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Resumen

Esta tesis se enmarca en la resolucion numérica de modelos que simulan el comportamiento
de flujos turbulentos mediante técnicas de orden reducido. La resolucién numérica de
este tipo de flujos es compleja y costosa, a la par que necesaria para el disefio 6ptimo de
edificios eco-eficientes, entre otras muchas aplicaciones en ingenieria y arquitectura. La
incorporacion de técnicas de Orden Reducido es clave para la reduccion en 6rdenes de
magnitud el tiempo y coste computacional en la resolucién numérica de estos problemas.

En esta tesis utilizaremos el modelo de Smagorinsky, un modelo de turbulencia de
tipo LES (Large Eddy Simulation) basado en las ecuaciones de Navier-Stokes que permite
la resolucién de flujo turbulento sin la necesidad de mallas muy finas. Audn asi, el coste
computacional es elevado, sobre todo en casos 3D.

Dentro de la modelizacién de orden reducido, existen varias técnicas que permiten
la obtencion del modelo reducido. En esta tesis nos centramos en el desarrollo de
métodos de Bases Reducidas (BR). Usaremos de forma auxiliar la “Proper Orthogonal
Decomposition” (POD). Para la obtencién del modelo reducido, es necesario el célculo
del error entre el modelo aproximado y el modelo reducido mediante el método BR, lo
cudl puede llegar a ser muy costoso y complejo. Es por ello que se estudia la deducciéon
de estimadores a posteriori que permiten estimar este error y cuyo calculo sea mas rapido.

El modelo de Smagorinsky es no lineal ya que deriva de las ecuaciones de Navier-Stokes
y el desarrollo de estimadores para problemas no lineales requiere la utilizacion de
técnicas matemadticas adaptadas.

Para un modelo estacionario no lineal, encontramos estimadores basados en la teoria
Brezzi-Rappaz-Raviart (BRR) de aproximacién de ramas no singulares de problemas no
lineales paramétricos. Es una teoria esencialmente basada sobre el teorema de la funcién
implicita. Este estimador ha sido ya elaborado para flujos estacionarios, aunque solo se
ha aplicado a flujos 2D. Por lo que, comenzamos aplicando este estimador a un caso 3D,
obteniendo grandes reducciones en cuanto a tiempo y coste computacional.

También aplicamos este estimador a un problema realista de disefio de claustros
orientado a la optimizacién del confort térmico en la planta baja. Los pardmetros a
considerar para el problema son la altura y anchura del pasillo que rodea el claustro.
Conseguimos obtener una respuesta 6ptima analizando 625 posibilidades en 16 minutos.



Uno de los principales desafios que abordamos es extender la obtencion de estimadores
a posteriori a problemas no estacionarios. Para empezar, es necesario realizar estudios
previos sobre estimaciones a priori que involucren a la velocidad y presion. Asi, somos
capaces de desarrollar un estimador a posteriori asumiendo ciertas hipotesis.

Por otro lado, desarrollamos una alternativa basandonos en la teoria de turbulencia
en equilibrio estadistico de Kolmogdérov, por la cudl sabemos que existe una cascada de
energia que se propaga desde los grandes torbellinos hacia los mas pequefios disipando
la energia en ellos gracias a la viscosidad. Esta cascada genera un espectro de energia
inercial con una forma determinada que utilizamos como estimador. Validamos dicho
estimador con un test académico, utilizando una estrategia POD+Greedy, obteniendo
resultados similares utilizando el estimador y el error real cometido.



Abstract

This PhD dissertation addresses the numerical simulation of models that simulate the
behavior of turbulent flows through reduced-order techniques. The numerical simulation
of this kind of flows is complex and pricey, as well as necessary to the Eco-efficient
building optimized design, among many others applications in engineering and architecture.
The integration of reduced-order techniques is the key to reducing by orders of magnitude
the time and computational cost in the numerical simulation of these problems.

In this dissertation, we use the Smagorinsky model, a Large Eddy Simulation (LES)
model based upon the Navier-Stokes equations that allows for the resolution of turbulent
flows with coarser meshes. Even then, the computational cost is high, especially in 3D
cases.

With respect to the Reduced Order Model (ROM), there exist some techniques to
obtain the ROM. In this dissertation, we focus on the development of Reduced Basis (RB)
method. Upon an ancillary basis, we shall use Proper Orthogonal Decomposition (POD).
For ROM obtainment, it is necessary to compute the error between the approximated
model and the reduced model through the RB method, which could become very expensive
and complex. This is the reason to study a posteriori estimates to estimate the error
and which computation is faster.

The Smagorinsky model is non-linear since it is derived by the Navier-Stokes equations
and the estimator development for non-linear problems requires the use of adapted
mathematical techniques.

For steady non-linear models, we find estimates based on the Brezzi-Rappaz-Raviart
(BRR) theory of non-singular branches approximation of parametric non-linear problems.
It is a theory essentially based upon the Implicit function theorem. This estimator has
already been developed for steady flows, although it has only be applied to 2D flows.
Therefore, we shall start applying this estimator to the 3D case, obtaining large reductions
in time and computational cost.

We also apply this estimator to a realistic design problem for a cloister focused on
the thermal comfort optimization of the ground floor. The parameters to consider for
the problem are the height and width of the corridors around the cloister. We obtain an
optimal answer by analyzing 625 possibilities in 16 minutes.



One of the main challenges addressed in this dissertation is to extend the a posteriori
estimator to unsteady problems. To start, it is necessary to analyze previous studies on
a priori estimations that involve velocity and pressure. Thus, we are able to develop
an a posteriori estimator under some hypothesis.

Furthermore, we develop an alternative based Kolmogdérov’s theory of statistical
equilibrium, based on the existence of an energy cascade that spreads the energy from
large eddies to the smallest ones, dissipating the energy thanks to viscosity. This cascade
generates an inertial energy spectrum with a determined shape that we use as the estimator.
We have validated this estimator with an academic test, using a POD+Greedy strategy.
We obtain similar results using the estimator and the committed real error.
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Notation and Abbreviations

) number of parameters.

no.o parameter vector in RY.

D ..., parameter set containing the ranges of the parameters.

d . .... ... dimension of the problem with 2 or 3 as possible values.

Q ... open bounded connected region with Lipschit boundary.
I'=I'pUIl'y .. boundary of Q formed by I'p and I'y associated to Dirichlet and

Neumann boundary conditions.

Tr,If = (0,Tf) . final time greater than O and time domain.

Or =1y xQ . . time-spatial domain.

At .o time step.

Tn o oo oo a uniformly regular triangulation of Q with 4 > O related to the mesh
diameter.

u,v,Z,W . . ... velocity field.

D,q,r - . .. .. pressure per mass density.

e ........ temperature.

Vi, Ke oo eddy viscosity and diffusivity.

hi,hmax, Amin - . diameter of element K € 7}, the maximum and minimum.

o . map necessary for geometric parameter problems.

w,0 ... .... the width and height of the corridor in chapter 2 and 3.

Yo, W - - - - .. continuity factors.

B, BN - . ... stability factors.

PT - - - . Lipschitz constant.

