as well
as for the pressure. In this section, we present the regularity hypotheses for the solution which
will appear latter and we describe the problems related to the space discrete errors in the first
two subsections. Afterwards, we obtain error estimates, concretely, for [ = 1,2 (where [ is the
order of approximation of the finite element spaces), error estimates of order O(vk + h!) for

the velocities uZLH/ ? and w1 improved error estimates (of order O(k + h')) for the “end of

step” velocity uZ”H, error estimates of order O(vVk + h') for the discrete derivative of “end of

step” velocity in [2(L2?) (which drive to error estimates of order O(vk + h?) for the pressure

pr 1), error estimates of order O(vVk + h?) for the discrete derivative of velocities uZHl/ ? and

u"*! and improved error estimates (of order O(k+h?)) for the discrete derivative of the “end of

step” velocity u)"™! (these estimates drive to error estimates of order O(k + h?) for the pressure

p;”,j 1). On the other hand, in Section 5 assuming a specific vertical structured grids, we obtain
error estimates (of order O(k + h!*1)) for the “end of step” velocity uj**! but with respect to
weaker norms than above (which drives to error estimates of order O(k + h') for ps 5, in 12(L?)).
Finally, some comments about the treatment of the Coriolis term are given in Section 6.

In this paper, the following discrete Gronwall lemma will be frequently used (for a proof,

see [21, p. 369)):

Lemma 1 Let k, B and ap,, by, ¢m , 7m be nonnegative numbers.
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a) (Discrete Gronwall inequality) We assume

T T T
Qi1+ kY b <EY Ymam+k Y cm+B  Vr=0.
m=0 m=0 m=0

Then, one has

ar+1+kibm§exp<kifym>{kichrB} Vr > 0.
m=0 m=0 m=0

b) (Generalised discrete Gronwall inequality) We assume
T T T
aT+kme§kaymam+chm+B Vr >0
m=0 m=0 m=0

such that k~y,, < 1 for all m. Then, setting o, = (1 — kym) ™1, one has
ar+ kY by < exp (k:Zam'ym) {chm+B} vr > 0.
m=0 m=0 m=0

1 Preliminaries

1.1 Space of functions

To define the notion of weak solution of problem (R), we introduce the following Hilbert spaces:

Hyy(Q) = {veH(Q)/VIr,ur, =0},
H = {vel?*(Q)?/V-(v)=0in 8, (v)-ngg = 0},
V = {veH(Q)?/ V- (v)=0in S},

being nyg the normal exterior vector of 0.5. Observe that spaces H and V are the hydrostatic
version of the classical spaces for the Navier-Stokes equations.

We denote Hi’l(Q) = H&l(Q)z, etc. The norm and scalar product in L?(Q2) will be denoted
by || and (-,-), whereas in H;J(Q) by || - || we denote the norm of the gradient in L2, that is
|lul| = |Vul|. On the other hand, we denote H;}(Q) and H~Y2(T'y) the dual spaces of H;,Z(Q)
and H'/?(T,) respectively, with duality products (-,-)q and (-, -)r,.

s

The space for the surface pressure will be:
13(8) = {ac 2%5)/ [a=0}.

The vertical velocity ug is obtained in function of Vi - u by means of either the integral
formulation (1) or the differential formulation (3). In this process, one has not L? regularity for

the horizontal derivatives of us, so let us to define the (anisotropic) Hilbert space

H(D.) ={veL*Q)/d.veL*Q)}, (resp. H (d,) ={ve H*Q) / d.v e H*(Q)})
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and Hy(0;) = {v € H(0;) / v =00onTsUTI}}. The inner product in H(9,) is defined by
(v, w)p@a,) = (v,w) + (3Zv, (9zw> and in Ho(0,) is defined by (v, w) g, (a,) = (6zv,8zw), owing
to a vertical Poincare inequality (see (4) below).

)

Notice that, given u € H%’Z(Q then the weak solution ug of problem (3) is defined by:
uz € Ho(0,) such that (us,w)p,(a,) = (— Vi - u, @w) Vw € Hy(d,).

That is, ug is the Hy(9,)-projection of — fzo Vx + u.

Due to the loss of regularity of us (us € L? but us ¢ Hl), the vertical convection term uz0d,u
does not belong to Hb_l1 (€2), therefore more regular test functions must be introduced in the
variational formulation of (R). For instance, it suffices with v € Hal(Q) such that 9,v € L3(1),

because in this case one has (see [9]):

<(U-V)u,v>Q = —/Q(U-V)v-u< +o0.

Another possibility is to assume v € H} ;(©) N L>®(Q), and then /(U -Viu-v < 4o00.
’ Q

As usual for fully discrete schemes, we will use the following skew-symmetric part of the
trilinear form for the treatment of the convective terms: for each U € Hll,,l x Hy(d,), v € H!,
w € H! with either w € L™ or 0,w € L3,

c(U,v,w) = /Q{(U-V)V’W—f—;(V'U)V'W} if we L™

_ _/Q{(U-V)w-v—}—;(V-U)v-w} if 0.w € L3,

Obviously, ¢(U,v,w) = [ (U-V)v-w whether V- U = 0. By simplicity, the vertical part of

Q
these trilinear forms will be denoted in the same manner, i.e.

c(w,,v,w):/Q{U382v-w+;8zu;gv'w}:—/Q{u;gazw-v#—éazugv-w}

Previous equalities hold even for discrete spaces. Therefore, we can use in the sequel any of
these two possibilities.

With previous definitions, we consider the following weak (mixed) variational formulation of
(R):
To find U = (u,ug) € L*(0,T;V x Hy(d)) with u € L>(0,T;H) and p, € D'(0,T; L3(S))

verifying:
( (ut,v> —i—c(U,u,v) + V(Vu, Vv> - (ps,vx . <v))s
= <f,v>Q + <g8,v>F , Yvevn W;l?’ NL*>,
Vi (w)q) =0, Vg, € L3(S),
| (@ ug,ﬁzw> = —<Vx -u, azw>, Vw € Hy(0y).
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Notice that in the above formulation, by simplicity, we do not consider the Coriolis term
because this term does not add new difficulties. At the end, in Section 6, we analyze the more

convenient form to introduce it in the scheme.

1.2 Some 3D anisotropic spaces and related estimates.

Given p,q € [1,+00], it will be said that a function u belongs to LLLE(Q) if:
u(-,2) € LP(S,) and  |u(-,2)|rr(s.) € LY(—Dmax,0),

The

where S, = {x € § : (x,2) € Q}, and its norm is given by ||[|u(-, 2)||1r(s.) L9(— Danan.0)

most useful norms that we will use in this paper are:

0
lull2ra@) = </D ||U(',Z)||%4(sz)dz>

LgOL%(Q) - B L2(S;)»
[l sup lu(-, 2)
¥ ZG(*Dmamo)

1/2

For sake of simplicity, we sometimes denote LIL% instead of LILL (), and LP instead of
LP(Q), when there is no risk of confusion.

In a similar way, we define the spaces
H!L? = H'(—Dyax, 0; L*(S.)), L*H} = L?(—Dpay, 0; H(S.)).

Notice that H!L2 = H(9,).

Also, we will use frequently the following inequalities (see [14]):
e Horizontal Gagliardo-Nirenberg inequality (related to 2D subdomains):

ullp2 s <C lu|'/? |Vieu|Y/? Yu e L2H} such that u|r,ur, =0,
lull 2 g < Cul*2|ull'/? Vue H
e Vertical Poincaré Inequality (related to 1D subdomains):
lv| < DY2.10,v|, Yve H!L? such that v|p, =0 or v|p, = 0. (4)
e Vertical Gagliardo-Nirenberg inequality (related to 1D subdomains):
[ollzz < C (ol + o] -0/, Vo € HILZ. )

Moreover, if v|p, = 0 or v|r, =0, [|v[|fer2 < C oY% |0,v]/2.

In particular, from (4) and (5), one has

[vllpgerz < C'0:0|, Vve H!L2 such that v|p, =0 or v|p, = 0. (6)
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1.3 Finite element approximation.

We will consider a finite element approximation of problem (R),,. We restrict ourselves to the
case where the surface domain S C R? has a polygonal boundary and the bottom function D
is globally continuous and locally P, hence €2 is a particular 3D polyhedron. Moreover, the

following hypothesis will be imposed about £2:

(HO) Regularity of the Domain: Assume 2 C R3 such that the Hydrostatic Stokes Problem has
H?(Q) x H'(S) regularity for (horizontal) velocity and pressure respectively. For this, the
following hypothesis must be imposed (see [31]):

DZDm1n>0 inS.

Now, we discretize this domain. Let 73,(2) a regular and quasi-uniform triangulation of €2
(with elements K € 75(Q2)) and consider 75(.5) its associated triangulation of S with elements
T € T,(S). For simplicity, the same mesh size h is taken for both triangulations of S and
(i.e. isotropic meshes are considered). Moreover, for sake of generality, we do not impose any
special structure of these triangulations. Normally, as we will see in Section 5, more specific
properties can be obtained for vertical structured grids (see [9], [20] for more details about how
to construct these vertical structured grids).

We consider three families of finite element spaces: X, C Hllhl(Q) for the horizontal velocity,
Y, C Ho(9,) for the vertical velocity and Qp, C L3(S) for the pressure. Functions of X, are
globally continuous, whereas functions in Y, must be globally continuous only respect to vertical

direction and @}, could contain discontinuous functions.

The following properties are required about these finite element spaces:

(H1) The approximating spaces X; and @ are required to satisfy the so called hydrostatic
“inf —sup” condition ([9]): There exists 3 > 0 (independent of h) such that, for all A > 0,

(Qha vX : <Vh>)
inf sup S
0 €Qi\{0} \ vex,\{03 (IVxvnl + 10:vallLs) llanll L2 (s)

(H2) The following inverse inequalities hold: for each uy € X,
[unllrzrs < Ch7 Y2 wl,  funllpeers < Ch7 Y2 [ upllpoore,  Nunllpzre < C A7 uyl
lanllps < ChPunl, (Junll < Ch7unl, [lunfwes < C gl
(H3) The approximation properties O(h!) (for I = 1 or 2):
Wl v — Iyv| + ||v — Iv|| < C AL ||[v][gp Vve HTY(Q) NV,
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v —I,v|<Ch|v|m VYveH NV,
lg — Jndllr2(s) < C A lgllmesy Yo € H(S)NL§(S),
lvg — Kpvs|l o,y < Ch' |vsl| e Yoz € HHH(Q) N Ho(0.), (7)

where (I, Jp) : V x LE(S) — X, x Qp, are the global interpolation operators defined as:

(V(Ihv — V),Vvh> — <th —q,Vx - <Vh>>S =0 Vv e Xy,

(Inv, Jnq) € Xp X Qp
(Vx : <IhV>th>S =0 Vaqn € Qn,

and Ky, : Hyo(0,) — Y}, is the operator defined as:

Kpvz €Y}, - (3Z(Khvs - U3),3zyh) =0 Vyp €Y.

There are some possibilities to define the discrete spaces (Xp,, Y, Qp) verifying (H1)-(H3).

For instance, to approximate the pressure, we can consider
Qn = {an € C°(S) : @l € PL(T),VT € To(S)} N LE(S)-
To choice (X}, Ys) there are at least two possibilities ([9], [20]):
1. (Taylor-Hood) (I = 2)
X = {vn €C%(Q): vilk € P2(K),VK € T,(2)}> N Hy (Q),

Vi, = {yn € C°Q) : ynlk € P2(K), VK € T;,(Q)} N Hy(0s),

2. (Mini-element by tetrahedron) (I = 1). We define P(K) = P1(K) & ag A2 AzA\s with
ag € R and \; € P1(K) such that A\;(aj) = 6;;, being a; the vertices of the tetrahedron

K. Then, we consider

Xy = {u, €C'Q): wylx € P(K),VK € Tp,}* N Hy, (),
Y, = {yneC%Q): yulx € P1(K),YK € T,(Q)} N Hy(d.,).

For vertical structured meshes formed by prims (see Section 5), there are other possibilities for
X}, considering a bubble by prism or a bubble by each column of vertical prisms (see [20]). It is
important to recall that these latter possibilities are not stables for the Navier-Stokes case. Also
in the case of right prims, other possibilities for Y}, are possible, by means of tensorial products

in horizontal and vertical, as for instance [18]:
o Py(x)® Pi(z) and C? (for [ = 1),

e P(x) ® P3(z) continuous and C} (for [ = 2).
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2 Description of the scheme

The time interval [0, 7] is divided into M subintervals, for instance of equal length k = T'/M,
considering the partition of [0, T, {t,, = mk}*_,

In general, a discrete scheme is an iterative scheme in time, where in each step m, given
{(f™, g™)}M_| some approximations of data (f,g;) in t = t,,, a sequence {(u} U3, DY)
will be computed, which pretends to be an approximation to a solution (u,us,ps) of (R) at the

instant t = t,,

We are going to present the time fractional-step scheme, splitting the three main difficulties
of the problem (R):

e the computation of the vertical velocity,

e the non linear convective terms, (U - V)u (in particular, the vertical convection ugd,u is

less regular than in the Navier-Stokes case),
e the restriction Vx - (u) = 0in S x (0,7).

Indeed, given (uzn,p;”h) firstly the vertical velocity ugnh is computed in function of Vx - uj’,

m+1/2

afterwards we obtain an intermediate horizontal velocity u,, using convective terms but not

the restriction of divergence type, and finally we obtain uherl and pm+1 by means of a linear

Stokes type problem considering the restriction Vy - (u ;L”H) = 0 (the diffusion terms will appear

in both cases, so the method is called with decomposition of the viscosity).

The fully discrete scheme remains as follows:
Initialization: Let ug € X}, be an approximation of ug.

Step of time m + 1:

Sub-step 0: Given uj’ € Xy, to compute uz’, € Y}, such that, for all v3;, € Y},

(So)y (0 0-vsn ) = — (V- w0z ),
Sub-step 1: Given U}" = (u}’ s ug! 7)€ Xp x Yy, to compute uh +1/2 € X}, such that, for all

vV € Xh

1
(S )m+1 E(U‘ZL—H/Q - uzn7vh) + C( n uZH_l/Q;Vh) + (V uzn+1/2,Vvh)
Vh — <fm+1 Vh> i <gm+1 >
M a s T,

Sub-step 2: Given uZLH/Q € Xp, to compute (u m“,p}?“) € X}, X Qp, such that for all

(Vh,qn) € Xp x Qn,

(52)2”11

= (uZhLl m+1/2 ) ( m+1 UZLH/Q),VV;L) (pzn-i—l,vx ) <Vh>>5 —0,

(Vx (u m+1> Qh> =0.
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In our case (unstructured grids), (u) is not easy to be computed. Then in order to do the
effective implementation of the scheme, is better to write the integral in the 2D surface S of

(Sg)hm+1 as integrals in the 3D domain . This is,

— (ps, Vi * <V>)S =— <ps, Vi - V) (or = (prs, v) when pressures are continuous)

(VX ~(u), QS>S = (vx “u, QS> or =-— (u, vas) .
However, to do the numerical analysis, we can follow with the integrals in S.

In the sub-step 0, a linear z-elliptic problem must be computed. In the sub-step 1, a decou-
pled linear convection-diffusion scheme must be computed, whereas the sub-step 2 can be seen

as a (generalized) Hydrostatic Stokes problem, which is well-defined imposing (H1).

Notice that, adding (S1)7**! and (S2)7"™, we get for each v, € Xp,:

1
%<u2n+1 - u}f,vh> + c( Z‘,uhmHﬂ,vh) + (V u;L”H,Vvh)

_<p;1n+1’ Vx <Vh>)s - <fm+1’vh>§z + <g§1,vh>r

s

This formulation will be used to prove the convergence of the scheme.

3 Unconditional stability and convergence.

In this Section, we are going to study stability properties of these schemes and convergence
towards a weak solution of the continuous problem (R). For this, we will obtain some a priori
estimates (stability) that let us make a pass to the limit (convergence), where compactness
results must be applied to “control” the limit in the convective terms.
Fixed the (uniform) partition of [0,7] of diameter k = T/M: {t,, = mk}M_,, for a given
M

vector u = (u™),_o with v™ € X (X being a Banach space), let us to introduce the following

notation for discrete in time norms:

M 1/2
[ullizx) = (k > IlumH?() and  lulliee(x) = maxpm—o,...a [[u™ | x
m=0
In this section, we only consider the weak regularity on the data
(WR) feL*0,T;H,(Q), g€ L*0,T;HA(T,)) and ug € H,

and we choose
m1 _ 1 fmt1 mp1 1 [t
£ = 5 f(t)dt, g/ = % gs(t) dt.
tm tm
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Lemma 2 (Stability) Assume (WR) and (H1). If (1)) bounded in L2, then the following

estimates hold:

m m-+1/2
I e oy carty + 10 oo 2y ey < G, (8)
m m+1/2 m—+1/2 m
P+ — w2 e+ [ = a2 < CRY?, (9)
w5 iz o, nreerz) < C- (10)

Proof. Estimates (8) and (9) are obtained making

Zr: ((Sl)hmﬂ u’}?+1/2> n <(52)Z~L+1 u;ln+1)7 Vel M1

m=0
and using that
( m ’uzn+1/2’u2n+1/2) —0

On the other hand, taking 0, um'H as test functions in Sub-step 0, one has |9, u3’ < | Vaeu .

Therefore, (10) is a consequence of previous estimate (8) and inequality (4). ]

Now, we define the following sequences of functions (defined for all ¢ € [0,T7)):

o uy) 1 [0,T] — H} (), such that ul),(t) = u"™"/? if t € (tyn, tims1], i = 0,1,2.

)

o ug?,)%h : [0, T) — L?(Q), such that ug?,)fjh(t) = ug’, if t € (tm, tita]-

o uyp 1 [0,T] — V, continuous, linear by subintervals and uy, 4 () = uj".
Theorem 3 (Convergence) Assume (WR) and (HO)-(H2), then there exists a subsequence

(K',n') of (k,h), with (K',h’) | 0, and a weak solution U = (u,us) of (R) in (0,T), such that:

(u,(C, ) (for each i =0,1,2) and (uy p) converge to u strongly in L?(0,T;L2(2)), weakly-star

in L°°(0,T;L2(Q)) and weakly in L*(0, T} Hb,l(Q)), whereas (ug?,)ﬁ,jh,) converges to ug weakly in
L2(07 T; HO(az))
Proof. Owing to definition of the functions ué)h, ugo,)c p, and ug 5, Lemma 2 says:
(ugf)h)k,h and (g p)rs are bounded in L (L?) N LQ(H;’Z), Vi=0,1,2,
(“:(),011 )k is bounded in  L?(Hy(s)). (11)

On the other hand, from (9), there exists C' = C(v, ug, f, gs) > 0 such that, Vi,5 =0, 1,2,

||U-k h U-k hHL2 L2) < Ck, ||u](;7)h - uk,h||%2(L2) < Ck. (12)
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Therefore, there exist subsequences of (ug)h) kh and (ugp)kp (denoted in the same way) and
a limit function u (thanks to (12), the uniqueness of the limits ul® = u, foralli =0,1,2 hold),

verifying the following weak convergences as (h, k) — 0

L*(0,T; H%l(Q)) — weak

(%) i
u —u, (u —u in
(.5 (W) { L>®(0,T;L2(Q)) — weakx

Moreover, from (11)
ul) ) —us in L2(Ho(8,)).

Finally, (S)7"*! can be rewritten (eliminating the pressure) as follows:

(3,511]97;1, Vh) JrC(U](g;L, u](:’})” Vh) + (Vu,(j})l, VV}L) = (fm+1, Vh> + (ggH_l, Vh>FS Vv, € XNV,

(13)
On the other hand, (Sp)} is rewritten as
(0 0:0) = = (V- uf), 00n) Yy €Yy (14)

To take limits in (13), we need for instance compactness of (u,(cl,)l) k.nin L2(L%(Q)). But, owing

to (12), it suffices to obtain compactness of (u,(fgl) kn in L2(L2(9)). Assuming this compactness,

writing (13)-(14) in (K’, 1), the pass to the limit when (k’, h’) — 0 can be realized by a standard

way, concluding that (u,ug) is a weak solution of the continuous problem (R).

Therefore, it suffices to demonstrate the compactness of (ufi) k,h- For this, let us denote

Vi ={viheXy/ (Vx : <Vh),Qh>S =0, Vg, € Qn}

and A}_L1 : 'V, — V), is the inverse of the discrete “hydrostatic” Stokes operator, that is, given

up € Vy, A,:luh is the weak solution of the problem:
Agluh € V, such that (V A,:luh, Vvh> = (uh,vh) Vv, € Vy (15)

In particular, taking v, = uy, € Vj, in (15), one has

]uh]2 = (V Agluh,Vuh), Vv, € Vy
and taking v, = A,:luh € V}, in (15),

|V A,:luh]2 = (uh,Agluh>, Vvy € Vy. (16)
Moreover, |V A, 'uy,| and HuhHVé are equivalent norms. Indeed,

VAL wnl? = (wn, Ay un ) < Cllullys (VA wl,

hence

VA ] < C gy
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To obtain the inverse bound, we take v;, € V}, in (15), then
(uh,vh> = (VA,:luh,Vvh) < \VA,:luh] Vv Vv, € Vy,
hence
lanlly; < |V Ay ).
Now, to obtain compactness of u](f% we follow an argument of [13]. First of all, we prove the

following result
Lemma 4 Under hypothesis of Theorem 3, one has
) 9
/0 (w2} +6) ~ w2, dr < €5, ¥5:0<5<T, (17)
where C' > 0 depends only on the data.

(2)

Proof. Since u, ; is a piecewise constant function, it suffices to suppose that ¢ is proportional

to time step k, i.e., 6 = rk for any » = 1,..., M. Then, to obtain (17), it suffices to prove
kz Hu"”—uﬁ”%/}i <C(rk), ¥Yr=1,...,M. (18)

Multiplying the equation of (S)mJrl by kvj, for any vy € Vj, and adding from m = n to

n— 14 r, we have

n—1+r n—1+r
(uzw_uz’vh) _ Z ( m m+1/2 h) L Z (VuZlH,Vvh)
T m=n (19)
m+1 fm+l > < m >
+ k Z {( , <Vh>>S+< , Vi Q—i— g, Vh -
Now, taking as test function v, = k:A,: (up ™" —u}) in (19), using (16) and adding from

n=0to M —r, we get

n4+r n n—1+r m m12 - n4r n
i I S DI Dslyd (/R VW e (YA

. kQ Z Zn 1+r (VuZnH VA ( n+r uh))
n— 1+r

+ k2 Z {<fm+1’Ag (uz—l-r UZ)>Q+<g§"+1,A,§ (uZ+T uz)>r }
= Ji+Jo+ J3
Now, we have to bound the RHS. The bound for J3 is rather standard. Since .J5 is easier to

bound than J;, we only analyze the more complicate term of J;:

1
e(ugna P AT T =) = =2 (G A (T — )

— <u3 h u;LnH/Q 62Ag1(uz+r — uﬁ)) =10+ 1
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Since I; is easier to bound than I3 (in fact, the I term is a classical isotropic term which

appear in the Navier-Stokes case, see [16]), we only bound I, as follows:
Iy < il oo g Iy g 194 (i i) 2y < C lhaf |y ™2 AR (a5 —uh) s
Then, it suffices with the following stability inequality for A;Ll:
14, Villwrs < Clva|  Yva €V,
In fact, the following Lemma hold (see Appendix for a proof):
Lemma 5 Assuming (HO) and that the inverse inequality ||vp|lwis < C|[va| g holds, then
1A, Vallwis < Clval, Vv € Vi,

In particular, ||[A~!v,|ly1.s < Clvy| hence the following bound holds:

M—r n—1+4r
1/2
J<ORST ST A gt — g

n=0 m=n

Then, applying Fubini’s discrete rule, we obtain

M—1 m
JSCRDY g u e Y juptt - up
m=0 n=m—rF1
where
0 ifm<0
m=4< m fo<m<M-—r
M—r iftm>M-—r

Since [m—m —r + 1| <7, then ) ™" — v |u}t"—u?| < C'r. Finally, since k Zi\n/[:_ol || lu ) <
C, one arrives at J; < C (rk). On the other hand, one also has Js + J3 < C (r k) and the proof

of Lemma 4 is finished. [ |

One observes that the fractional derivative in time for the discrete velocities has been
bounded in the norm V/h, which moves with respect to the space parameter h. But, the com-
pactness results (see for instance J. Simon [29]) does not work in these conditions. Therefore,
we will use the already cited argument of [13] in order to find a fixed norm where the time

fractional derivative can be bounded. For this, we consider the orthogonal projections
Ry, : V), — V defined as (V(thh —vh), VW) —0, YwevV.
The operator Ry, has the following properties (following similar arguments as in [13]):
|Rpupl| g1 < ||lupl|g:  (continuous dependency in H1),
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|Rpup —up| < Ch||Vx - (up)r2(s) (error estimate in L?)

and

[Rpunllv < [[upllyy + Ch.

For the second estimate the H? regularity of the Stokes hydrostatic problem with second member
Rpup, — uy, is used, and for the last estimate, it uses the orthogonal projector P, : V — Vj,
defined as (th - V,vh) =0, Vvp € Vy, (see [13] for more details).

From here, using (18), one has

M—r M—r
EY IR (™ — )3y < Ck Y [lupt” — whlft, + Ch < Clrk+h).
n=0 n=0

The above inequality can be written as
@ 2)
/0 | Ry, (8 +6) = Ruwy (8)][3 dt < C(6+ h)

Now, we can apply a compactness result (by perturbations) due to P. Azérad and F. Guillén-
Gonzélez ([2]), obtaining that Rhul,(f,)Z — u in L?(0,T;L?)-strong. From here, one has u,(f,)l —u
in L2(0, T; L?)-strong (see [13] for more details).

The proof of Theorem 3 is finished. |

4 Error estimates

In this section, we will obtain error estimates (for the velocity as well as for the pressure) with
respect to a sufficiently regular solution {u,us,ps} of the problem (R).

Concretely, for k small enough, we begin obtaining for | = 1,2 (where [ is the order of
approximation of finite element spaces), error estimates of order O(\/E + hY) for the velocities

uZHl/ % and uT'H. Afterwards, we improve to error estimates (of order O(k+h!)) for the “end of

step” velocity u}"*! and we obtain error estimates of order O(Vk +h!) for the discrete derivative
of “end of step” velocity in [?(L?) (which drives to error estimates of order O(v'k + h?) for the
pressure p;”,j ). Moreover, for [ = 2, we get error estimates of order O(v/k + h?) for the discrete
derivative of velocities uhmH/ * and uZnH and error estimates of order O(k + h?) for the discrete
derivative of the “end of step” velocity u}"**, which drives to order O(k + h?) for the pressure).

The following constraint between the time step size k& and the mesh size h will be assumed
in order to obtain these optimal error estimates O(k + h):

(H) There exists a constant o > 0 (independent of k and h) such that k < o h?.

4.1 Regularity hypotheses

To obtain error estimates, the following regularity hypotheses for the solution (u, ps) will appear:
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e To obtain order O(k/? + h) for errors in velocities in [°°(L?) N I2(H') we assume:

(R1) UeL*H™), wel’(H) p,el*H), Vtu,el’(H,)})

e To obtain order O(k + h) in end of step velocity error in [°°(L?) N [2(H"), we also impose

(R2) w e LX(HTY)  uy e L2HTY

e To get order O(k'/? + h) for time discrete derivative of end of step velocity in 12(L?), for

end-of-step velocity error in [*°(H') and for pressure error in (?(L?(S)), we assume

(R3) U, € L) (HY) uy € LX(L?),

e To get order O(kY/? + h?) for time discrete derivatives of velocities in 1°°(L2) NI2(H'), we
assume:
(R4)
Oips € L2(HY) N L2(HY, Uy € L=®(L?) N L2(HPY)  w, € L®(H?), uy € L2(HY),
Uy € L2(L?), Viwgy € LQ(H;})

e To obtain order O(k + h?) for time discrete derivative of end of step velocity in [°°(L?) N

I2(H'), we assume:

(R5) Uy € L®(H?), wy € L*(V)
e Previous regularity hypotheses yields to order O(k + h) for pressure error in 1?(L?(S9)).