Ay ... a posteriori error bound estimator.

BC ....... Boundary Condition.
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XVi Notation and Abbreviations

PDE . ... .. Partial Differential Equation.
NS ... ... Navier-Stokes.
LES . ... ... Large Eddy Simulation.
FE . ... ... Finite Element.
EIM . ... .. Empirical Interpolation Method.
RBF . ... .. Radial Basis Function.
ROM . ... .. Reduced-Order Model.
RB ....... Reduced Basis.
POD . ... .. Proper Orthogonal Decomposition.
BRR ... ... Brezzi-Rappaz-Raviart.
Variable Name SI units
p mass density kg/m’
u dynamical viscosity kg/ms
v kinematic viscosity m? /s
K thermal diffusivity m? /s
cp specific heat capacity J/kgK
k thermal conductivity W/mK
o convective heat transfer W/m?K
B thermal expansion (1/6 for ideal gases) K1
u,v,z,w velocity field m/s
1
E = 5 lu|? kinetic energy per mass density m? /s?
€ =2v|Dul|? dissipation per mass density m? /s
Vu deformation tensor -
Du = (1/2)(Vu+Vu') symmetric deformation tensor s~
f source term per mass unity m/ s?
p,q,r pressure per mass density m? /s?
U characteristic velocity m/s
L characteristic length m

Table 1: Table of coefficients and variables.



Introduction

Nowadays, many of the problems in the fields of physics and engineering can be
characterized by Partial Differential Equations (PDEs). At the same time, PDEs involve
parameters that change from a resolution to another, modifying the results. This derives
in the resolution of highly complex parametric systems, such as evolutionary and
inverse problems, data assimilation in non-linear PDEs and optimal design of complex
devices, among others.

Along this dissertation, we focus on Computational Fluid Dynamics, which is a
branch of fluid mechanics. These flows frequently depend on parameters such that the
ratio between high and width of a building to study its aerodynamics, the attack angle
of an airfoil, or governing physical parameters such that viscosity, density, thermal
conductivity, etc.

PDEs are solved applying mathematical methods of numerical approximation. Design
problems or fluid variability calls for the solution of PDEs on many occasions, changing
the parameters, what can become very computationally expense. Even the use of the
use of High Performance Computation (HPC) could take a considerable time. Hence,
the need of techniques to develop Reduced Order Models (ROM) whose resolution is
expected to be much faster and with less resources.

The main purpose of the ROM method is to reduce by orders of magnitude the
computational cost of numerical simulation of parameterized partial differential equations.
This method is able to catch the dominant characteristics of the problem accepting some
admissible errors. This method drastically reduces the calculation and allows to carry out
realistic simulations in acceptable computing time without the need of HPC.

The ROMs are constructed in an off-line phase, which requires solving the full-order
model (FOM) for several well-chosen cases. This information is treated to capture the
most important one, using appropriate techniques, and to build the ROM that is run with
highly reduced computational time in an on-line phase. Some basic references about
ROM are the works of Quarteroni et al. [38], Schilders et al. [45] and Chinesta et al. [13].

There exists various kinds of ROMs to solve parametric PDEs. In this dissertation,

we shall mainly develop Reduced Basis (RB) methods to compute parametric turbulent
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flows. We shall also use the Proper Orthogonal Decomposition (POD) as an auxiliary
ROMs. These techniques will be introduced in Chapter 1.

The use of RB method requires the design of a posteriori error bound estimators,
which is the main purpose of this dissertation. The RB method is built by means of the
greedy algorithm, which looks for an optimal basis function to add to the current RB space.
The estimator usually is based upon the dual norm of the residual that allows certifying the
method. For linear PDEs, the procedure to obtain an a posteriori error bound estimator is
well-known, applying continuity and coercivity results to the error (between full order and
reduced order solutions) equation (cf. [38]. For non-linear PDEs, the a posteriori error
bound estimator can be developed following the Brezzi-Rappaz-Raviart (BRR) theory
(cf. [8]) for approximation of regular branches of solutions of non-linear PDEs.

The POD is the most used technique for the tensorized approximation of bi-parametric
functions, in this case, the full order solution of evolution PDEs. This technique looks
for minimizing the mean square error between the full order solution and the reduced
solution over all possible subspace of the “snapshots” data of given dimension. This
space is formed by the orthogonal functions (POD basis) that are obtained by singular
value decomposition (SVD) of a suitable correlation matrix. Once the reduced space is
built, a Galerkin projection of the governing PDEs can be employed to obtain a low-order
dynamical system, in to the parameter window used to create the POD basis. The resulting
low-order model is named standard POD-Galerkin ROM.

As we mentioned before, we are interested in the application of ROM to turbulent
flows. Most of the phenomena which carry on a difficulty in the numerical resolution are
turbulence flows. This phenomenon is characterized by chaotic, multi-scale dynamics,
both in space and time. The governing PDEs are the Navier-Stokes (NS) equations whose
resolution becomes unaffordable for many real flows of interest. Using the mesh size
and time steps to accurately solve a single flow past a 3D obstacle with well-developed
turbulence would require dozens of HPC nodes (cf. [12]).

To alleviate this, alternative models have been considered, such as Large Eddy
Simulation (LES) models. The LES models are based upon the Kolmogoérov’s theory of
statistical equilibrium, introduced in 1941 by Andrey Kolmogorov. This theory describes
how energy is transferred from large to smaller eddies, (cf. [27, 28]). This is at high
Reynolds number (a physical parameter that triggers turbulence), the flow exhibits an
energy cascade: large scale eddies are broken down into smaller and smaller eddies
until the scales are fine enough so that viscous forces can dissipate their energy. LES

model strategy is based upon to solve large grid scales and to approximate small scales
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by an eddy diffusion term in the NS equations, which involves the mixing length of the
sub-grid eddies, which is proportional to the grid size.

Even the computation of this kind of models is quite complex. Most of the turbulence
effects are genuinely 3D (mainly due to vortex stretching triggered by inertial effects) do
not admit a simplification to 2D. The solution of parametric turbulent flows would call for
the resolution of this model multiple times, which should be computed in affordable times.
At this point, we dip into ROM for the LES model, in particular, for the Smagorinsky
model. This model was introduced by Joseph Smagorinsky in 1963 (see [46]), adding
an eddy viscosity term to the averaged Navier-Stokes equations. The primary objective
of this dissertation is to build a posteriori error bounds for the finite element - reduced
order solution of the Smagorinsky turbulence model.

The use of BRR theory for the steady Smagorinsky model was developed by E.
Delgado in his PhD dissertation [14]. The estimator has been validated for steady 2D
problems only, therefore, as a first contact with this estimator, in this thesis, we validate the
estimator with a numerical test in 3D considering the Reynolds number as the parameter
for the problem. The results are shown in Section 1.5, in which we consider the lid-driven
cavity problem for relatively low Reynolds numbers, for which the flow is steady. The
outcomes are promising reducing the computational time from almost 2 hours to over
2 seconds, with speed-ups around 3000.