4.2 Problems related to the space discrete errors

We will present an error analysis for the fully discrete scheme (uZLH/ 2, uZ‘H, pZ”l) as an ap-

proximation of (W(tm+1), W(tm+1), P(tm+1). Consequently, we consider the following errors:

1/2
em+1/2 = u(thrl) - u;n+ / ’ et = u(tm+1) - uZlJrlv e;n—i-l = ps(thrl) - PZnH
B?H = US(thrl) - ug?};rla Em+1 = (em-l—l’ egnJrl)‘

These errors can be decomposed as follows (splitting interpolation and discrete parts):

m+1/2 _  m+1 m+1/2 m+1 _ _m+1 m+1 m+1 _  m+1 m+1
e =e€; + e, R e =e; +e, T, €p =€ + €ph
m+1 _ _m+1 m+1 m+1 _ pm—+1 m+1
es =e3; tesp E =E'"" +E
Concretely
+1 _ 1_ 1
e =u(tms1) — Ipu(tms1) and ehm+ = Ipu(tmy1) — uz1+
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m+1/2 m+1/2
e, = Iyu(tmyr) — u,
m—+1

e = p(tmi1) — Jpp(tms1) and 621“ Inp(tm+1) — pj,
m+1

Dt
m+1 __ — t _ K t d m+1 __ K t
Us ; U3( m+1) hu3( m+1) an €3h hUg( m+1) Us p
Em+1 — (e;n+1 egz;rl) and Em+1 (ehm+1 egn’;rl)

Using the following development with integral rest of a function ¢ = ¢(t)

t+k
ot +]) =60 = e+ Dk = [ (=00 (s) s,

and the variational problem (R),, verified for an exact solution (u,ps) in ¢ = ¢;,+1, one has

(R
1 ( (t), 0t 1), v) + (Vb 1), Tv) = (psltmen), Vi (9))

(;(u <m+1> a(tn), v) +
<g5 (tm+1), + <5m+1,v>, Vv e W;l?’ N L>®

_l’_
Vi - ((tys)) )S Vge Lg(S),
0 u3( m+1),8z’03) = —(Vx . u(tm+1)7azv3)7 Vs € Ho(0;)

1 tm41 tm+1
where Emt! = % / (t —tm) ug(t) dt — </ U - V) u(tm+1) is the consistency error.
tm tm

I's)) and we choose

For simplicity, we assume f € C([0,T]; H;}) and g, € C([0, T}; H™1/%(

fr’H'1 = f(thrl) and gm+1 = gs(thrl)a
g™+ vanish.

therefore, the data errors f(t,11) — f™! and g (tmi1) —
Comparing (R)7+! with (So)7 and (1), the following variational problems for the space

1/2
error ey, and ehm+ / hold:

(azeg}h,azvg,h) - —(vx (e + ), azvg,h) Vo3 € Vi,

(Eo)y'

(e e ) + (Ve 29w (paltmi), V- (o)
By = NL )+ (€7 v

—(5te7i“+1,vh> — (Ve;”'ﬂ, Vvh>, Vv, € Xy,
where §,e]" ! = %(egnﬂ - egn) and

m+1/2 1
m / + e?H ’Vh)

NL™ (vy) = —c(Bf + B ultms1),va ) — (U}, €]

On the other hand, adding and substrating Iu(tm41) to (S2)7"™ one has for each (vi,qn)

X5 X Qp
m—+1

m+1/2 ) < et _ f+1/2),VVh>: (Ph ,Vx-<Vh>)S

| =

m+1
(¢

E m+1
- Vi (et an) =0,

N
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Due to the choice of the projector Kjp, (@e?jl, 8zwh> = (. Since the same discrete space for
uZlH/ % and uZ”l has been chosen, the interpolation error depending on eZlH/ 2 —ej'in (El)z”Jrl

is eZmH —e]" and the interpolation error depending on eZLH —ehmﬂ/ Zin (EQ)ZH_l is zero. Finally,
since (Vx ATpua(tms)), qh) = 0, the corresponding interpolation error (Vx : <e:-”+1>, Qh)s =0.

Adding (Ey)7"™ and (E)}"*!, one arrives at:

1 m m m
E(eh 1 eZZ,vh) + (Veh +1 Vvh) — (epﬁrl, Vi - <vh))5
m 1
(E)h + = —E<ezm+1 — e;n,Vh) + NLm+1(Vh) + (Eerl,Vh), Vvh € Xh

(V- (et han) =0, Van € Q

Due to the choice for the interpolation operator (I, Jp,) related to the hydrostatic Stokes prob-

lem, the interpolation error (Ve;nJrl,Vvh) + (e;?l,vx . <Vh>>S = 0 and does not appear in
+1

(E)p ™

From (Ep)j;", the following estimate holds:
|0-€31| < C(|Vi - ef' [ + [Vx - €]"]). (20)
Therefore, by using inequality (6),
leslFoerz < ClleR (| + llef[])- (21)
On the other hand, the approximation property (7) reads:
|0z¢55] < C R |ug(tm)l| s < CH. (22)
(here, we use the regularity uz € L(0,T; H*1)). Therefore, by using again (6),
le5ll ez < CR. (23)

4.3 Ok + h!) error estimates for both velocities in [°°(L?) N [>(H!)

Theorem 6 We assume (HO)-(H3), (R1) and |€)| < Chl. Then, for any k small enough,

the following error estimates hold

m 2 m
i i (r2yez ey + e i e2yiz ey < C (VE + b) (24)
m+1/2 _am m+1 m+1/2 < C\/E \/E hl .

Heh € HZQ(Lz) + Heh eh HZQ(Lz) < ( + ) ( )

Notice that in this result, the constraint (H) on parameters (k,h) is not necessary although k

small enough must be imposed.

—_

M—
Proof. The main idea is to make 2k Z {((El);ln+1,ezn+l/2) + ((EQ)ZZ"'l,eZlH) }
m=0
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In fact, making 2 k ((E1)ZL+1, eZHl/Q) and taking into account that c(UZl, eZLH/Q, ez‘*l/?)

0, we arrive at

|eZZ+1/2|2 o |e'irln|2 |em+1/2 ey |2 + 2k || m+1/2||2
— 9k m+1/2 m+1/2
= 2k (pltmr1), Vi e %) 4 2k (BY 4 B ultm), e ) (26)

5
+ 2 kc(U?;, et emtl/ 2) 2k <5m+1 — Grem L et/ 2) <Ve;i”+1, Vehm“/2) -3n

We bound only the more difficult terms of the RHS of (26):

L = 2k:(ps(tm+1),vx ezn+1/2> — ok (ps(tm+1),v (e2n+1/2 )) +2k( mil g )
= -2k <pr5(tm+1),ezn+1/2 > + 92k ( mtl y e )

1/2
clep ™ — o2 4 CR2lIpi(tns) |2 + € Kl I + C R h [patun ) sy

IN

(here we have used that (Jhps(tm+1), Vi - e?{”) =0),
tm+1
T~ 2k (51,0 7) = 2k (eutbintto). e ™) < ehllel ™I+ 0 [ il

Iy ~ 2k;c(e§fh,u(tm+1) e;f“/?) —2k (eg'jh Au(tmsr), e$+1/2)+k (('3Zegfhu(tm+1) eg“l/?) = Li+Ly

Ly

IN

2k ||l poe 12 110t |2 s lep ™2 2 s
m m+1/2 m+1/2
< Ck(lef(l + e ey /212 |e /2|12
< cklep|+Chh* +ckllef 2+ C e TP

A

(here, we have used that u € L>°(H'*!) and (21))

1/2
Ly < k[0.efy [altmsr) o le) 2] < ek (el + &)%) + C ke )2

< cklef?+Cklel ™2 + k¥

(here, we have used again that u € L>°(H?) and (20)).

By a similar way, the interpolation part can be bounded as follows:

I ~ 2kc(e§’fi,u(tm+1) eZHl/Q) = 2]{?(6318 u(tm+1), €, +1/2> +k (8 egj;. u(tm+1), e, +1/2>

m-+1/2 m-+1/2
C kel laltmrn)lg2lley 2| < ek e T2 12 + C k b

IN

(here, we have used that u € L>®(H?), ug € L>®°(H!*!) and (22))

ty=2ke(UR o e ) = 2B ) 2k (Ul e o)
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and their more difficult terms can be bounded as follows:

2l<:c<e3h+e3l, mtl eZHl/Q) = 2]43((63;14-631)8 e e;?ﬂ/z)
ki ((@eey + De) e e )
< 2kl + Bl rz 10-€7 2 e g
+ k[|0: ey, + 0 egzupuem“uL lef ™2l
< Ck(llef] + llef ]l + Alle | (A~ + h=Y/2) e 2|
< Ck(llef |l +n)h = Yep |
< ck|ef|?+Ckh? +Cklef )

(here we have used (20), (21) and the inverse inequalities HeZHrlﬂHLg Le < C’hfl\ezﬁlﬂ\ and
Hem+1/2” 3 S Ch_1/2|ezn+1/2|),
On the other hand,
QkC(ug( ) em-‘rl e;ln+1/2> < Ek||e;n+1/2||2+Ckh2l
Therefore, applying previous estimates to (26) and making |em+1/ 2\2 < 2(le"* + ]emH/ 2

el"|?), we get

m+1/2 m+1 2 m+1/2
e TR — et P + lep P — o2 + 2k e T
<Cl€(|ez7'|2—|—’ m+1/2 e?’ )+2k<gm+1,e2n+l/2> +e k‘” m+1/2||2 (27)

+ek|lef]|? + Ck? + Ckh?

On the other hand, making 2 k((Eg)Z”l eZLH) we arrive at

e 2=l AP e — e T 2k { e Pl R et —ef R = 0. (28)

Adding (27) and (28) from m = 0 to r (with any » < M) and choosing € and k small enough,

one has
T
1
e 2 (16 - el 4 Gle e - e
m=0

m m m+1/2 L m+t1y2 a m
-HCZ( ||e +1||2+||e +1 _ h+/ H2+§Heh+/ |2> SCkZ|eh |2+C(k+h2l)

m=0

Therefore, applying discrete Gromwall’s Lemma, we can get (24) and (25). ]

4.4 O(k + h') error estimates for e"*! in [*(L?) N 2(HY).

Theorem 7 We assume hypotheses of Theorem 6, (R2) and (H). Then, the following error
estimate holds
||e;ln+1||l°°(L2)ﬁl2(H1) <C (k? + hl) (29)
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Note that, from (20) and (29), we also have
H%’}TleH(az)) < C(k+hh).

Proof. The main idea is to make 2k Z%[:_Ol ((E)ZH'1 ezﬂ'l)
In fact, making 2 k (( ), eznﬂ) the pressure term vanish, and we arrive at
e P — le | + e ™ — e[+ 2k e 7

= -2 k(éte;”'H eZH'l) -2 kc(Eh y,W(tmt1), eznﬂ) -2 kc(E;", u(tm1), e}?“)
6
- 2k c(UZ"”, eZl+1/2, e;L”H) 2k c(UZL, :n+1/2 ’}?H) +2 k<5m+1, e?“) = Z I;
We bound of similar way as in Theorem 6 the terms of the RHS:

I = —Qk(ez(dtu(tm+1)) ) < ek Hem+1|]2 + Ch2l/ Hut”?{l+l'

tm

The vertical part of I5 is bounded as

Is ~ 2ke(efy, e e ) < Ol ralle i ez < Cllefrll hh~lep™|

7
< ckllefl® + Ck(lep™ —ef* + [ef]?)

Now, the term Iy = c(UZl, ZlH/Q, hm+1> = 0, but using that c( h ,ehm+1 eZ”H) = 0, this

term I is decomposed as
I, = —2kc<Em mt1/2 — eyt m“) + 2k‘c<U( ),eherl/2 et eZ”l) = Ji + Ja.
The more complicate terms to bound are the vertical parts:
Ty~ 2k((eg}h+eg;) (ert/2_emtl) g em+1>+2k<az(e§?h+eg}i) (et ;y“),e;y“) = Ji1+J1 2.

Since Jp 2 is easier to bound than Ji 1, we only bound Jy ;:

1/2
i = 2k||63h+63z||L°°L2Hem+/ ehmH”LQLwHa e?“”LELi
< Ch(llefl + e + b flus(tm)ll ) e ™2 — et e
< CR( el +1) ey — et e
< ¢ kl!em+1”2+(}'kh 4’ m+1/2 m+1’2’em’2+0k’ m+1/2 ZLH’Q

Here, we have used (21) and (23) and the inverse inequalities
ey, m/2_ ZHIHLg Le < C’h_1|e7,?+1/2 — ez1+1 and |le;| < Ch_1|e2”|.
Moreover, Jo can be bounded as

J2 <e k||em+1||2+0k,| m+1/2 ;LnJrl 2

165



Finally, adding from m = 0 to r (with any » < M) and taking into account the estimate

Ckh™ 4Z| M2 et 2 < O h 2 (k4 b < C,

(where estimate (25) of Theorem 6 and (H) have been applied) we can apply the discrete

Gromwall’s Lemma, obtaining the desired estimates. |

4.5 Ok +h!) error estimates for §,e""" in [*(L?) and for "™ in [*(H")

We will use the following notations for the discrete derivatives of errors

m+1 m m+1/2 m—1/2
o Sre! m+1/2 _ ©p ~ %

k ’ k

m+1
5teh

Theorem 8 Assume hypotheses of Theorem 6, ||€}|| < C h, additional regularity hypothesis
(R3) and the constraints on (k,h) given in (H). Then, the following error estimate holds

lei i ey + 16l 22y < € (VE+ 1Y),
Proof. Taking 2 k(( ), 5tem+1) the pressure term vanish, and we arrive at

lleh M1 = lleRI* + llef ™ — e l|* + 2.k |6ef |

= -2 k(étemﬂ 5tem“> -2k C(Eh yW(tmt1), 5te2”1> -2k C(Elm, u(tmy1), 0eep’ H)
6
— 2he(Up e a2k (U el R et ) 2k (€7 et ) = DU I
i=1
We must bound the I; terms of the RHS,

tm+1
L = —2k<ei(5tu(tm+1)),5@2”“) <ek|oel P+ C’th/ [

tm

Now, the term I, = —2kc<Uhm,eZ"b+1/2 ) em+1> does not vanish,

L= 2kc<Em mH/2 5e m“) —9 k:c(U(tm) /2 5e m+1) — Ty + .
The more complicate terms to bound are the vertical parts of J; and Ja:

Ji~2 k((eg'fh +e5;) 0 ehmﬂ/2 o m+1) + k(@ (e +e5%) e;n+1/2 die m+1) =Jii+Ji2.

IN

1/2
T < 2k e, + el 10-er T e pee 6 |2 2
1 l +1/2
< Ch(lefl + At |l + R lus () | gien) B4 ep ) 16eg |

< e k|oel 2+ Ckh72 e T P2 e + Ck e )2

A
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(here, we have used (21) and (23) and the inverse inequality |0, eer /2HL§ Ly < Ch*1|]e2n+1/2H),

Ja < k[0 + el e e 0ef e < K (el + R B2 le 2 gt
< e kloey P+ ChnT e Pl I + C ke
(here, we have used the inverse inequality Hem+1/2||Loo <C h*1/2|]e21+1/2H),
o < Cl e ™| et < e ke |oref 2+ C ke
On the other hand, the vertical part of I and I3 are bounded as
I < C (e 4+ 1) [ultmin) s |ref | < ek [Sref ™2 + C klef?||? + C kb
Iy < et o (o) s 30| < 2 Bl 4+ Ot
We write I5 as
Iy = 2k c(E™, e ey ™) — 2k e(Ultn), e, 5y )
and we bound the vertical part

2]{7<(€3h + 63 1)3 em+1 1) em+1> — k‘(@ (e3h + €3 ,L) m+1 5 em+1> == Kl + K2

as follows

=
A

2k |les’, + 637¢||L30L,2(H3ze?1+1”L3L3 H(SteZHHHBLw
Ck(llef | + el + b b [a(tmia) | grees B~ 607
ek |l T2+ Ck|e|? + Ckh*

IN

IN

m—‘rl/? m-+1

Z
A

k1|0x(egl, + exi)llz lleg ™ “llrs l|oeel ™ Il s
< Ck(lefll + lef* | + 2"t [a(tmr )| geer B2 S0+
< ek|oe T2+ Ckhel|* + Ckh*

A

Finally, taking into account the above estimates and adding from m = 0 to r (with any

r < M), since owing to estimates of Theorem 6 and (H),

B2 S e PR < oni kv h¥) < 0, (12 1),

we can apply the discrete Gromwall’s Lemma obtaining the desired estimates. [ |
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4.6 O(Vk + h') error estimates for ¢/ in 1*(L?)

Corollary 9 Assuming hypotheses of Theorem 8, one has
e iz (rey < C (VE + Y.

The proof is rather standard, starting from estimates of previous Theorems and applying the
hydrostatic Inf-Sup condition (H1).

Finally, since the constraint imposed is k¥ < C h?, it is important to remark that since the
order obtained at this moment is O(vk + k') = O(h + h), then this order is optimal for O(h)
approximation (I = 1). In the next Section, we study an argument to arrive at optimal order

for the case [ = 2.

4.7 An alternative way for O(h?) approximation (I = 2)
4.7.1  O(Vk + h?) error estimates for J.e]""' and 5tehm+1/2 in [~°(L?) N I2(HY).
Making 5,5(E1)ZL+1 and (MEg)Z"”H for each m > 1, one obtains Vv, € Xj:
(Dl)szrl
1 m+1/2 m m+1/2
E(éteh R oep, th> + (V&teh " /1, VVh) - <5tps(tm+1)7 Vi - <Vh>)s
= (€™ va) + SNLE (vy) = o ((Grel ! = dref),va ) — (Ve Vv )
where,
(5tNLZ‘+1(vh) = —c(étEm, u(tm+1),vh) — c(dtUZl,emH/Q,vh)
—c(Emfl, o (tm+1), vh> — c(Uhm_l, 5tem+1/2, vh>

and, for all (vp,qn) € Xp X Qp,
(D)

1 m m m m

— <5te’,?+1 — e, +1/2, vh> + (V(&teh +1_ dre, Jr1/2), Vvh) =— <6tps’,j1, Vi - <vh>>s

va (e an) = 0.

Finally, adding (Dl)Z”r1 and (Dg)hmJrl we obtain, for all (vp,qp) € Xp, X Qp:
1
. (et = svegt,va ) + (Vorel v vi ) + (85t Vic- (vi)
m 1
(D3)y 1 = ((5t€m+1,vh> + (5tNLZ‘+1(vh) — %(&egﬂﬂ — 5te§",vh>
(V- (e an) = 0.

S

Theorem 10 Under the hypotheses of Theorem 7 for I = 2, (R4) and assuming the following
hypothesis for the first step of the scheme

6ep/%) < C (VE+ 1),
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then
16 e 2yt + 102 i aymiz ey < € (VE + h2),

16t — Grep 2y + 10l — el lizzy < CVE(VE + b2,

Proof. Since the initial estimate |5;e}| < C (v/k + h?) has been assumed, it is suffices to prove
the generic estimate for (5te21+1 and 5te21+1/ 2, for each m > 1.

Taking 2 k 5tehm+l/2 € X}, as test function in (Dl)znﬂ, one has

ey 22 — |aep(? + [aeep TP — e + 2 K| gep TR

=2k (%(@e;’“’l = diel"). el %) - 2k (Ve Vel ) (30)
+2 k(étps(tmﬂ), Vi - <5te?ﬂ/2>> ) k(étgm-i-l’ 5te;n+1/2) ) k5tNL2”H(5teZnH/2)

=L+ L+ 1Is+ 14+ Is.

We bound the RHS of (30) as in Theorem 6 (recalling that approximation O(h?) is assumed)

tm+2
2
L <ek|dey H2+Ch4/ ase 2
tm

t'm+1
Iy <ck||6el )% + Ch4/ [
tm
Iy < eldiey 17 — g€t 4+ C R 0ps(bms1) 371 sy + € GeeR |2 + C kb |6ups(tm 1) 2

The bound of I; depending on the consistency error is not problematic.

Now, we bound the more complicate terms of I5, again as in the proof of Theorem 6:
2B ultmin) e ) < 2 R(I6ef |2 + el |2) + < b 10eg |2 + O e TP

tm+1
L e Y A L e T
tm

2kc(5te§’?i,u(tm+1),5te;n+1/2) < kIR 1 Ok e s
t'm+1
< ek e 2R cnt [ o
tm

2 (St + el o dve ) < ek (IS + Il + 10K ) + C lavep 2P

tm+1
< keI + Ot [ (el + s ) + Ok ey

tT’L
2k (B 0t ey )~ 20 (e 4+ e 00t e )
+k (82(637}:1 + 6;;;1), 57511(tm+1), 5te7}?+1> = Ll + LQ
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Since Lo is easier to bound than L, we only bound L:

+
Ly < ||63h +€3@ 1||L°°L2 [|0-0¢u(t m+1)||L2L4 ||5teh /2 ||L2L4
<ck|ef|? + Ckr¥ +ek|oe] 2| + C k|60

On the other hand, we bound the other terms of Is5 which have not similar terms in the proof
of Theorem 6:

c(5tUTanL+1/2 5tezl+1/2> <6tEm m+1/2 6te2n+1/2> —i—c((StU( m), € m+1/2 (5te7,7+1/2).

The second term of the RHS is bounded by ¢ k |](5tem+1/2H2 +Ck ]ezn+1/2]2. With respect to the

first term on the RHS, the more complicate term to bound is the vertical part:
-2k c<5t63 ,eh m+1/2 (5te2n+1/2>
= 2k ((Grey + Suey) e T2, 0.0 ) 4k (0:(0rexy, + et en 2 den ) = gy 4

Since J, is easier to bound than Ji, we only bound Ji:

No< 2 g 102 0y P2
m m h2 tm m+1/2 m+1/2
< ck(uatehu+||6te,~ u+@ [ oallus) 5 e ey
tm—1
h? m+1/2 m+1/2
< Ok (G lef+ t " s + l0vusls) )+l ™2 e+
m—1

ke 2 4 O (le et e ) el

tm
+ Ch? (/t ||UtH%{3> (eZH‘l/Q _ eZnP 4 ‘eznP)

m—1

here, we have used the inverse inequalities ||v[[ g1 < Ch1 [villzz and [|val[re < Ch™! [vallrz-

Notice that to apply later the discrete Gromwall’s Lemma using the term C k: - le|? |62,
it is necessary that k - 7T 2m ey |2 < C and this is true for [ = 2. In the last section, we will see
a way to obtain the estimates for [ = 1, in the case of vertical structured grids.

On the other hand, we have to bound
C<UZ%1’5tem+1/2’5tezn+1/2> _ c(Uanl,Cste;n“,étemHn)
= (B e el ) e (Ult), e s )
(here we have used that C(Um Lot 5tem+1/ 2) = 0). The more complicate term is the
vertical part:
2l<:c( —1 5tem+1 5tem+1)

=2 (e + e el o ey ) < k(u(et e drel T G ) = K 4 K
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Since K> is easier to bound than K7, we only bound Kj:
Ky < 2k [t + e e pa 1o 2 e 10600 2 e

tmtl
Ck(lley I+ h* [U(tm-1) | g3) hzk_l(/t [ (tms 1) [ gr2) ™ (16re

IN

IN

tm+1
e klovey 1% + ChQ/ e (sl 7p2 (el =2 + B2)
tm

On the other hand, making 2 k ((Dg)hm, 5teZ‘+1>, we arrive at

|5 em+1|2 — |6, em+1/2|2 + (6 em+1 — e hm+1/2|2

m+1/2 m m+1/2 (31)
e { e 2 — lore ™ /212 + gyt — el 22 = 0

Reasoning as in Theorem 6, adding (30) and (31) from m = 0 to r (with any r < M),
taking into account the previous estimates and € and &k small enough, we can apply the discrete

Gromwall’s Lemma obtaining the desired estimates. |

4.7.2 O(k + h?)) error estimates for (5tezl+1 in (L) NI?(H)

Theorem 11 Under the hypotheses of Theorem 10 and (R5), assuming the following hypothesis
for the first step of the scheme

|0en,| < C (k+h?),
then

16:€]7H ljoe (L2yruz ey < C (K + h?).

Proof. The main idea is to make 2k ((Dg)mJrl 5tem+1> Now, the pressure term vanish but

the term c(Um 1 ;e m+1/2 5tem+1) # 0 and can be decomposed as:

QkC(Um 1 el m+1/2 ¥ em+1) _ 2kc<Um 1 el m+1/2 5, em+1 5 em+1)
= —2kc<Em 1 (St m+1/2 (5teZ‘+1 5tem+1) + QkC(U(tm_l) (5tem+ /2 5te2”+1,5te21+1> = Il + 12.
The more complicate term in [; is the vertical part:

k ((eg”,fl +egih) ((Stem+1/2 e ), 0 5tem+1>

< k||€3h +€31 1||L00L2 (S eh +1||L2Loo||6 5teh +1||L2L2

7|eh 1||5t m+1/2 51& Z/L+1‘||(5tem+1||+7H m— 1”‘(515 m+1/2 (5t h+1H|6 em—HH
+cf e Mloge s me’"“/? e Iyt |

< ek |6l 2+ C = [Sep T — st (e

hA ’5t
+C kB2 |56 — et
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(here, we have used the inverse inequalities [|v||re < Ch™" |v]z2 and [Jv] < C h~'|v| and the
estimates (21) and (23)). Since |e]" |2 < C (k? + h*), adding the third term of the RHS of the

previous inequality,

kh™ Z|5t M2 e Pl R < ki (k + B (K + hY) < C (K + hY,

where (H) and estimates of Theorem 10 have been used.

The more complicate term in I is the vertical part:
2k c(ug(tm,l) 5tem+1/2 et 5tem+1) <ckl|se 2+ Ck |5tem+1/2 et

Adding from m = 0 to r (with any » < M), we can apply the discrete Gromwall’s Lemma

obtaining the desired estimates. ]

Again, from estimates of previous Theorems and applying the hydrostatic Inf-Sup condition

(H1), we arrive at the following optimal error estimates for the pressure.

Corollary 12 Assuming hypotheses of Theorem 11, one has
e e < C (k + 1),

Since the constraint (H) impose & < C h?, the order obtained is O(k + h?) = O(h?) whence the
time and space approximations are of the same order.

Notice that the previous estimate for the pressure is not obtained in norm [°°(L?), due

m+1/2

to the convection term depending on the intermediate error e which has not optimal

approximation in [°°(L?), only in 1?(L?).

5 Vertical structured meshes

In this section, we will approximate the problem (@) using appropriate vertical structured grids

of finite elements. We consider the variational formulation of (@) verified for an exact solution

(u,ps) at t = tyt1:

(%( (tmt1) — ) ( (tm-‘rl)aV) + (V (tmt1), VV)
~ (pultnr), V- <">)s - <f<tm+1> >Q +(gltmi)ov),

+(5m+1,v), VveWiinLe

| (% (altm))a) (=0, Vg€ L3(S)

s

(o)

where 0
ug(tm;x, 2) = / Vi - u(tm; X, s) ds.
z
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To discretize the domain, we consider 7;(2) a regular and quasi-uniform triangulation of
Q (with elements K € 7,(f2)) and 75,(S) its associated triangulation of S (with elements T €
71,(S)). In this case of vertical structured grids, more specific properties can be obtained. More
about how to construct vertical structured meshes can be seen in [9], [10], [11] by using the
so-called iso-o layers or in [18] by using a P\ approximation on the bottom.

We consider three families of finite element spaces: X C Hll)yl(ﬂ) for the horizontal velocity,
Y, C H(9,) for the vertical velocity and Qp C LZ(S) for the pressure. Functions of X, are
globally continuous, whereas functions in Y, must be globally continuous only respect to vertical
direction and @} could be discontinuous functions.

For vertical structured grids formed by prims, there are several possibilities to choose Xj,.
For instance, considering a bubble by each tetrahedron (subdividing the prims) as can be seen
in [9], or a bubble by prism or a bubble by each column of vertical prisms as in [20]. Notice that
these possibilities are not stables for the Navier-Stokes case. On the other hand, in the case of

right prims, some possibilities to choose Y}, are [18]:
o Py(x) ® Pi(z) and z-continuous (for [ = 1),
e Pi(x) ® P3(z) continuous and z-C! (for [ = 2).

Finally, for these structured meshes formed by vertical prims, it is easy to compute the

vertical integrals of the variational formulation of (Q).

5.1 O(k+ h'*1) for e in 12(L?)

To obtain the results of this subsection, we change the computation of the vertical velocity,

which now will be computed as
0
ugfh(x, z) = / Vi - up'(x, s) ds.
z
Accordingly, the vertical interpolation operator can be defined as
0
Kpuz(x,2) = / Vi - Ihu(x, s) ds,
z
hence ef’; = fzo Vi - €™

Theorem 13 Assuming hypotheses of Theorem 7, and ||A;'e))|| < Ch® (recall that Ay, is the
hydrostatic Stokes operator defined in (15)), one has, for each k small enough,

le  lizuzy < Ok + A, (32)
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Proof. Taking v, = A, ! m“ €V in (E)hmﬂ, we obtain

45t 2 — A5 2 + 147 e — Ayt e |? + 2 et

< 2RNLP (A7 et — 2 (0] Ay e ) 4 2k (€7 ATter ) o= L+ I + K,
We bound the more complicate terms of I;.

2kc<u§’?h, ZLH/Q A;le’;ﬁ'l) = —2kc<eg’?h, ZLH/Q At m+1)+2kc<u3(tm) mtl/2 Agle?“) =Li+Ls

Ly = k(0. e ™ artentt) — ok (e e T2 0.7 et

IN

+1/2 — +1/2 _
(Ha €3, h||L2Hem / s HAhl +1HL6 + Hes h||L°° L2 ||em / HLg Lo ||3zAhle?+1\\Lg Lg)

< Ck(llefl + llef ) (n1/2 + h*1>(|em+1 2 et 14y e |
< Rl ke — e AR 4 O (e + ) 4 e P
(here, we use the inverse inequalities || - || < h~Y2|-|in 3D and || - lpe < BV |2 in 2D).
L, < Ck (Hug(tm)HLoo + H@Zu;;(tm)HLg) (|eh ) 4 fel m+1/2 Zﬁ-l‘) 1A e+
< 8k<’em+1’2+‘ m+1/2 m+1’2> + kA et

The vertical part of2kc(Uhm, et At m+1) is
ke ) = 28 ) 2 AT
and its more complicate term is
2kc<e3h, et A m+1) — 2k (egnh et 9,4, m+1)+k (azeg?her“,A,;leng) = N1+ N,

and we bound

N < k “€?h||LmL2 el rzrz 10:4, ey rerge < Ckllei(l e A7t (14, e ™
!
< 2|| PP 1AL e P + C ke R0
Ny < k[IVx-elllosllef Il A, e e < Chh™2lef | e[| A; e |
k - !
< C EHG’ZIH2 145, e 17 + C kR0

Finally, by a similar way, we bound

IN

m—+1 -1 _m+1
ch(egl,e VA ey )

7

(e e 17 A e 2 e e 147 )
Ck |e;7”+1| HA;:leerlH <Ck HA 1 m+1||2 + Ok p20+1)

IN

174



Other conflictive term of I is:
zkc(eg}h, (1), A7 m+1) - 2k(e3h8 U(ti1), Ayt m+1)+k (azeg?h (tms1), A7 m+1) = i+

To bound .J1, it is necessary the explicit expression of ef’, = fzo Vx-e'=Vyx- fzo ej’ which let

us to integrate by parts,

0
o= b (Ve ([ e duultman), 47 )

0
—k(/ e, Vxdou(tm1) Ay te™ + 0u(ti1) Vi Ay ! m+1>

IN

0
kl / il o g (IIVx00tms )l o7 |47 e g + 100t 20 | VAR e 21z )
< cklef'*+ Ck|lA, e) |2
In a similar way, by using that d,e3’, = —Vi - €,
B < klef (I Vxltm)lzs 147 € o + [0t | VA7 o)
< cklep P+ Ck 4 e

On the other hand,

I

_2]{(5te1m+1714;1 ehm—i-l) < C/{HA 1 m+1H2 +Ek|ez((5tum+1)‘2
Ck‘”A;:l m+1||2 + 6k,h2(l—|-1)||6 um+1||Hl+1

IN

IN

Ck:HA 1 m+1||2+€h2(l+1)/ ||ut\|in+1-

tm

Adding from m = 0 to r (with any r < M), since thanks to (H) one has % ler||? < C
and k)" m+1/2 el'|2 < k(k + h?) < C(k? + h2+Y), we can apply the generalized discrete

Gromwall’s Lemma obtaining the desired estimates, for k£ small enough. [ |

5.2 O(k+ h!) for e, in I>(L?)

Owing to the improvement obtained in the above subsection, now we can prove the error esti-
mates obtained in Theorems 10 and 11 for [ = 1.