The remaining thesis is divided into two parts. In the first part, we seek for the
application of a posteriori error bound estimator to a realistic problem of multiparameter
design. In the second part, we seek to extend to the unsteady Smagorinsky model the
techniques to construct RB solvers developed for steady problems. First, it is necessary to
develop a priori estimates for the unsteady Smagorinsky model to prove well-possednes.
Subsequently, we develop an a posteriori error estimator following the BRR theory.
Lastly, we seek for an a posteriori estimate based on the statistical equilibrium turbulence

theory developed by Andréi Kolmogoérov in 1941, and we apply it to an academic test.

Part 1

The use of courtyards in the Andalusian architecture goes back to the Roman and Muslim
culture. They were used as a communal space, however, the courtyards have many
others utilities. Nowadays, we can find this kind of structure in many buildings and
their purpose goes from providing light into buildings to create a fresh environment in

the center of the building to refrigerate the rest of it. The air movement will renew the
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air inside the courtyard, which will lower the temperature with respect to the outside
and so the building temperature (cf: [16, 32]).

Cloisters are a kind of courtyard widespread in old buildings such as cathedrals and
monasteries. In Figure 1, an example of this cloister is shown. We are interested in the
optimal thermal comfort design of the cloister, studying the dynamics of the air that flows

into the courtyard by forced convection model, as a first approximation to our problem.

Figure 1: Merced Convent, placed in Cérdoba (Spain).

For the building design, it is interesting to know the distribution of temperature along
the courtyard to select the best thermal comfort design. We consider two parameters,
the width and the height of the corridor around the cloister.

The resolution of this kind of flow could take a considerable computing time. This
is the reason to consider to apply the Reduced Basis (RB) Method that we develop
along Chapters 2 and 3.

As a first approximation, we consider the fluid dynamics only in 2D. We develop
the RB problem in Chapter 2 building an a posteriori error bound estimator following
the BRR theory for velocity and pressure. In Chapter 3, we add the temperature to the
problem using a forced convection model. We build the RB problem developing an a
posteriori error bound estimator for temperature, following now standard techniques
since the problem is linear.

We are able to obtain the distribution of velocity, pressure, and temperature in barely

1.5 second in stead of 3.5 minutes with errors more than admissible.
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Taking into account that our parameters are geometrical and the computational time
for the ROM, it makes sense to apply our RB model to a design problem. We study
which is the best combination of both geometrical parameters so that the temperature in
the ground floor is the closest to the comfort one, in order to optimize the comfort
properties of our cloister.

We design a functional to minimize the temperature in the ground floor and we
computed the value of this functional for 625 pairs of parameters in less than 16 minutes.
We obtain an optimum design that optimizes the thermal comfort in the lower part (to

be occupied by people) of the cloister.

Part 11

The main goal of this part is to build RB based upon error estimators for the unsteady
Smagorinsky turbulence model.

We start this part studying a priori estimates for velocity and pressure for the
time-space discrete Smagorinsky model in Chapter 4. We base this chapter on the
results obtained by Volker John in Chapter 6 [25], where he developed a priori estimates
for finite element solution of LES models. We obtain a priori estimates over appropriate
space-time Sobolev spaces using inverse inequalities. This results are the key to apply
the BRR theory in the next chapter.

Secondly, in Chapter 5, we are able to apply the BRR theory for the development of a
posteriori error bound estimator, not without finding difficulties. The key is the definition
of the norm related to the problem. Intuition could say that we need a norm relating
the velocity derivative in time, deformation and pressure. However, we can not ensure
the inf-sup condition considering this norm. This is why we consider a norm related
to velocity and pressure, we prove well-posedness depending on the time step chosen,
the inf-sup condition is achieved, and we obtain the a posteriori error bound estimator.
Unfortunately, the computation of the Stability Factor, necessary for the computation
of the a posteriori estimator, is not low-cost, and it is necessary the implementation
of further techniques to reduce the complexity.

Finally, we look for an alternative, and we dip into the statistical equilibrium Kolmogérov
theory. We explain this theory along Chapter 6, explaining the concept of energy spectrum
and how to compute it. Lastly, we introduce the a posteriori error estimator using the
energy spectrum. The continuous problem should achieve an specific energy spectrum,

since the full-order model is intended to be a good approximation of the continuous
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problem, it should also achieve this energy spectrum in the resolved part of the inertial
spectrum. The key is to use the error committed in this energy spectrum by the RB
solution to select the new basis functions by the Greedy algorithm.

To validate the estimate, we develop an academic test in which we compare the
use of the Kolmogodrov estimator with the use of the error between the full order and
reduced order solution to develop the RB problem. The test is based on a problem
for which we obtain a velocity field that satisfies the —5/3 law, and we build a RB
problem using the POD+Greedy strategy. The number of bases and the error are similar
to those obtained using the true error as “error estimator”, which indicates that the
estimate works in this case.

In this case, the speed-ups are around 20, which is more than admissible as using the

exact error does not provide a further speed-up improvement.

FreeFem++ and post processing.

All numerical test have been coded in FreeFem++ v. 4.8 (cf. [23]). Due to the complexity

of the numerical test, we use parallel computation using:

* PETSc package (Portable, Extensible Toolkit for Scientific Computation). This

package is embedded in FreeFem++ and allows us to solve variational problems.

For that purpose, it is necessary a domain partition depending on the processor
number, which can be boarded by commands defined in the macro_ddm. idp file,
included in FreeFem++. Then, we define the FE matrices and we solve the problem
using the PETSc package, obtaining a local solution in each partition. Finally, we

recover the solution defined in the complete domain.

This process has been automated using macros.

* MPI (Message Passing Interface). Again, we have commands that allow us the

transmission of information between processors thanks to macro_ddm. idp file.

We use these commands to compute independent loops in parallel, necessary for
example, for the construction of the RB matrices. The main idea is to assign the
computation of some loop iterations to each processor and finally share the result
within the processors. We can apply this technique to the construction of matrices

since these involve two loops with independent iterations.
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Every offline phase along this dissertation has been performed in the cluster Anonimus2021
which allows a High Performance Computation (HPC). This cluster is composed by 18
nodes, two of them dedicated to computation on GPUs. The rest of the nodes are
composed by CPUs AMD EPYC 7542.

For the figures presented along this dissertation, we have used MATLAB 2016b
(cf. [48]) and Paraview v. 5.9 (cf. [3])






Basics of Reduced Basis modelling

In this chapter, we introduce basic results that will be used along this dissertation. We
introduce a general notation for Partial Differential Equations (PDEs) in Section 1.1,
the Reduced Order Model (ROM) for PDEs in Section 1.2. We introduce the Empirical
Interpolation Method (EIM) for the reduced linearization of some terms with respect
to the parameter in Section 1.3. Finally, we show a numerical test, application of the
Reduced Basis Method to the 3D lid-driven cavity flow. This test is an extension to
the numerical test performed by E. Delgado et al. in [11]. In this paper, E. Delgado
et al. develop a technique to construct a posteriori error estimator necessary for the
Reduced Basis Method, and they validate the estimator for the 2D case. We apply this
theory to the 3D case in Section 1.4.