Indeed, in the proof of Theorem 10, we can apply the discrete Gromwall’s Lemma, since the
T

1
term C'k 73 Z le|? |6:e]"|* appear, and now for [ = 1, owing to (32), we have

m=0

1 < 5
kg > lepP <.
m=0
The rest of the proof is similar. Consequently, one has

Corollary 14 Assuming hypotheses of Theorem 13 and Theorem 11, one obtains

He Hl2(L2 < C(k + hl)
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6 Scheme with Coriolis term

Looking at the results obtained in previous sections, the more convenient forms to introduce
the Coriolis term in the scheme are the following (the Coriolis term is always refereed at the

end-of-step velocity u”™*! because this is the better approximation in this scheme):

e To consider in (S)/"™! the implicit term b(u}"*!).

because (b(u™!),u}"*!) = 0, however, with respect to the error estimates is a conflictive

This term gives optimal stability,

term, because it introduces the extra-term b(u}"™') in (F2)7"™, which implies that we
can not obtain the O(k'/?) error estimates with similar arguments.
e To consider in ()7
(b(uzn), uZLHm) = (b(uZ‘), u;nﬂ/z - uZL) in the stability estimates, which produces in

the stability estimates an artificial exponential bound in time. Indeed, bounding as follows,

the explicit term b(uj*). This term introduces the extra-term

(b(ug), w2 — ur) < € a2 + ey /2 — up

and applying the discrete Gronwall inequality in the proof of the stability, the new expo-
nential bound appears. With respect to the error estimates, this term does not add new

difficulties.
On the other hand, now the computation for velocity uZLH/ ? follows decoupled.

e To consider the following Coriolis correction scheme: we consider in (Sl)hm+1 the explicit

term b(u}") and in (S2)}"** a correction term b(u}"™' — u*). This correction works well

with respect to the consistency and stability of the scheme. Moreover, now again (SQ)ZL—H[

can be written as a projection step (written respect to uZLH —u}"). Finally, this correction

term is not conflictive respect to the error estimates.

On the other hand, this option is better that the first one with respect to the implemen-
tation and the error estimates, and is a little better than the second option for stability

and consistency and is a little worse for the implementation.

Appendix

Proof [of Lemma 5]:
We consider A~!'v € V the solution of the hydrostatic Stokes Problem with second member
v € V. This solution verifies (see [12] for the Stokes case)

A" vy, — A vl < Chvy (33)
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On the other hand, we decompose A}:lvh = A;lvh — fh A vy, + fh Ay}, where fh is an

interpolator with respect to Xj. Then,
‘|A}:1Vh‘|wl,6 < ”A}:lvh — thilvhnwl,G + Hfh Ailvhle,s
We bound the RHS as follows, using in particular hypothesis (HO),
11n A vallwis < C AT VAllprs < CIAT a2 < O fval
here the stability property fhvh 1,6 < C||vp|lw.e is applied
w w
-1 T oa—1 ¢t 7 o4-1 ¢ -1 —1 -1 7 oa-1
1A, vh=InA™ Vallwrs < Sl Ay V= Ih AT Vil < E(HA;L vi—AT ||+ AT v — 1R A VhH)

(here we have used the inverse inequality ||vy,||y1.6 < Ch™Y|vy| for each v, € Xp,).
Finally, applying (33) and the error interpolation inequality || A= vy —I A= vy || < Ch||A " vy g2 <

C' hlvy|, we arrive at HAglvh — Iy A~ v |lwis < C |vi|. Therefore, we conclude

||A}:1Vh||W1,6 <C |Vh|.
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Numerical analysis of an incremental pressure scheme in time for

the Primitive Equations *

F. Guillén-Gonzélez! M.V. Redondo-Neblet

Abstract

The purpose of this paper is the numerical analysis of a first order scheme in time, using a
projection method with incremental pressure, for the model of Primitive Equations of the
Ocean. First, we will prove unconditional stability and convergence towards a weak solution
of the continuous problem. Afterwards, for a regular enough solution, we will prove optimal

error estimates for the velocity as well as for the pressure.

Subject Classification 35Q35, 656M12, 656M15, 75D05
Keywords: Primitive Equations, finite elements, anisotropic estimates, splitting methods, pro-

jection methods, stability, convergence, error estimates

Introduction

Assuming some simplifications (basically hydrostatic pressure and “the rigid lid” hypothesis), the
3D Navier-Stokes equations derive to the so-called “Primitive Equations” (or the Navier-Stokes
equations with hydrostatic pressure). These equations are a general mathematical model in the
field of geophysical fluids ([20, 23]). In particular, they describe the general circulation of the
water in lakes and oceans [21]. For simplicity, we take constant density, Cartesian coordinates
(z in the easterly direction, y in the northerly direction and z perpendicular to the surface of
the Earth) and we assume that the effects due to temperature and salinity can be decoupled

from the flow dynamics.
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Let us consider Q = {(x,2) € IR® / x = (2,9) € S, —D(x) < z < 0} the 3D domain filled by
the water, with S C IR? the surface domain (a regular bounded 2D domain) and D : S — IR
(with D > 0 in S) the function describing the bottom. Then, I's = S x {0} is the part of the
boundary of Q corresponding to the surface, I'y, = {(x,—D(x)) : x € S} corresponds to the
bottom (with outwards normal vector (ny,n3)) and I'; = {(x,2) : x € 95, —D(x) < z < 0}
correspond to the lateral walls.

The unknowns of the problem are U = (u,u3) : Q x (0,7) — IR? the 3D velocity field
(with u = (u1,u2) the corresponding horizontal velocity and wus the vertical velocity) and p; :
S % (0,T) — IR a potential function which is defined only on the surface S, that it will be called
the surface pressure.

Then, the differential model governed by the Primitive Equations can be written as (ver [20,
21]):

ou+ (U-V)u —vAu+b(u) + Vgps = f enQx(0,7),
0
(EP) us(t;x, z) = / Vi -u(t;x, s) ds Vig-{(u)y = 0 enSx(0,7),
ulr,ur, =0, vo.ulr, = gs, U9 = Uy en Q,

where (u)(t;x) = f_OD(x) u(t;x, z) dz.

Also, b(u) = fu' represents the effect of the Coriolis Forces, with ut = (—ug,u;)* and
f = 2|w|sin 0, where w is the angular velocity of the Earth and 6 = 6(y) is the latitude, p € IR+
is the water density (that it is assumed a positive constant), g € IR, is the gravity acceleration
(another positive constant), f : 2x (0,T) — IR? is a field of external horizontal forces (depending
for instance on the salinity and temperature) and g : 'y x (0,T) — IR? represents the stress of

the wind on the surface.

Finally, V = (Vg,0,)! stands for the threedimensional gradient operator (with Vg =

(02, 0y)" its horizontal component) y A stands for the threedimensional Laplacian operator.

For simplicity, we have considered in (P) isotropic diffusion, which is written as —vAu,
where v > 0 is a viscosity coefficient. In general, due to the difference between the horizontal
and vertical dimensions of the domain, it is usual to consider anisotropic (eddy) diffusion; for
instance

=V - (v Vru) — v, 6§u

where vy, v, > 0 are the horizontal and vertical eddy coefficients respectively, being v, < vy
([23]). The results of this paper can be easily extended to this case.

Let us now to present some mathematical results about the problem (EP). The existence
of a weak solution (u, ps) of the problem (EP) is well known, see Lewandowski [19] and Lions-

Temam-Wang [21], always in domains with side-walls (i.e. D > Dy, > 0 in S). In these
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works, a compactness method is used to obtain the velocity u in a space with the restriction
V - (u) = 0 and afterwards, the surface pressure ps is obtained, by a specific De Rham’s lemma
on the surface S. In domains without side-walls (i.e. when the depth function D can degenerate
to zero), the existence of a weak solution (u,us,ps) of (P) is obtained by an asymptotic limit
applied to the Navier-Stokes equations with anisotropic viscosity when the ratio depth over
horizontal diameter (of the domain) goes to zero; see Besson-Laydi [6] for the stationary case
and Azerad-Guillén [1, 2] for the evolution one. Finally, the existence of a weak solution of
(EP) in domains without side-walls can be proved by internal approximation arguments: a
mixed (velocity-pressure) variational formulation of the stationary problem is approximated by a
conformed Finite Element method in Chacén-Guillén [9]. In particular, the result of convergence
of the present work (Theorem 3) can be also interpreted as a proof of the existence of a weak
solution of (EP), in domains without side-walls. On the other hand, F. Ortegén in [22], obtains

a generalization of De Rham’s Lemma to more general domains without side-walls.

Existence and uniqueness of a strong solution of the linear stationary problem associated to
(EP) is treated by Ziane in [29]. This result is extended in [17] to the linear evolution case. With
respect to the nonlinear problem in bidimensional domains, in [17] is demonstrated existence
and uniqueness of a strong solution, global in time for small enough data or local in time for
small enough depth. The extension (and improvement) of this kind of results to tridimensional
domains can be seen in [13]. Finally, assuming flat bottom and Neumann boundary condition
on the bottom, the existence of global in time regular solutions without constraints is proved in
[8]. In [18], this result is also obtained with Dirichlet boundary conditions on the bottom.

Approximations to the Primitive Equations Model were presented by R. Bermejo in [4] and
R. Bermejo and P. Galan in [5], using a semi-lagrangian projection scheme in time together with

finite elements method in space.

From the numerical analysis point of view, convergence of some Finite Element approxima-
tions for the stationary problem, has been proved in [9].

We present an approximation to the problem (EP) using a time projection scheme. Projec-
tion methods are becoming widely used in the context of Navier-Stokes equations, where these
methods split the convection-diffusion to the incompressible constraint.

The origin of projection methods is generally credited to the works of Chorin [10] and Temam
[27]. They developed a two-step scheme where the second step is a free divergence projection
step. The convergence of this projection method, was proved in [28] for the time discrete scheme
and in [11] for a fully discrete scheme associated to a problem with periodic boundary conditions.
More recently, error estimates for projection methods have been obtained (see [25], [26] for time
discrete schemes and see [12] for a fully discrete scheme). Basically, for the so-called Chorin-

Temam projection scheme, one has time error estimates of order O(k'/?) in I2(H') N [*°(L?)
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and of order O(k) in 1?(L?) for both velocities and order O(k'/2) in 12(L?) for the pressure,
improving to order O(k) in [?(H') N I°°(L?) for the intermediate velocity and order O(k) in
12(L?) for the pressure, for a modified projection scheme (called incremental pressure or Van-
Kan scheme) where a pressure correction term is added in the projection step. In [12], optimal
error estimates (for a mixed velocity-pressure formulation) are obtained under the constraint
k% < ah in the three-dimensional case, whereas that in [16], the same optimal error estimates
hold under the constraint h < ak, for a pressure segregation method to solve the projection
step.

On the other hand, these projection methods, without and with pressure correction, can
be observed as pressure segregation methods in the sense that the problems for velocity and
pressure can be decoupled. In [3], for a fully discreted scheme, using a Poisson equation for
the pressure, the authors obtain the convergence and error estimates for the non-incremental
method, proving O(kl/ 2 1 h) error estimate for the pressure, without to be necessary the inf-sup
condition for the approximating spaces and imposing the constraint ah? < k < 3 h?.

The work of the present paper follows the line of [16] about a fully discrete scheme for the
Navier-Stokes problem, but now for the Primitive Equations. For simplicity, we only consider
here the time discrete scheme. Firstly, we will prove unconditional stability and convergence
towards a weak solution. Afterwards, we will prove optimal error estimates for the velocity and

for the pressure for a regular enough solution.

This paper is organized as follows. In Section 1, we describe the time discrete scheme of
projection type. This scheme is a linear scheme where the convection is treated semi-implicitly.
Basically, in every time step m, three subproblems must be solved. Firstly, an approximation
uj® for the vertical velocity at t = t,,, is computed, afterwards an approximation of the horizontal
velocity u at t = t,, 41 is computed (that it will be called a™*!) and finally, we calculate a final
approximation u™*! for the horizontal velocity and an approximation p™*! for the pressure pq
in t = ty4+1. Moreover, we prove the stability and convergence of the scheme towards a weak

solution of the problem (EP).

In Section 2, assuming the existence of a sufficiently regular solution of (EP), we obtain
different error estimates for the velocities (intermediate and end-of-step horizontal velocity and
for the vertical one) as well as for the pressure. We begin obtaining O(k)-error estimates for
both velocities 1™+ and u™*!, after that we obtain O(k) error estimates for the time discrete
derivative of the velocities and finally, we conclude obtaining O(k) error estimates for the pressure

p™+1. Finally, some comments about the treatment of the Coriolis term are given in Section 3.

A part of the results of this paper has already been announced in [15].
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1 Description, stability and convergence

1.1 Spaces of funtions

To define the notion of weak solution of problem (EP), we introduce the following Hilbert spaces:

Hy,(9) {ve HY(Q) / vlr,ur, = 0},
H = {veI?’(Q)?/Vyg-(v)=0in S, (v)-ngg =0},
V = {ve H,}J(Q)Q / V- (v)=0in S},

being ngg the normal exterior vector of 0.

We denote H%’Z(Q) = HI}J(Q)Q, etc. The norm and scalar product in L?(Q2) will be denoted
by |- | and (-,-), whereas in Hll,’l(Q) by || - || we denote the norm of the gradient. On the other
hand, we denote Hb_ll(Q) and H~Y2(I') the dual spaces of H%’l(Q) and H'/?(T,) respectively,
with duality products (-, )q and (-, -)r

s*

The space for the surface pressure will be:
1) = {ac 15) / [La=0}.