1.1 Parametric Partial Differential Equations

We shall consider in this dissertation parametric PDEs. Let us denote by 0 = (uy,...,up)
the parameter vector where P is the total number of parameters. We note that each p;
fori=1,...,P can describe a property in the model, such as viscosity, density, thermal
conductivity, etc. (physical parameters) or it can parameterize the shape of the domain
(geometric parameters). Let us denote by D C R” the parametric set that will contain
all possible parameter values. Finally, let us denote by Q = Q(u) € R, d = 2,3 the
spatial domain and Iy = (0,7y) with Ty > 0 the time domain, I" the boundary of Q
and Qr = Iy x Q.
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Then, for all p € D, we consider the following parabolic equation

du(p) +L(p)u(n) = f(4), inQr (1.1)

where (@) = f(¢t,x; i) is a given function, L(§) = L(x; ) is a generic elliptic operator
acting on the unknown u() = u(t,x; ).

Additionally, we consider
u(x,0;u) =ul(x;1), x€Q, ueD (1.2)

as the initial condition and

u(t,x; ) =up(t,x;pm), xelp,tcly,peD

(1.3)
%(r,x;u) =un(t,x;p), xeI'y,tely,peD

O up and uy are given functions and I'p UTy = dQ

as the boundary conditions where u
with I'p NIy = 0.

In order to solve this problem numerically, we obtain a weak formulation of problem
(1.1). Let X = X(Q) be a suitable Hilbert space endowed with the X-norm. Then for

all t € Iy and p € D, we consider the problem

Find u(t; ) € X such that
{ (1) 14

(Qu(t; ), v)o +A®u(t; p),vi ) = (f(t:1),v)e WEX

where A(-,-; ) : X X X — R is a bilinear operator associated to the L(t) operator and
the Neumann boundary condition for all g € D. For simplicity, we have supposed
homogeneous Dirichlet boundary conditions.

A sufficient condition for the existence and uniqueness of the solution of problem
(1.4) for all p € D is that

* the bilinear form A(-,-; i) is continuous and weakly coercive, that is
(A G v )] < Allullx V], Avovip) + AVl q) > BIVIE, Vv eX
for some A > 0and 8 > 0;

o uO(p) € L*(Q) and f(u) € L*(Qr) forall p € D.
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Then, for all g € D, problem (1.4) admits a unique solution u € L*(15;X) NCO(I7; L*(Q)).
We refer to Section 5.1 in [37] for a more detail description.

Now, we consider a Galerkin approximation of problem (1.4). Let {7,},~0 be a
uniformly regular family of triangulations of Q (see Definition A.2), then we consider
a discrete subspace X, = X;,(Q) C X of dimension N}, as an inner approximation. Then,

for a given t € Iy, u € D, the semi-discretized equation in space is

Due uf)(p) = up(0; ), find uy(¢; ) € Xj, such that
(Qun(t; ), vi)o +A(up(t; 1), vis ) = (F(E 1), V)0, Vvh € X

where u;,(0; ft) is an approximation of u°() in the space X,.

Along this dissertation, we will use the explicit (or semi-explicit when A(-,-; ) is
nonlinear) Euler scheme for time discretization, although the results presented can be
extended to more general numerical schemes.

Let L be a positive integer that defines the number of time steps that we are considering,
let At = Ty /L be the time step and 7 = kAt for k =0,1,...,L. We consider u’;l([.l) the
approximation of u,(t; ). Then, the space-time discretization of the PDE (1.4) is

Forany k=1,...,Land g € D, assuming known u];l_l(u) € Xy,

find uf (1) € X;, such that, Vv, € X;, (1.5)
M (1 (1), vis 1)+ A (), vy ) = F (v 1)+ M (™" (1), vns 1),

where M(-,-; 1) : X x X — R is defined by M(u,v; 1) = (u,v)q/At and F¥(vy; pt) is a

suitable approximation of the second member, for example,

1 [
Froww) = [ [ faxiuw aea
k—1

for all p € D.

1.2 Model-Order Reduction

The resolution of problem (1.5) lead us to solve a linear system with dimension N, for
k=1,...,L. Sometimes, especially if d = 3, Nj, could be large and the resolution of
this problem for a given i can take a considerable time and resources, not to mention
for every u € D. This is why we are interested in the application of reduced-order
modeling (ROM) techniques. These techniques use an approximation of the problem

to solve with much lower numerical complexity.
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In particular, we are interested in the Reduced Basis (RB) methods which generate

a RB problem using solutions of problem (1.5) as follows

Forany k=1,...,Land g € D, assuming known X, ' (1) € Xy,
find uX, () € Xy such that, Yvy € Xy (1.6)
M (uy (), vvs ) + Ay (R), vvs ) = F (s ) +M (' (B),vvs 1),

where u% (i) is the projection of u2(p) on Xy. The space Xy is built from uf (p) € X,

solutions of (1.5) for specifically chosen g € D and k = 1,...,L. According to this,
it is easy to think that the space Xy should summarize the information described by
the high fidelity problem (1.5) and therefore, keep the important one. The selection
of k and u is the key of this section.

The solution of problem (1.6) by the RB method is divided into two phases:

1. The offline phase in which we compute the RB Space Xy and the RB Matrices.
2. The online phase in which we solve the problem (1.6) for any parameter u € D.

Phase 1 needs the solution of the sampling problem, one of the key problems to
obtain accurate ROMs, in particular RB methods. The RB base, which forms the space
Xn, is intended to provide certified solutions, in the sense that these provide errors
below targeted values.

Reduced Basis Technique

The construction of Reduced Basis spaces is based upon an a posteriori error estimator
and Greedy Algorithm for optimal sampling.

The Greedy Algorithm is an iterative algorithm that provides the optimal sampling at
each stage. In each iteration, we seek for the error between the high fidelity solution and
the RB solution ||uf(p) — uk (p)||x, and we select the time and parameter for which
the error is larger.

For the RB method, we first need to define Dy, C D as a set of parameters to
check in the algorithm. The choice of this set is complex, for efficiency should be
small but sufficiently large to represent D. The algorithm is described in Algorithm
1. Its application to the steady problem corresponds to letting k = 1 (assuming that
u! is the steady solution).

N kN)

The selection of the new pair (u requires to obtain each uf (i) for pt € Diyyin

and k = 1,...,L which may be hard to compute numerically. It is usual to use the a
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Algorithm 1 Greedy

Set &y > 0, Nypgy € Nand Sy = {(u!, k")
Compute u’,;l (uh);
X, = span{uf, (p')};
for N =2 : Npax do
(“NJCN) = argmaxycp;, i, k=1,....L
en—1 = [ (1Y)~ (V) x:
if ey_1 < &, then
Npax =N —1;
end if
Compute uﬁN (uM);
Sn = Sy—1U{(pN,kM)};
Xy =Xy_1U span{u’;lN([JN)};
end for

|y (1) — e (1)1

posteriori error bound Ay (1, k) of the error ||uf (1) —uk(p)||x which should be simpler
to compute. The use of the a posteriori error bound Ay(H,k) is called “Weak” Greedy
Algorithm 2 as it uses the error estimator instead of the error itself.

To avoid redundancies, the RB space should be orthonormal in the X-norm, hence
we use the Gram-Schmidt orthonormalization process.