The vertical velocity ug will be obtained in function of Vg - u. In this process, one has not
L? regularity for the horizontal derivatives of ug, so let us to define the (anisotropic) Hilbert

space
H(D,) = {ve L*(Q) / d,v € L2(Q)}, (resp. H"(.) = {v € H¥(Q) / 0.0 € HF(Q)))

Hy(0.,)={ve H(D,) /v=0 on Iy}, (resp. Hy(0,) ={ve H(D,) /Jv=00onTsUL}).

Due to this loss of regularity of us (u3 € L? but ug ¢ H'), the vertical convection term
uzd;u does not belong to H;}(Q), therefore more regular test functions must be introduced
in the variational formulation of (E'P). For instance, it suffices with v € Hé,l(Q) such that

9,v € L3(), because in this case one has (see [9]):
<(U : V)u,v>Q = —((U -V)v, u) < +o00.

Another possibility is to assume v € Hal(ﬂ) NL>*(Q), and then ((U -V)u, v) < +o00.

In the sequel, we will use the following skew-symmetric form of the convective term (usual
for the space discrete schemes), for each U € H%’l x Hs(0,), v € H%’l, w € H! with w € L™ or
0.w e L3,

C(U,v) = (U-V)V—I—%(V-U)v
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and

o(U,v,w) = /QC(U,V)~w:/Q{(U-V)v-w+;(V-U)v-w}, if w e L,

IN

< S Py T
or equivalently

c(U,v,w) = —/Q{(U'V)W'V—l-;(V'U)V'W} if 0,w € L3.

IN

CllUlay, <. 0. [Vl [wlwrs

Previous equalities hold even in the fully discrete case, hence we can use, in the sequel, any of

these two possibilities. Obviously, ¢(U,v,w) = / (U-V)v-w whether V-U = 0. The trilinear
Q

form c(+,-,-) verifies ¢(U,v,v) =0, for each U € ng,l X Hg(0,) and v € Hé’l. By simplicity, the

vertical part of these trilinear forms will be denoted in the same manner, i.e.
C(U3,v,w) = / {u;;@zv'w—k 18Zu;>,v-w} = —/ {ugazw-v—i- 1('Lu?,v-w}
Q 2 Q 2

1.2 Description of the scheme

The time interval [0, 7] is divided into M subintervals, for simplicity of equal length k = T'/M,
considering the partition of [0, 7], {t,, = mk} _,.

In general, a time discrete scheme is an iterative scheme, where in each step m, given
{(f™, g™)}M_, some approximations of data (f, gs) at the instant ¢ = ¢,,,, a sequence {(u}", uz'y, Pi) bm
will be computed, which pretends to be an approximation to a solution (u,us,ps) of (EP) at

t=tm.

We are going to present an incremental pressure projection scheme, splitting the three main

difficulties of the problem (EP):

e the non linear convective terms (U - V)u. In particular, the vertical convection ugd,u is

less regular than in the Navier-Stokes case.
e the restriction Vg - (u) = 0in S x (0,7),
e the computation of the vertical velocity.

By simplicity, we do not consider the Coriolis term because this term does not add new difficul-
ties. At the end, in Section 3, we analyze the more convenient form for introduce it.
Indeed, given (u,p7"), firstly the vertical velocity u3* is computed in function of Vg - ™,

afterwards we obtain an intermediate horizontal velocity u™t! using the convective and the

m+1

diffusion terms but not the restriction of divergence type, and finally we obtain u™*! and p”

by means of a linear mixed problem considering the restriction Vy - (u™*!) = 0. Moreover,
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since a pressure correction projection scheme will be considered, an explicit pressure term is
introduced in the intermediate horizontal velocity problem and an implicit pressure correction
term is considered in the mixed problem for the end-of-step velocity and pressure problem.

Concretely, the time discrete scheme is described as follows:

Initialization: Let u® = u(0) and let p? be given. To take u® = u".

Sub-step 0 : Given u™, to compute u3" as
0
(So)™ T (x, 2) = / Vir - 67(x, ) ds.
z

Sub-step 1 : Given u”, U™, u§* and p™, to find ™! : Q — IR? solution of

1 ~m+1 m ~m+1 ~m+1 mo m+1
(Sp)m+t k(u u”)+CU ) —vAu tVap =

vo,u™ |, =gt ampur, = 0,
where U™ = (@™, 0%").
Sub-step 2 : Given u™*!, to find u”*! : Q — IR? and p*! : S — IR? solution of

1 m+1 ~m+1 m-+1 m .
- Y/ - = 0 inQ
- L (u )+ Vi = ) in 0,

Vg - @™ty =0 in S, (u").nlps = 0.
Since in this section we are only going to consider the weak regularity on the data, we take

tm+1 tm41
prtl _ k/ t)dt and g"t! = k/ g.(t

Notice that the vertical velocity furnished in Sub-step 0 does not satisfies exactly the boundary
condition on the bottom, i.e. in general 45|, # 0, due to the corresponding horizontal velocity
u" has not verifies the constraint of free divergence type, that is Vg - (™) # 0 in S.

On the other hand, we have written the convection term in Sub-step 2 in a linear and semi-
implicit form. Moreover, the use of the antisymmetric form c(-, -, -) will not be strictly necessary
for this time discrete scheme, (because V- U™ = 0 and although @§'|r,, # 0 but u]mH =0, then
after to do integration by parts, the boundary terms do not appear), but we prefer consider it

because this antisymmetric form must be used in any fully discrete scheme.
Remark 1 Adding (S1)™*! and (S2)™*!, we get

Lo m+ [7m ~m+1 +1 +1 1
—(u" —u™) + U™ A" —vAU"T + Vgpl = fmtl in Q,
P )+ C )

vo.u™Hp, =gt e, =0, Vg (u™th) = 0 S

~m+1

(S3)™*! can be viewed as consistence relations, because if we could demonstrate that U and

m+1

u converge to the same limit function u and the convergence is sufficiently strong, taking
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limits in (S3)™ !, we will find that u is a solution of the continuous problem (EP). Moreover,

m+1 m+1

since both u and u will be approvimations to U(t,.1), then (S3)™T! says us that the

viscosity terms is taken in an implicit way and the convection term in a “semi-implicit” way.

Effective implementation of the scheme.

The introduction of the end-of-step velocity u™ is not necessary and the computation of u”+!

m—1
s

(pr=t p,am),

and p can be decoupled. In fact, each time step of this scheme is computed as follows: Given

(0) to find uf" solving (Sp)™,

(1) to find u™*! solving the convection-diffusion problem:

ﬁm—H —am il I . - e
<§)m+1 - +C(U™u"™") — Au +Vu(2p) —py ) =f in Q,
VoA = g+l

S )

=~ 1
um+ |FbUF1 = 07

(2) to find p™*! solving the elliptic 2D problem

kVi - (D Vg (pd* —pl) = Vi - (@) in S
k DVy(pmtl —p™) -ngs =0 on 9S.

S

(E)erl

The problem (S)™t! has been obtained by writing u™ = ™ — kVg (p™ — p™ 1) in (S1)™ 1.

m—+1

On the other hand, integrating vertically (S2) between z = —D(x) and z = 0, we obtain

the system
@™y — @™ 4k D Vg™t —p™) =0  inS.

S

Taking horizontal divergence and multiplying by ngg (the normal exterior vector to 9S), the

*1 is eliminated and we arrive at the Neumann elliptic problem (E)™! for the

unknown u™
pressure p7tl:

Hence, the computation for the pressure and velocity is decoupled, so the method becomes
a pressure segregation scheme. In fact, (§ )™+ is a linear convection-diffusion problem for the
velocity and (E)™*! is a elliptic problem for the pressure.

+

Only for the numerical analysis, we would to introduce the projected velocity u”*! in func-

tion of p™, ™ *! and p™*!, by

u” = amtt kv (pT Tt —p™)  in Q. (1)

1

Notice that, to initialize the scheme we must known 1°, p® and p~' . Then, we would have

1

to begin with a pressure p~, which has not sense. For this, either we have to begin with several

auxiliary initial steps with another scheme, and taking these preliminary steps as initial data for
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our fractional step algorithm at subsequent time steps, or we have to begin with a first step with
the scheme written as before, i.e., with 1°, p? and u® = 0%, beginning then with a approximation
of the initial pressure. This type of problems for the initialization of the scheme is inherent to

the incremental pressure schemes.

1.3 Variational formulations, stability and convergence of the scheme
We define
W, Q) = {veWwW"Q)? / v|n,ur, =0},
Vs = {ve W, }(Q) / Vg (v)=0in S}

Variational formulation of (EP):
Given f € L2(0,T;H;, '(Q)),gs € L2(0,T; HY2(Ty)) and ug € H:
To find U = (u,u3) € (L*(0,7;V) N L>®(0,T;H)) x L?(0,T; H(d.)) such that,

(Opu(t), w)q — c(U(t), w,u(t)) + v (Vu(t), Vw)
(EP), = <f(t),wz]g +(gs(t),w)r, Vwe Vs, ae te(0,7),
ug(t;x,2z) = / Vi -u(t;x,s)ds ae. te€(0,T), (x,2) €

A solution of the previous problem U = (u,us), is called a weak solution of (E'P). Notice
that, (EP), is a “non-hilbertian” formulation, because test functions are more regular than the
solution. Moreover, by virtue of a De Rham’s Lemma for hydrostatic case [20], if U verifies
(EP),, then there exists ps € D'(0,T; L3(S)) such that (U, ps) is a distributional solution of
(EP).

Now, we give the variational formulations of (S7)™!-(S2)™*! and its equivalent variational
formulations of (S)™1-(E)™*1. To assure this equivalence, the pressure has to be H' functions.
In fact, although the pressure is defined in S, in order to obtain the regularity, it will be more

simple to consider it as z-independent function defined in the whole domain €.

Variational formulation of (S;)™"!:

Given p™ € HY(Q) N LE(Q), u™ € H%vl(Q) and u™ € H, to find u™™! € H;yl(ﬂ) such as,

k

(Sp)yt! 13
= (f"*th w)g + (g, wir, Ywe W,7(Q).

1 _
{ —(ﬁm“ —u",w)— (U™, 1~1m+1,W) +v (VﬁmH, Vw) + (Vepl', w)

Variational formulation of (S3)™"!:

Given p* € H'(Q) N L§(Q) and u™ € Hj(Q), to find u™ € L*(Q) and p*' €
HY(Q) N LE(Q) such as,

1
() T W) 4 (V] = pl),v)e =0 Vv e LA(Q)
2
U (W™, Vigs) =0 Vg5 € H'(Q) N L(Q).
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In particular, u™*! € H. In fact, u™*! is the projection of u™*! on H.
Variational formulation of (E)™'!:

Given p™ € HY(Q) N L3(Q) and u™*! € H})J(Q), to find p7*1 € H'(Q) N L(2) such as

s

(B! k(D V(e = pl), Vags) = (07, Vag,) Vg € H'(Q) N L3(Q).

It is easy to deduce that (S3)™*! is equivalent to obtain firstly p™*! as solution of the elliptic

problem (E)™*! and, after that, to obtain u™*! from (1).
Variational formulation of (S3)™*!

Adding (S7)™+! and ()™, we get the variational formulation of (S3)™*1:

(™ —a™, v) + (U™, 0" v) + v(Va™ T V) + (Vepl ™, v)
(™ Vi + (@ vir, Vv e WiH(Q),
(um“,VHqs) =0 Vgs€ Hl(Q) N L%(Q).

1
k
(Sz)ptt —

Now, we are going to study stability properties of these schemes and convergence towards
a weak solution of the continuous problem (FP). For this, first we will obtain some a priori
(stability) estimates and a posterior pass to the limit (convergence), where compactness results
must be applied to “control” the limit of the convective terms.

We will obtain stability estimates for (W”*!) and (u*!) in L>(0, T; L2(Q))NL?(0, T; H' (1)),
with the corresponding estimates for (%) in L?(0,T; H(9,)).

With respect to the projection step (S2)™*!, the following result holds

Lemma 1 (Ezistence, uniqueness and continuous dependence of (Sg)™+1).

a) Continuous dependence in L?. The problem (S2)™ ! has a unique solution (

H x (HY(Q) N L(Q)). Moreover,

um+17pgl+1) c

’um+1| < |l~1m+1| and ’um—i-l _ ﬁm—i-l’ < |l~lm+1 _ um|‘

Moreover, using the orthogonality property (um‘H,VHqs) = 0 Vz-independent function
qs € HY(Q), we have
@ = a4 RV (T - )

b) Continuous dependence in H'. Assuming S € C3 and D € Wh*(S) (together with
hypotheses assumed in [7]) and either D > Dpin > 0 in S or D > 0 in S and S simply
connected. If u™! € H},}l(Q), then (u™t pmtly € HY(Q) N H%(S). Moreover, there exists
C=0C(Q,D) >0 such that

™10y < C @™ (2)

Proof. The proof is based on the equivalence between (S2)"*! and to obtain firstly p™*! as

solution of the elliptic problem (E)"*+! and, after that, to obtain u”*! from (1).
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m—+1 ~m+1

The proof of a) is easy, taking into account that u is the projection of u on H, hence

m+1 __ ~m+1’ _

in particular |u minyey [u—u""1|, and the weak regularity of the elliptic problem

(E)™*1, which implies that DY/2Vy (p™t! — p) € L*(S), that is Vg (p"t! — p™) € L*(Q). In
fact, we can obtain the proof by using the orthogonality property:

(umH, VHqS) =0 Vz-independent function ¢; € H'(Q).

m+1

Indeed, by multiplying (S2)™*! by u™*! — a™*! we get
|um+1 _ ﬁm+1|2 _ (k: VH( m—+1 pgn)’ um+1 _ ﬁm—H) (k‘ VH( m~+1 p;n)’ u™ — ﬁm—i-l)
< |]€ VH(perl )‘ ’uerl m‘ < |um+1 _ ﬁm+1| |l~1m+1 _ um|’

hence we get [u™t! —amH| < [amtt —um|.

The proof of b) will be divided into two cases, depending on the domains with or without
lateral walls.

1. Case with lateral walls (i.e. D > D,;;, > 0in 5).

Since u™*t! € Hy,(Q), then Vy(@™*!) = (Vgu™*!). In particular, (a™*!) € Hg(S) and
Vg - (@m™*) € L3(S). Then, since D € WH(S) and D > Dy, > 0 in S, we can apply the
H?(S)-regularity of the elliptic problem (E)™*! and to deduce that p™*! — p™ € H?(S) and it
verifies

kAIVa (08 = o) s) < C IV - @) |25y < Clam+,

for a constant C = C(Q, D) > 0. Then, from (1), u™*! € H*(Q) and

™ i) < IR ) + & IVE@E =08l @)

18" g1 @) + DYV (07 = p) |y < © [

arriving at (2).

2. General case (i.e. D > 01in S and S simply connected).

Firstly, we prove that the Neumann elliptic problem (E)™*! verified for the pressure p7+1!,
can be rewritten as a Dirichlet problem, for a “potential” function W.