To obtain reliable error estimates, the X-norm should be independent of @ and k.

Algorithm 2 (Weak) Greedy

Set &4 > 0, Nypay € Nand 7 = {(u!, k") };
Compute u’;ll (uh);
X = spanf{uf’ (n")}:
for N =2 : Npax do
(uN,kN) = argmaxyep, . k=1, AN—1(1,k);
en—1=Ay_1(u" KV);
if ey_1 < &, then
Npax =N —1;
end if
Compute uﬁN( uM);
Sn = Sn—1U{(pY,kV) )
Xv =XN-1U SPan{“lEN (")}
end for
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Proper Orthogonal Decomposition (POD)

The Proper Orthogonal Decomposition is a model reduction technique. POD problem

consists in finding the orthonormal base that minimizes the error

YOY (fuf () — ()3

pneDk=1

This minimization problem is equivalent to computing the Singular Value Decomposition

(SVD) of a snapshot matrix. Down below, we describe the main procedure:

1. First, we define the set of snapshots {u’;l([.t)} forany k=1,...,Land g € Dygin.
Then, we are able to define the matrices S; € RM*L for i = 1,...,n, where
dim(Dy4in) = ny such that

S = [uh (), 2 (W), ..., ub ()], Vi= 1,y

The vectors uk (i) € RV represent the degrees of freedom of the function uk () €
X, for k= 1,...,L. Finally, the snapshot matrix S € RV»*%s is defined as

S = [S1/Sa|...ISu.].

2. Now, we define the matrix X, € RN»Ni a5 the matrix associated to the inner
product (-, -)x such that

T
u, Xpvy = (up,vp)x, Vup, vy € Xp.

Then, the matrix C = STX,S € RE%*L%s g the so-called correlation matrix related

to the X-norm.
3. Finally, we solve the eigen value problem
C%:Gl-zl[/i, i=1,...,r

with y; € R forall i = 1,...,r and r = rank(C). The resolution of this problem
provides r singular values o; such that 61 > 6, > --- > 0,. The key here is the

choice N < r for some criterion over the singular values o; fori=1,...,r.

If we define &, as the tolerance, then we can define a criterion envolving the energy
of the modes, that is

or to choose the first N such that 0'1-2 <gyfori=N+1,...,r.
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4. We define the POD-ROM basis such that

1
=—Sy;, Vi=1,...,N
@, o v, Vi

where we recall that @, represents the degrees of freedom of the basis functions
@; fori=1,...,N. Then, Xy = span{¢;}¥ | and that base is already orthonormal

respect to the X-norm.

The POD algorithm is described in Algorithm 3.

Algorithm 3 POD with respect to the X-norm
function V =POD(S, X}, &,/)
Form C = STX,,S;
Solve the eigen value problem Cy; = Gl-zl[/i, i=1,...,r;
Choose N in terms of &,;;

1
Set . = ESI//i,i: 1,...,N;return V = [Ql,...,gN]
l

end function

The principal issue with the POD strategy is the selection of the parameter training
set Dy,qin. We have no way to estimate the training set or the error a priori .

Moreover, the size of C depends on the choice of Dy, and L, therefore, at some
point, the resolution of the eigenvalue problem could represent a challenge.

Again, taking L = 1, this POD strategy can be used for unsteady problems. We refer
to [29, 5, 47] and Chapter 6 in [38] for more details.

POD+Greedy strategy for unsteady problems

The techniques previously introduced can be reduced to steady problems with no hitches.
Actually, when we consider steady problems depending on parameters, it is usual to
apply any of these two strategies, Greedy or POD.

However, when we talk about unsteady problems, the Greedy algorithm may not
converge since the variability of the snapshots, and a POD strategy can be hard to perform
because of the correlation matrix size.

This is why we introduce a joint strategy for the unsteady problem that we will use in
Chapter 6. The key is to use POD considering the time ¢ as parameter and the Greedy
algorithm for the parameter @. The strategy is shown in Algorithm 4.

We refer to [39, 22] for more information about the POD+Greedy strategy, however
we will extend the application of this strategh in Chapter 6.
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Algorithm 4 POD+Greedy

Set €110l €2 101 > 0, Nipax €N, ﬂ* € Dtraina 7= H and § = { };
while N < N« do
S=su{u*};
Compute uk (u*) fork=1,...,L;
Build S = [uy, (%), 45 ("), - u (1))
[él yoen ,§M]:POD(S,X;Z, 817,01);
7 = [Z,él,...,éM];
[91, . ,QN]:POD(Z,X;Z, 827tol);
Xy ={o}
p* = argmaxyep,,, Av(H,L);
ey =Av(M*,L);
if ey < &, then
Npax = N
end if
end while

Algebraic Construction

Let us recall that X is the space generated by the RB functions {goi}ﬁi |- The reduced

solution uk (1) € Xy of (1.6) for any k = 1,..., L can be described as a linear combination
Of {(pl i‘\’:]s

where gf‘\, is the solution of the reduced linear system
(My + An)uy = By + Myuy ', (1.7)

being My, Ay € .#V*N(R) and £, € R associated to the left and right hand side of
(1.6). These matrices depend on the parameter it and their construction can take a long
computing time depending on N since they are full matrices. To save that time in the
online phase, we look for a linear representation of the problem (1.6) with respects to the
parameters. This linear representation will allow us to define RB parameter-independent

matrices that we store at the offline phase end.

Remark 1.1. For the Greedy Algorithm 1-2, the construction of the spaces Xy is recursive,

this is, in order to build the N-iteration, we need the N — 1-iteration. The construction of
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the RB matrices could be done in a recursive way too. For example, for the matrix related

to the M operator, given My _, then,

(on, 01)a/At

MN — MNfl .
(o, On—1)a/At
(o1, ov)a/Ar ... (on—1,08)a/A | (Qn,@n)a/Al

Physical vs. geometrical parameters

In terms of parameters, we shall identify two kinds, physical or geometric. Dimensionless
numbers, as those described in Appendix A.4, are meant to be a physical parameter. In
this case, the parameter representation is almost direct. However, it could be non-linear
and linearization techniques should be applied. In the next section, we will introduce
the EIM method that will help us to deal with this situation.

For the geometric parameter, the dependency is intrinsic to the domain. In this case,
we are able to fix a parameter i, € D which defines a reference domain Q, = Q(,) and
we define problem (1.5) over €, instead of Q() thanks to a change of variable. We will
see an application in Chapter 2, however, we refer to [41, 42, 38, 14] for more details.

1.3 Empirical Interpolation Method

The aim of the Empirical Interpolation Method (EIM) is to build a linear approximation

gm of non-linear function g respect to the time ¢ and paramter p as follows

M
gM(X;t,ﬂ) = ZGi<t7”>qi(X)? VxeQ,t Elf; uc D
i=1

for 0; and ¢g; fori = 1,...,M to be determined.

To build this approximation, let consider the space

G={g(st,1), peD,tely}

as the family of parameter-time-dependent functions. Then, the key of the EIM is to find
a reduced approximation space Gy = span{q,-}ﬁ‘i , C G in a first offline phase.

The offline phase could be afforded using the Greedy algorithm. The coefficients
{o;}M, are obtained by the solution of

M
Z qj(Xl)Gj(l‘,[l,) =g(xr,u),i=1,....M
=1
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where Ty = {xi}?i | are the interpolation or magic points (cf. [33]). That is, in matrix form
Bo(t,u) =gy(t,p), Vi €ly, p €D (1.8)

where
(B)ij = q;(x), (0(t,1))i = 0it, 1), (gn)i = 8(x51, ),
fori,j=1,...,M. The offline and online phases are described in Algorithm 5.

Algorithm 5 EIM (computable version)

function (B, 7, G, S)=EIMOFFLINE(g, €10, Minax, DEiv, At, L)
SetS={},T={},G={1};
(k]7y'1) = argmaxy cDgy k=0,...,.L ”g( ;kAt7”>H°°;
ri=g(-sk'Anpt);
M=1;
while M < M, do
Xy = argsupycq | (x)|:
gm = rm/rm(Xm);
S=SU{(M,u")};
T=TU{xu};
G=GU{gu};
Bij=q(x;), 1 <i,j<M;
(KM uM) = argmax y e,y k—0...1 |8 (- kAL ) — gy (- s kAL 1) oo}
rarsr = (KM AL pMHh) — g (M AL M) e = g ]]oo;
M=M+1;
if € < &gy then
Mypax = M,
end if
end while
end function
function c=EIMONLINE(B,#, ., {x1,...,Xp})
fori=1:Mdo
8i = (Xi;t7l"');
end for
c=DB"lg;
end function

1.4 ROM application to steady Smagorinsky turbulence
model

In [11], E. Delgado et al. have built a RB Smagorinsky model for the steady case. They
introduce a posteriori error bound estimator for non-linear problems using the BRR
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theory (cf. [8]). In this section, we will introduce the basics of the theory developed by
E. Delgado, which will be the foundation of Chapter 2 and 5.

Let us consider the dimensionless Smagorinsky turbulence model. It is a Large
Eddy Simulation (LES) model and it was first introduced by Joseph Smagorinsky in
1963 (see [46]).

LES modelization is based upon the Kolmogorov Theory of statistical equilibrium
theory that we will describe in detail in Chapter 6. In essence, we suppose that the
Reynolds number is sufficiently high to ensure that energy is transferred from large
to small scales, which are responsible for dissipation only. This generates an inertial
spectrum in which only inertial forces are important, delimited by two scales which
form the inertial range. The LES modelization consists in solving a part of this inertial
range, in addition to the large scales of the flow.

In particular, the Smagorinsky model is intrinsically discrete, linked to a space
discretization that determines the large scales to solve. It adds an additional term to the
averaged Navier-Stokes equations, called the eddy viscosity term, which is related to a
grid 7, that models the energy dissipated by the sub-grid (unresolved) scales.

Then, the Smagorinsky turbulence model in its differential form is formulated as

(

1
V.-w=0, in Q,
1.
w=g, onlp, (1.9)
1 ow
\ pn-l—(Re—l— ,(w)) o , on Iy,

where Re is the Reynolds number defined in (A.22), w is the velocity field, p is the

pressure per mass density,

vi(w) = Y (Cshi)*| VW]
KeT,
is the eddy viscosity, where | - | denotes the Frobenius norm in R?*¢ defined in (A.1),
the constant Cg is the Smagorinsky constant which is estimated to be Cs ~ 0.18 (cf-
[31, 26, 44]) and hyg is the diameter of the element K € 7. In Chapter 6 in [25], V.
John study the existence and uniqueness of solutions of the Smagorinsky model (1.9)

following the results presented by Ladyzhenskaya in [30].
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1.4.1 Reduced Basis steady Smagorinsky model

Let us state the basics of the RB approximation to the steady Smagorinsky model,
considering the Reynolds number as the parameter u in a suitable parameter set D.

In order to apply the RB Method, we need a model with homogeneous Dirichlet BCs.
To solve this, we decompose the velocity field into two fields, u the solution of a problem
with homogeneous BCs and the lift up, which should achieve the non-homogeneous
Dirichlet BC up = g on I'p. Without lost of generality, we suppose that the lift is

divergence free since this simplifies the problem.

Finite Element approximation of Steady Smagorinsky model As in Section 1.1,
we shall start from a variational formulation of our problem in a suitable Hilbert space
and then build a discretization.

Let us consider the spaces

Y ={veH"(Q):vp, =0}, Q:{qeLZ(g):/Qq:()}

for velocity and pressure, and denote X =Y x Q. Let Y}, and Q;, be Finite Element spaces
constructed on the grid 7}, to approximate Y and Q, respectively and X;, =Y}, X Qj,.

Then the variational discretization of problem (1.9) is stated as follows:

( Find (w;,, py) = (w, (1), pr(p)) € X, such that

a(ay, vy ) + a;(uy +upsu, +up, vy 1)

+b(Vi, pry i) + c(ap,up, Vi 1) +c(up,up, v 1) (1.10)
+c(up,up,vps i) = F(vps i), Vv, €Yy,
( b(wp, g ) =0, Van € Op.

where the bilinear forms a(-,-;u) and b(-,-;u) are defined by
1
alu,vip) = [ Vu:VvaQ, b(v.gsm) = [ (V-vig e
HJQ Q
the trilinear form, ¢(-,-,-; i) and the eddy diffusion term, a(-;-,-; ), are given by
c(u,v,w;iu) = / (u-V)v-wdQ,
Q
ar(u; v, wi 1) :/ v;(w)Vv: Vw dQ.
Q
Also, the linear form F(-;u) is defined by

F(v;p) = (£,v)a —a(up,v; ) — c(up,up, v; it).
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Lastly, let us define the norms for the velocity and pressure spaces, considering the
natural norm for each case. For the velocity space Y and, by extension, for ¥;, we

define the inner product as follows
1
(u,V)T:/ [54—\2} Vu:VvdQ, Vu,veY (1.11)
Q

where V; = v,(u,(f1) +up) and

i = Cshg)? min |V \Y .
fi argggg{{{%( shi)” min [V, (u) + UDI(x)}

This inner product induces a “turbulence” norm || - |7 = (-, )1T/ 2

, which is equivalent to
the H} (Q)-norm. We use this norm since it takes into account the turbulence viscosity
effects that governs the flow. For the pressure space Q and, by extension, for Q;, we

consider the usual L?-norm. Finally, for the X and X}, space, we consider the norm

IVl = \/Iv13 +llal gy WV = (v.0) € X. (1.12)

Following the notation used in (1.5), we can state the discrete problem

Find Up,(p) = (us (1), pr(1)) € Xj such that (1.13)
A(Unp(u), Vi) = F(Vis ), YVi = (Vi,qn) € Xiy .
where
1
A(Up, Vi) = ﬁAO(Uhavh) +A1(Up, Vi) +A2(Up, Vi) + Az (Up, Vi) (1.14)
and

AO(U,V):/QVu:VVdQ,
Al(U,V):/Q(V-u)q—(V~V)pdQ—f—/Q(uD~V)u-v—|—(u~V)uD-VdQ,

AU,V = /Q(u~V)u~VdQ,

A3(U,V) = /Qvt(u+uD)V(u+uD) : Vv dQ.