Indeed, (E)™*! can be written as

Vi - (k DV (p ! = pl") = (@) =0 in S.
Then, there exists a function ¥ : S — IR such as
ViV = kD Vg (pitt —pl") — @) in S,
where V; = (—9,,0;)". Then, one has
11 ~ .

mtl Eﬁ(vﬁqz + @) i S. (3)

Vupy™ = Vapd' +
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Now, taking the rotational operator (Vﬁ) in the above equation, we arrive at

1

Vi - (% Vi) =~V (D<ﬁm+1>) in S.

On the other hand, the boundary condition on 9S of (E)™"! can be written as:
Vﬁ\ll ‘ngs = Vg¥-719¢ =0,

where 7yg is the tangential vector to 95. Hence, since S is simply connected, this condition
becomes the Dirichlet condition ¥ = 0 on 95.

In conclusion, the problem (E)™*! can be written as the following Dirichlet elliptic problem
for the function W:

VH-(%VH\I/) = —V#(%(ﬁm“)) in S,

v = 0 ondS.

(4)
By using the weighted weak regularity of the problem (4), let us see that if Vip™ € L2(f2) and
um ! € L2(Q) then Vyp™tt € L2(Q) and

ENVE@P = o)) < Cla™ i) (5)

Indeed, as ™! € L2(Q) one has D~Y/2 (w"*1) € L?(S). Then, the weak solution ¥ of (4)

verifies (see [7]):
Ue L*(S), DV2VyV¥e L*(S) and [[D7' V¥ 2 < ™ 120

With this regularity, from (3) one has Vg (p™+! — p™) € L?(Q) and the inequality (5) holds.

s

On the other hand, by using the weighted strong regularity of the problem (4), let us see
that if Vyp? € HY(Q) and ™! € HY(Q) then VypTt! € HY(Q) and it verifies

E9 G = ) sy < C 1T ey
(whence u™*! € H!(Q) and (2) hold). Indeed, since u™*! € H!(Q), in particular
DAV (5 () € IX(S).
Then, by using a weighted H?2-regularity result of the problem (4) (see [7]), one has
Dl/QVH(%VH\P) e L*(S).

Then, from (3), Dl/QVH(VH(p’SnJrl —p™)) € L2(S), i.e. Vg(Vy(pmtt —p™)) € L3(Q). n

S
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Lemma 2 (Stability) Under assumptions of Lemma 1, let £ € L?(0,T; H;}(Q)), gs €
L2(0, T; H-Y2(T,)) and ug € V. If |kVpl| < Co, then there exists C = C(Co, v, f, g5, Q) > 0
such that,

P4 et <e, Vr=0,..,M -1

M-—1
B IR a2y < e
m=0

M—1
Z {’ﬁm—l-l _ um’2 + ‘um—i-l _ ﬁm+l‘2} <C (6)
m=0
Remark:
With respect to the estimates for the vertical velocity %, using that 9,u%" = — Vg -u™ and the
p y u3 g 3

inequality (16), there exists a constant C' = C(Cy, v, f, gs,2) > 0, such as
M-1
kY g e, <C
m=0

Proof. Multiplying (S;)™*! by 2ku™"! and using the equality (a — b)2a = a® — b? + (a — b)?,
we get:

|1~1m+1|2 _ |um|2 4 |1~1m+1 m|2 + I//@Hum'HHZ 4 2k‘(VHp m—i—l)

2%k " (7)
< I 2t les -2 b

On the other hand, multiplying (S2)™*! by k (umJrl +amtt 4 kg (pmtt —|—p§”)) and using
the orthogonality properties (umH, VHPQ”“) =0= (umH, VHP?), we get:

’um+1’2 ’~m+1’2 + ‘kapm-‘rl‘Q ‘kVHp;n‘Z o 2k(vam ~m+1) =0 (8)

Making now >.; _{(7) + (8)}, the pressure term (VHp umﬂ) cancel, obtaining

T T
‘ r+1‘2 + ‘/{V pr+1’2 + Z ’ﬁm—i-l —um‘Q—l—klj Z Hﬁm—HHQ

m=0

2k <
< 2+ B0+ = ST+ 1 e}
m=0

Then we obtain the stability of (u™*1) and (kVgp™™) in 1°°(0, T; L2(£2)), of (0™ *!) in 12(0, T; H' (2))
and the estimate M1 gt —um2 < C.

Finally, by using Lemma 1 the estimates of (0™*!) in [°°(L?), of (u™*!) in 12(0, T; H'(2))
and the estimate > M~ [gm+! — u™*1|? < C hold. [

Now, we define u,gl), ﬁ,(gl), u;ﬁo)’ u,go), uéol)c the functions defined in [0, 7], constant by subin-

m

mAL@mt u™ a™ and 4§t in (t,, tma1], respectively. On the other hand,

tervals, equal to u

uy is the continuous function in [0, 7], linear by subintervals and such that ug(¢,,) = u™.
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Theorem 3 (Convergence) Under hypothesis of Lemma 2, there exists a subsequence (k') of
(k), with k' | 0, and a weak solution U = (u,u3) of (EP) in (0,T), such as: ﬁ,(j), u,(j), ﬁ,(j),
u,(c(,)) and uy converge to u weakly-+ in L°°(0,T;L%(Q2)), weakly in L*(0,T; H'(Q)) and strongly
in L?(0,T; L?(Q2)), whereas that ﬁg?,l, converges to uz weakly in L*(0,T; H(9,)).

By definition of the functions u,(gl), ﬁ,(gl), u](€0)7 ﬁ,go), uéoli and ug, Lemma 2 has the following

interpretation:
(ﬁg))k, (ug))k, (ﬁ,(co))k, (ug)))k and (uy), are bounded in L*®(L?) N L2(HY), (9)
(ﬂgo,)c)k is bounded in L*(H(d.)), (10)

On the other hand, from (6), there exists C' = C (v, uy, f, gs, ) > 0 such that,

g — @ |2oqe < Ck o and 8 — u” |32 < Ck. (11)
In particular,
g — gl < ) = u? |20 < Ck, (12)
and finally
18— wkll72) < Ok (13)

m+1

w7t can be interpreted as follows

On the other hand, the variational formulation of (S3)
(@, v)o + (U W, v) + (V) V) (14)
= (fi, V)o + (84 VIT,, Vv EW,7(Q)NH,

where test functions in H have been taken to eliminate the pressure term. Here, f;, and g ; are

the functions defined in [0, 7], constant by subintervals, equal to f™*1 and g”*! in (¢, timr1]

respectively.

If we want to take limits in (14), we need for instance compactness of (ﬁ,(cl))k. in L2(L2(Q))

to control the limit of the convective terms. Taking into account (11), it suffices to obtain

compactness of (ug)g. For this, firstly, we will prove the following result

Lemma 4 The sequence (Opuy)y is bounded in L*(0, T} (W;:lg(Q) NH)'), with (W;,’?(Q) NH)
being the dual space of W;lg(Q) NH.

Proof. From (14), we have
(Onug(t),v) = (h(t),v) ae te(0,T), VveW, (QnH,
where (i (), v) = (O, 6, v) = v(@f", v) + (£, v)o + (gek, V)1, Then,
(hi(t),v) < { IV O]+ 16:(0) 5,2 + ||gs,k<t>||H_1/2(FS)} Iv]
+ 1O Ol oy g (O [v]ws,
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hence we obtain the conclusion of this lemma. ]

From Lemma 4 and the estimate of (uy), in L?(H! N H), it suffices to apply a compactness
result of Aubin-Lions type, with the spaces H' N H — H «— (W;l3 (Q) NH)" (where all these

embeddings are dense and compact), to obtain the following compactness result:

Lemma 5 The sequence (uy)y is relatively compact in L*(0,T;H).

We are now in position to demonstrate the convergence result.

Proof of Theorem 3: From estimates (9) and (10), there exists a subsequence (k') C (k), with
k' — 0 and there exist u™") and a(®) € LQ(H;J) NL®(L?), u), u® and u € L*(H") N L>®(H),
with a vertical velocity uz € L?(H(9,)), such that ivl,(;), u,(;), ﬁ,(;,)), u,(;,)) and u converge to ulV,
u®, 4@ u® and u weakly-+ in L>®(0,T;L*(Q)) and weakly in L?(0,T; H'(Q)), while ﬁé?,)g/
converge to uz weakly in L2(0,T; H(0,)).

Moreover, due to the compactness result given in Lemma 5, there exists a subsequence (again

denoted by k') such that
u — u  strongly in L2(H).

Then, from (11), (12) and (13) and the uniqueness of the limits, we have that all these limit
functions ™M, u®, @@, u® and u are the same function which belongs to L?(V) N L>®(H).
Moreover, since d,us = —Vy - 1® = —Vy - u and Vg - (u) = 0 then wug|r,ur, = 0 and u3 €
L?(0,T; Hy(9,)). Finally, we also get

ﬁ,(;) —u  strongly in L?(L?).

Then, writing (14) in &/, the pass to the limit as &’ — 0 can be realized by a standard way,

concluding that (u,us) is a weak solution of the continuous problem (EP). O

2 Error estimates

In this section, we will obtain optimal error estimates (for the velocity as well as for the pressure)
with respect to a sufficiently regular solution {u,us,ps} of the problem (EP).
The results that we will obtain in this section, can be considered as extensions to the Primitive

Equations of the results obtained in [16] for Navier-Stokes Equations.

For this, we introduce the following notations for the errors in ¢t = ¢, 1:

et = u(tyyq) —am™t e =u(tyy) —umt
et = ug(tmpr) —ug ™, et = ug(tiyr) —ugt!
m+1 m+1.

Cps = ps(tm+1) —Ds

193



and for the discrete in time derivatives

m—+1 m
mi1 _ P —p vt ) = Pltme1) = p(tm)

Otp

Differential problems associated to the errors:
For simplicity, we assume f € C([0,7];H;}) and g5 € C([0,T];H~/2(T;)), hence we can
choose

frtl = f(tm—i-l) and gm+1 = gs(tm—i-l)'

S
Therefore the data errors f(t,.1) — ™! and g (t;11) — g™ ! vanish; error estimates depending
on the data can be seen in [24], for parabolic (linear) problems.
Comparing (EP) at t = t,,+1 and (S1)™"1, it is easy to arrive at (see [16], [25] for the
Navier-Stokes case):

1 e e .
(E )m+1 E(em—H N em) o VAem+1 + VH(eg?s + kétps(thrl)) = 5m+1 + NLm+1 in
1
v0.e" M, =0, & p,ur, =0,

where
1 tm+1 tm+1
Egmtl.— gmtl 4 gm+l _ _%/t " (t — tm) 0Zu(t) dt — ((/t " atu) .V> u(tm+1)
NL™H = —C (@™, &), u(tmi1)) — C(TU™, ")

On the other hand, adding and subtracting the terms u(t,,41), Ps(tm+1) and ps(ty,) in
(52)m+1’

R i . |
(EQ)m"H %(e +1_ g +1) + Vg (ep“jl —ep's — kétps(tm+1)) — 0 in®
Vi - (€)= 0 in S, (et . ngg = 0 on dS.

Again, the problem (E3)™*! can be decomposed into two problems as follows:

(Es)m+1 kVu - (D VH(eszl —eps — kop(tms1)) =V - <§m+1> in S,
2)a
k Vi (epdt — el — k0ps(tms1)) - nlag = 0,
and
(Ba)y™! et = @ k(e — e — kOps(tmer)) in €.

Regularity hypotheses:

In the sequel, we will assume the following regularity hypothesis on :
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(HO) Q C IR? such that the H?(Q)-regularity for the Poisson problem related to (E1)™*!:
—Au=f inQ, O.ulr,=g, ulr,ur,=0

hold.

In order to obtain the different error estimates, the following regularity hypotheses for the
(unique) solution (u,p) of (E'P) will appear:
(H1) ueL*H?NV), p,el>(H'), apsel*(H'), w el*H'), uyel*H,])
(H2) Oups € L*(HY), w € L®(W'S), uy € L*(H'Y), uw € L*(H,})
(H3) wuy € L°(H,))

Remark 2 Unfortunately, as in Navier-Stokes case, in order to obtain (H1)-(H3), it is neces-

sary to assume hypotheses which imply non local compatibility conditions for the data.

In this section, by C we will denote different constants, always independent of k.
With a similar reasoning to the proof of the Lemma 1, now for (E3)™*!, we can obtain the

following result:

Lemma 6 (Continuous dependence of the errors).

a) Continuous dependence with respect to L*. If @™t € L*(Q), then €™t € H. Moreover,

|em+1| < |6m+1| m~+1 _éerl‘ < ’éerl .

e™|.

and |e
and
|6m+1|2 — |em+1|2 + |k‘ VH(GZ?-I o eg?s o kétps(tm+l))|2 _ |em+1|2 4+ |em+1 o ém+1’2.

b) Continuous dependence with respect to H'. Assume S € C3 and D € WH>°(S). If emt! ¢
Hé,l(Q)v then ™1 € HY(Q). Moreover, there exists C = C(Q, D) > 0 such that

€™ | 1oy < C ™.

2.1 Some 3D anisotropic spaces and related estimates.

To obtain optimal error estimates, we will use anysotropic spaces with their estimates. In this

sense, given p, q € [1,+oc], it will be said that a function u belongs to LILL(Q) if:

u(-,2) € LP(S,) and  |u(-,2)|rr(s.) € LY(—Dmax,0),
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where S, = {x € S : (x,2) € Q}, and its norm is given by HHU(',Z)HLP(SZ) L9(=Dimax,0)

most useful norms that we will use in this paper are:

1/2

0
sy = ([ T2, d=)

||U|’L30L§(Q) = sup ||u('a2)||L2(Sz)a
2€(—Dmax,0)

. The

For sake of simplicity, we denote LIL% instead of LIL%(2), and LP instead of LP(Q), when

there is no risk of confusion.

In a similar way, we define spaces

H!Ly = H'(~Dinas, 0: L*(S2)),  L2Hy = L*(=Dynas, 0; H'(S5)).

zZTTX T

Notice that H!L2 = H(9,).

Also, we use the following anisotropic inequalities (see [13]):

e Horizontal Gagliardo-Nirenberg inequality (related to 2D subdomains):
lullp2 s < Clul'/?[Vgul'/? Vue LZH; such that ur,ur, =0,
1/2 1/2 1
lullgz s < Clul lullfig) Yue H(Q).

HY(Q

e Vertical Poincaré Inequality (related to 1D subdomains):

lu| < DY2 10,0, Ywve H!L2 suchthat o, =0.

max

e Vertical Gagliardo-Nirenberg inequality (related to 1D subdomains):
Wl Loz < C(Jo] + |v]'/?[0.0'/?), Vv e HILE.

Moreover, if v|p, = 0, one has |[v|| 2 < C [v|1/20,0|'/2.

In particular, from (16) and (17), one has

V|| peor2 < C 00|, Yve HIL2 such that v|p, = 0.
z x zZ 77X s

2.2 O(k)-error estimates for the velocities in [*°(L?) N *(H')

Theorem 7 Assuming (H1) and |Vye) | < C. Then, for k small enough,

O

Loy + 1€ e @ < Ck.