Note that now A(-,-; 1) is not bilinear, due to the convection and the eddy diffusion
terms. Problem (1.13) is well posed, we will see it by means of the BRR theory of

approximation of branches of regular solutions of non-linear problems in Section 1.4.2.
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RB Smagorinsky model Now, we are able to define the RB Problem for the Smagorinsky
model. We define Xy as the reduced space, then the RB problem is stated as

{ find Uy (1) = (uy (1), py(ft)) € Xy such that (1.15)

A(Un(1), Vs ) = F(V; 1), YWy = (YN, qn) € XN
The reduced space is Xy = Yy x Qn, where Yy and Qy are the reduced spaces for
velocity and pressure, respectively.
The inf-sup condition is necessary to the well-posedness of problem (1.15). Since
Yy is formed by solutions of (1.13) and these are nearly divergence-free, the pair
velocity-pressure (Yy,Qp) is not inf-sup stable. In [11], it is proposed the use of an
inner pressure supremizer operator T]\‘; : O, — Y}, defined as follows

(T Py Vi)T = b(Vi, prs 1), ¥y € Yy, (1.16)

to enrich the velocity space Yy in a Greedy Algorithm (cf. [47]). This ensures that Yy,
enriched with the supremizer, besides Oy are inf-sup stable.

The Greedy algorithm to construct the RB approximation of Smagorinsky model
is described in Algorithm 6.

Algorithm 6 (Weak) Greedy for steady Smagorinsky model

Set &7 > 0, Njpax € Nand S| = {‘ul};
Compute Uh(,ul) = (uh(Hl),Ph(Nl));
01 = span{y' := p,(u")};
v =span{&' = w(u'), £ = T y'};
for N =2 : Nypax do
pY = argmaxep,,,;, Av—1(1);
en—1=An_1(p");
if ey_; < g, then
Npax =N — L;
end if
Compute Uy, (1) = (uy (1), pr(u™));
Sy =Sy—1U{uM}:
Oy = On—1 Uspan{y" := Ph(N &
Yy =Yy Uspan{E* " = u,(uV), €N = Ty v}
end for

Remark 1.2. The use of an inner pressure supremizer TA‘; affects the dimension of the
reduced spaces Yy and Qp. In our case, using the Greedy Algorithm, the dimension of

the velocity space is twice that of the pressure space.
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Finally, we are able to define the reduced parameter independent matrices and
tensors that will be stored in the offline phase. Then, we define Ay, Dy € .#Z*V*?N(R),
By € 4NN (R), Cy € .*N*2N*2N(R) defined by

(Aw)ij = JoVE':VE dQ, i,j=1,...,2N,
By)ij =—Jo(V-EyidQ, i=1,...,N, j=1,...,2N,
(Cw)ijs = [o(E°-V)E-E dQ, i,j,s=1,...,2N,
(Dy)ij = Jolup-V)E-E'+ (& -Vyup-E'dQ, ij=1,...,2N.

where Yy = span{&'}2V, and Qy = span{y‘}V .
Since the Smagorinsky term is nonlinear with respect to the parameter due to the

eddy diffusion term, we use the Empirical Interpolation Method defined in Section 1.3

to approximate it. With this method, we get the RB space Gy = span{qm}ﬁ‘n/":1 and we
obtain the following linear decomposition,
M
vi(w) =~ Y o;(1)q" (x). (1.17)
m=1

With the computation of the coefficients {o( ,u)}]]‘”: | for a given u € D, we are able to

approximate the eddy diffusion term during the online phase. This yields the approximation
M
a(u;u, vy ) ~ Z oj(u) / q"Vu:VvdQ.
m=1 Q

Finally, we are able to define the matrix EX € .#*V*2N(R) form = 1,...,M associated

to the eddy diffusion term by

(BR)y = [ 4"VETVE a0 ij=1,....2N.
Q

1.4.2 A posteriori error bound estimator

In this Section, we summarize Sections 4 and 5 in [11], where the a posteriori error
bound estimator is derived. It is based on the Brezzi-Rappaz-Raviart (BRR) theory
mentioned above (c¢f. [8]).

Thanks to the BRR theory, it is proved that in a neighbourhood of Uy () solution
of (1.15), there exists a unique U, (i) solution of (1.13), with

|Un(1) —Un()|lx < An(u), Yu € D
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where

An () = 2IZNT ((‘3) 1= VT= W), o) = %. (1.18)

Here,
* Bn(u) is the Stability Factor

| AU (1), Vi 1)(Z3)
= f bl
Prip) = inf sup = xVillx

(1.19)

where the derivative operator of A(-,-; i) follows the Definition A.1.

* pr is the Lipschitz continuity of d1A(Un(l), Vi 1)(Zy) for all Vy, Z;, € X, defined
by

pr =2C4.1 + 4C3;2CS1’12m;\>(<1/3

where Cy;r > 0 is the Sobolev embedding constant verifying that || - [[;4(q) <
Carl |7 hmax = maxgeT, hx and C3;p > 0 is defined in (A.11).

* gy(p) is the residual defined by ey () = [[Z(Un(1); )| x: is the residual where

(Z(Zip; 1), Vi) = A(Zp, Vis ) — F (Vi ), V2, Vi € X

Note that (1.18) only applies when the dual norm of the residual gy (u) is small enough
to have t(u)y < 1 for all u € D.

1.5 Application to 3D lid-driven cavity turbulent flow

In this Section, we extend Section 7.2 in [11] to the 3D case, actually to 3D lid-driven
cavity flow, using the same software, FreeFem++ v. 4.8 (cf. [23]).

To solve the problem presented, we use a FE approximation with the Taylor-Hood
finite element, i.e., we consider P2 — IP1 for velocity-pressure discretization that are
inf-sup stable. Since the pressure is in L?(Q) with a mean of zero, we add a stabilization
term for the pressure discretization in the variational formulation, this is, a L2 penalization.

We consider a lid-driven cavity flow problem in the unit cube as we see in Figure 1.1a.
We define a tetrahedral mesh in the cube, with 13 subdivisions for each edge, obtaining
a mesh with 13182 tetrahedral and 2744 vertices (see Figure 1.1b). Furthermore, the
grid element diameter is hx = 0.1332 for each K € 7},.

The parameter set is an interval such that D = [Re;;in, Rejnay] with Rey;, = 1000 and

Rejax = 5000. In this range, the flow is steady and laminar, therefore, this test is purely
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(a) 3D domain. (b) Mesh.

Figure 1.1: Unit cube for the problem.

academic to verify the estimate (1.18). Recall that the eddy viscosity term adds diffusion
to our problem and thanks to this, we are able to achieve a steady situation.

As we consider a lid-driven cavity problem, we only need to set Dirichlet BCs. We
identify two parts on the boundary, the top I's and the walls I'y as it is shown in Figure
1.1a. We impose that wir, = 0 and w|r, = (g(x,y),0) with g(x,y) = 16x(x— 1)y(y — 1)
for all (x,y) € I's. As we already mentioned, we need to split the velocity field w into u
and a lift up. For this case, we choose up to be the solution of Stokes problem.