Moreover,

[&™ ! — e™||j2(re) < C'KY/2.
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Proof. We follow a similar argument to the Navier-Stokes case [16], but in this case the problem
is more singular.
Multiplying (E1)™*! by 2 ke™*!, integrating in
@12 — em|2 4 [gm+! — |2 + 2 klje™ |2 + 2k (VH( 4k Sps(tmi1)), m+1) 19
19
<2k <(c/'m+17 ’ém+1> 49 k‘(NLm+1, ém+1)

We bound the horizontal terms on the RHS as in [16].

2k (€M Fm Y < gk||~m+1||2+ok2/ |03 a2, dt

m

2k (g7t om ) = 2k (" o VinuGome), &) 2k ([ G- 0 puttns), 67

m

tm _ t'm+1
< ek [E P+ C R Vit [Fs [ 0 uP ek SRR futtns) e [ 0]

m m

With respect to the convective terms, taking into account that c(Um emtl gmtly =,

2k (NLm+1,ém+1) —9 kc(ém + Ef)gn7 ( m—i—l) ~m+1)

= 2]{@(67”, u(tm+1)aém+1) +2 k‘C(€3 ) (tm—i-l) et ) =hL+1

I < k&2 4 Ok [t ) [Py €72

With respect to Iz, we apply (15) for €1 and (18) for €7,

I

2k (028" ultmsr) - &) + 2k (e, Doultinrr) - &)

< 0.3 €™ [[utmar) ||z + (€5’ lreer2 Hem+1HL2L4 10:u(tm+1)llp2ra
_ ~ C ~

< ck|e™|P+ek|e™ T + » {Hu( mt1) |70 + [u(t m+1)||H2}| g™t

ek|&™]? + ek |2 + Ck|emT!?

IN

Taking into account these estimates in (19), we arrive at
@2 — ™2 4 [t — e™|2 4 20 k|2 + 2k (VH( em, + k5ips (1)), m+1)

|GBuly,y dt +C K2 [ Varultsn) " 0 ul?
ol -1 dt + IVEu(tm1)||7s |0y ul

m

< ek &2 ek &2 + ck2/’"

m

tm+
2 e [ o + CREm
tm

(20)
On the other hand, multiplying (E2)™ ! by k (e 4&m+1) 4 k2 (VHegfjl + VHeZ?s), using

that (€™, Veptl) = 0 = ("1, Vyel) = (€™, Vydips(tm41)) and taking into account
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(E2);"™ we obtain (as in [16]):

‘em—i-l‘Q ‘~m+1‘2 + ‘~m+1 m|2 (]kV em-i—l‘Q ke Vi 6?8’2) _ 9k (~m+1’ VHez?s)

= k? (€™, Vi bips(tmi1)) + K (VH5tPs( m+1), eyt + Vyer ) (21)
<elemt —em2+ Ck|k Vel > + Ck |k Vgel,|* + Ck? WHatps(th))P

Adding up 377,—0{(20)m + (21), }, the term 2 k(€™*!, Ve, ) vanish and taking into account

the estimate |e™! — &m+1| < |+ — e™| and taking e small enough, we obtain
T
e 2 + [k Vaep 1P+ 3 Y et - “42+k:§:n~m+wﬁ
Tm=0
< €%+ [k Vyed> + k > |k Vuey|®
m=0
+Ck2(W“”+MWMHWyHM%wmmm )+ il 2y + [ Va0l 212))

(22)
Now, bounding in (22) as follows

Ck Z ’~m+1’2 < Ck Z ‘~m+1 m‘2 +Ck Z |em’27

m=0

Ck Z kVaep P < Chk Y e =@M+ Ok Y [Vidwps(tmr)) +Ck Y [kVmey|?

m=0 m=0 m=0 m=0

<Ck Y€ — e+ Ok VuOmsll7e 2y + Ck Y [kVuep[?

m=0 m=0
taking k small enough such that 2Ck < 1/2, and applying the Gronwall’s discrete inequality,

we arrive at
le™  lierzy < Ck,  [[@" 2y < Ck and |7 |joo 1y < C.

Finally, the estimates [[€"|jc(f2y < Ck and [|€” |21y < Ck are obtained from the

Lemma 6.

Lemma 8 Under hypotheses of Theorem 7 and for k small enough, the following estimates hold
e 2 <C, Y.

Proof. From the H2-regularity of the Poisson problem (E;)™*!, one has

m—+1
WHW@SC(F\+VWP+HW&mmHW+wmﬂ%HNU””>.<%>
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Taking into account that [€™*! —e™| < C'k and ||em+1Hloo m1) < C owing to Theorem 7, the
more complicate term to bound of the RHS of (23) is the vertical part of [NL™|2;

We bound this term as follows:
5" 0.8 < 15 1T oo pa 10:€" 22 o < €7 €™ €7 |12 €7 | 12 < C RI[€™ || 2 (1€ | 112
(here, we have used that ||€™| ||[€™*!|| < C'k). Then, we have
3 ~m—+1(2 21 =m| 2
ZHG ||H2 < Crk“|e ||H2+02 Ym.
If k small enough is such that C; k2 < %, then
3 ~m+1 m||2
1le 52 < He I+ Ca,  Ym.
From here, we can proof that
J& % <2Cy m
Indeed, for m = 0, since €° = 0, we have

3~
ZE e < Co

then
18" < 3 lov<20

Form=1

3.~ 1. 1 3

ZHGQH%Z S Z ||e1H%I2 + 02 § 502 —|— 02 = 502’
then

18|22 < 2Cs.
And so on.
Consequently, it is sufficient to choose k verifying C; k? < i, -

As a consequence of the previous lemma, one has

@™ e <C Vm.

2.3 O(k)-error estimates for (€"*!, e7'+!) in I™(H' x L?)

Firstly, we are going to obtain error estimates for discrete time derivative of velocity. Afterwards,

we will obtain the O(k) optimal error estimates for the pressure.

199



Lemma 9 (Continuous dependence of discrete derivatives)
|6, < |58, |6, — 5 &L < |5 em Tt — 5e™.
Moreover, there exists C' = C(Q) > 0 such as
l6ce™ || < C [lare™ .

and

|5 'ém+1|2 ’5 em+1’2 4 ’(5 em+1 5tém+1‘2

The proof of this Lemma follows the same lines given in [16] for the Navier-Stokes case and

in Lemma 1 for Primitive Equations problem.

Theorem 10 Assuming hypotheses of Theorem 7, (H2) and the following constraint on the
nitial approximation
6! + |k Videy| < Ck,

then one obtains

166 oo 22y + 116667 [poe (£2y iz a1y < C'k
for each k small enough.

Proof. By making &;(E1)™"! and &;(E2)™"!, one obtains ¥Ym,

(Dl)m-i-l { 6tém+1 - 6tem

- — A&+ Vi (6ie)s + k 6:01ps(tmi1)) = 6E™ T + 6 NL™

1
where 5t5tps(tm+1) = E(Cstps (thrl) - 5tps (tm))a and

(Dg)m+1

{ 5tem+1 _ 5tém+1

2 + Vg <5tem+1 - 51,6;}5 - k?5t5tps(tm+l)) = 0.

The proof follows similar lines of [16].
Multiplying (D7)™*! by 2k ;€™ we obtain:

(G812 [5e™ 2+ |6, 8 — Gre™ P4 20 k|68 2+ 2. (Vi (Sueply + ki S10ps (1), 5™ )
-2k <6t5m+1 6t~m+1) +2k (6 NLm+1 ) ~m+1)

We bound the RHS as follows

k(5tgm+1 ) ~m+1) < Ek”(s ~m+1||2 + C]{;Q/ HutttHH 1

m—1
2k(6:ENT 5, 8™ = 2K(6,U(tma1) - V(u(tme1) — u(ty)), 6 &™)
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+2k((6,U(tms1) — 0:U(tm)) - Vulty,), 6™ ) =1 + I

i < <68 [+ R0 ()3 | [

m

1 tm41 tm » tm41
(A B o [ T e A T
tm t t

m—1 m—1

- tm+1
i e ey A

m

Iy < e k|6 P+ Ck [utm) |70

Now, we bound the non-linear terms:
2k (SNL™, 8™ ) = 2k e( (58", 6,88), (1), 58"

+2k (60,8, 6,8 ) + 2k (@1, &), dultiman), 8™

12k c(fJ”H, §,em L 5t6m+1) =3I

Ly = 2k (0@ u(tms1), 58" ) + 2k (0,88 ultyn 1), 58" ) = Lur + Lu

Ly < ek ||6@™)* 4+ Ck |[a(tms1) 1500 |0@™

Ly < ek |68 + Ck|oem T2

(reasoning as in Theorem 7)

LQ =2 ]{}C(((Ste 51563 ) el 5 6m+1) + 2 k:c(étU(tm) el 5tem+1) = L21 + L22

Loy = 2k c(atam, gt 5@“”1) 12k c<5tég‘, gt 5tém+1) = Loyy + Lo
Lo < ek |6 8™ )% + Ck |[€" 315000 [6:8™ ]2
Lots = 2k (azéteg et s em+1) +2k (5teg L0,8m 5 em+1) —A+B
A<ck||6@™)? + Ck|le™ 2 [6,8m )2
B < [0 ooz 1087 g 1087 | 2ps < € k[0 P4+ K 0874|087 5,87 |58+

<€k||6t'ém||2+€k||5~m+1”2_|_Ck2|5 ~m+1|2
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(here we have used that |[€™*!|| < C'kY/2 and |[@™F!|| 2 < C Vm)
L22 = ch(étu(tm) entl (S em+1) + 2k:c(5tU3(tm) el 6 em'H) = L221 + L222

Lao1 < k(|68 + Ck [[ul| oo gy &7

Lass = 2k (0:00us(tm), 8", 6,8™ ) + 2k (Syuz(tn), 08", 5,8 +)

<ek||6 @™+ Ck ful* €™ 1P + e k1687 1* + Ck [l €™

Ly = 2k (& du(tni1), 08" ) + 2k c( ", daltin 1), 68" ) = Lt + Ly

and by a similar way
La1 < ck[|6@" | + Ck ue|7s J€™ |2

Lz < ek 0" + Ok w5 |€7 7

Finally Ly = 0.
Taking into account the above estimates, we arrive at
(682 — | |2 + |6 & — G ? 4 2w k|68 |2 4 2k (Vi (Grefty + b 0i0ups (b)), ™)
<ck| 6™t ? +ek|6em|? + Ck|sem 2+ Ck|e™t 2 + Ck|em Y ?
FOR ) s+ O L el + C 2 )
(24)
On the other hand, multiplying (D)™ by k(6,e™+! 4 6,€™ ) 4+ k2 (Vg dpeptt + Vb))
obtenemos
\(5tem“\2 — ‘(St 6m+1|2 + ’k‘ VH(Stez:Lj1’2 — ‘k VH5t€T78|2 -2k (5t6m+1, VH5t€£?5)

25
= k2 (8™, Vudi0ips(tmi) ) + & (Vadiepd + Vudieys, Vudidips(tmi1)) (%)

Now, making Z {(24) + (25)}, taking into account the previous estimates, we arrive at
m=1

’ r+1’2+ ‘kVH5 €r+1|2 + Z ‘5 ém—&-l 5tem‘2 +k Z H5 ~m+1”2

< |6 P+ |k Vidie, J*+Ck Z {1668 2+ |k Vdee) P+ C k Z |k V die] > +C k?
Finally, reasoning as in Theorem 7 and applying the Gronwall’s dlscrete inequality, we obtain

16:€™ oo 2y < Ck and |6 @™ |2y < Ck
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Finally, we have using the triangular inequality and Lemma 9, we arrive at

16667 ljoe 2y < Ck and [6:€™ 121y < C'k

Theorem 11 Under hypothesis of Theorem 10 and (H3), the following error estimates hold

1€ oo a1y + llepsHlioo(z2y < Ck.

Proof: The proof follows the same lines of [16].
Adding (E7)™*! and (E)™*! | we arrive at:

(B { et — yAGH! 4 Vyerft = £ 4 NL™
Vg - (€™ =0 in S, (e™*1) . ngg = 0 on IS.
Then, from Theorem 10 and the continuous inf-sup condition applied to (E3)™*!, we can
deduce the estimate [l |22y < Ck, taking into account that [[€" 1|,z < Ck and
16:€™H |yoo 12y < C k.

On the other hand, rewritten (E3)™*! as
—Ae™ = —g e — Vet 4 £ L NI @ g = 0,

M+l we obtain

multiplying by 2 k §,€
|v§m+1|2 _ ’vém‘Q + ‘V(éerl _ ém)‘Q
—_9 k(V m+1 (5 ~m+1) o 2]{7((5 em+1 5 ~m+1) + 2k<gm+1 (5t ~m+1) + 2k(NLm+1 5 ~m+1)
<k |em+1|2 + k|V6 ™2 £ C k(6™ 2 + C k|6 @2 4 2k |E™T2 4 2k INL™ L2
Now, we bound the two last terms on the right side hand as follows
|£m+1|2 S Ck2
INL™ 2 < O(fle™]? + [le™ %)

where in the second inequality, we have used |[U"||;crqp13 < C and [[u(tms1)|| poenmwrs < C.

Adding from m = 0 to r we obtain

’vér+1|2 + z |v(é~m+1 _6m)|2 S |Vé’0|2 —I—Ck2

m=0
+Ck Z (lepi P + 193712 4 6™ P + [ + & + &™)

hence, we arrive at ||[e™"!|| oty < C'k applying the estimates of precedent results.
Finally, by applying again the inf-sup condition and using that ||6;e™ | z-1 < C|5e™ | <

Ck and |[e™H!|| < Ck, we arrive at

llept ™ loor2) < Ck.
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3 Scheme with Coriolis term

Looking at the results obtained in previous sections, the more convenient forms to introduce
the Coriolis term in the scheme are the following (the Coriolis term is always refereed at the

velocity ™! because this is the better approximation in the projection scheme):

e Either to consider in (S7)™*! the implicit term b(a™'!).

This term does not introduce any extra-term in the stability estimates, because (b(u™*1!), u™*!) =
0, hence the scheme verifies the same type of energy’s inequality that in the continuous
case. However, this term couples the two equations of convection-diffusion for the hori-

zontal velocity a1,

e Or to consider in (S7)™! the explicit term b(u™).

This term introduces the extra-term (b(ﬁm), ﬁm+1) = (b(ﬁm), amtl —ﬁm) in the stability

estimates. Then, bounding it as follows,
(b(ﬁm)’ﬁm—i-l _ ﬁm) S |1~1m| |ﬁm+1 _ ﬁm| S C |ﬁm|2 te |ﬁm+1 _ um|2 te |um _ ﬁm|27

and using Lemma 1 and the discrete Gronwall inequality in the proof of Lemma 2, this
produces an artificial exponential bound in time which does not appear in the energy’s

inequality of the continuous problem.

On the other hand, now the main advantage is that the computation of two equations for

a™*! follows decoupled.
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