Since the problem (1.10) is nonlinear, we use a semi-implicit linearized evolution

approach,

( Assuming that u2 =0, thenfork=1,...,Npg,

find (uf, p¥) = (uk (1), pk (1)) € X;, such that

1 _
E(uﬁ,Vh)Q—Fa(uﬁ,Vh;ﬂ)+at(ul,§ ' up;uf +up, vy )
K k-1 k k (1.20)
+b(Vh>Ph§lJ) +c(uh 7uh7vh;.u)+c(uDauh7Vh;‘u)
1 _
+e(uf,up, v ) = F (v ) + E(uﬁ Lvia, Vv, €Yy,
\ b(“’ﬁv‘]h,.“) = 0; VQh € Qh-

We stop the process when a nearly steady solution has been reached, this is, when
for k= 1,...,Npg we have that ||(uf — llk_l)/Al‘HLz(Q) < &g for epp = 1071 and
At = 1. The selection to grg affects directly to the residual gy(u) for all u € D in
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Figure 1.2: Convergence of the EIM algorithm.

the a posteriori error estimator computation, since &,(u) = || Z(Un(1);1)||x' ~ €rE-
We obtain Uy (1) = (w,(p), pr(1)) € X, the steady solution which we will consider
as the high fidelity solution.

We compute a reduced approximation of the eddy viscosity by the EIM Algorithm 5.
For this purpose, we compute Uy (i) the steady solution of (1.20) for u € Dgjy where
Deiy = {1000, 1250,...,5000} with a step of 250.

For the EIM, we obtain the RB space G = span{qi}?i | along with the magic points
Ty = {x,-}f.‘i , and B as we saw in Section 1.3, applied to v;(u, +up). We obtain M =6
bases for an error below €gy; = 1074, as we see in Figure 1.2. We also compute the error
committed for u € {1000,1025,...,5000} with a step of 25 in Figure 1.3.

Setup for the a posteriori error bound estimate For the computation of the a posteriori
error bound Ay () defined in (1.18), we need to obtain the Stability Factor By (i) and
the Sobolev embedding constant Cy4.7 that appears in the Lipschitz continuity constant pr.

For the Stability Factor By (1), we approximate this quantity by 3, (1) since Uy (1)
is assumed to be a good approximation of Uy, (). We consider the heuristic strategy

introduced in [35]. First, we compute (1) for u € Dgpy since we already computed
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Figure 1.3: Committed EIM Error.

Uy () for this parameter set. This is based on the computation of the smallest eigenvalue
problem
Find (o, Z,) =€ R x X},, Zj, # 0, such that
{ F(u)'X™'F(0)Z), = aXZ,, VZj € X,
where the matrices X and F(u) are the matrices associated to the inner product related

to the X-norm (1.12) and the tangent operator dA, this is,

VIXZ, = (Vi Zp)x, YWVi, Zy € Xp,
VIF(w)Z, = hAUL W), Vis ) (Z), YVi,Zy, € Xy, Y € D,

resulting that B,(u) = ((Xmin)l/z.

Then, we apply the Radial Basis Function (RBF) algorithm to obtain an approximation
of B, (u) for any p € D. In this case, we stop the algorithm when the RBF estimator
is below & = 10~*. In the RBF, we have tested a total of 51 parameters and we have
selected 22. This procedure is more detailed in Section 1.5 in [14], however, we describe
the Stability Factor approximation for the unsteady case in Section 5.4.

For the computation of the Sobolev embedding constant C4.7, we follow the fixed-point
algorithm that can be found in [15] and [34].
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Figure 1.4: Greedy Algorithm convergence.

Greedy Algorithm Finally, we compute the RB space applying the Greedy Algorithm 6.
We stop the algorithm when Ay(u) < €gp with ggg = 107%. The training set is
Dirain = {1000,1025,1050,...,5000} with dim(D4in) = 161.

In Figure 1.4, we can see the convergence history of the Greedy algorithm. Since
for the two first iterations Ty(u) > 1, we use this quantity as the estimator as it is
proportional to the dual norm of the residual.

In Figure 1.5 we observe the evolution of the estimator in each Greedy iteration.
We can see the parameter selection clearly, first, we choose p! = 1000 as we fix it as
the first parameter, then the algorithm chooses the opposite > = 5000. With 3 basis
functions, we obtain Ty () < 1 and we are able to compute Ay (). Finally, the algorithm
chooses 3 = 2350, u* = 1400 and p’> = 3575, and we stop the algorithm since we
achieve convergence. Each peak in the figure corresponds to a selected parameter,
included in the RB base.

Finally, we obtain 5 basis functions, resulting a linear system of dimension 15 in the
online phase because of the addition of the inner pressure supremizer operator defined

in (1.16) to enrich the velocity space.



1. Basics of Reduced Basis modelling 29

1010 F

F ‘ |

1000 1500 2000

4000 4500

Il
3000
Re

1 1
2500 3500 5000

Figure 1.5: Error estimator in each Greedy iteration.

Online phase We randomly choose four Reynolds numbers to compare the computational
time and the error between the FE and RB solution. We compute Uy, () and Uy ((t) on
only one processor in a cluster with CPUs AMD EPYC 7542 2.9 GHz.

We summarize results in Table 1.1. The computation of the RB solution took not nearly
2 seconds, while the FE solution took around 112min. The speed-ups are close to 3000.

Re 2251 3003 3545 4860

An(pn) 13.06-107% 6.47-10% 3.25-1077 1.89-107°
U, —Unllx | 465-1077 8.71-1077 4.75-1078 2.34.1077
Efficiency 6.58 7.43 6.84 8.08

Tre 99.69min 109.14min 112.81min 119.42min
Trp 2.07s 2.13s 2.22s 2.23s

speedup 2890 3071 3046 3220

Table 1.1: Errors and speedups.

The efficiency of the a posteriori error bound is nearly 10 which is rather large
although it is common for non-linear problems.

In figures 1.6-1.7 we show velocity and pressure for the FE and RB problem. Finally,
we compute the FE and RB solution for u € D4, and we compute the estimate and the

error between the solutions. In Figure 1.8, we validate that the a posteriori error bound
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Figure 1.6: Velocity field for Re=3 545.
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Figure 1.7: Pressure for Re=3 545.
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estimator Ay () is greater than the error between the FE and RB solutions, furthermore,
maxy [|Up (1) — Un(u)llx = 5.3031-107°.

Error

10—10 |

Ay(n)
11U, 0)-Up ()1l

-1 1 1 1 1 1 1 1
1000 1500 2000 2500 3000 3500 4000 4500 5000

y2

Figure 1.8: Validation of the a posteriori error bound estimator.
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Reduced Basis steady Smagorinsky model
with variable geometry

In this chapter, we build a RB model for the air flow within a cloister, as a problem of
practical interest of a turbulent flow with multi-parametric geometrical dependence. We
consider a steady turbulent flow governed by the 2D Smagorinsky model. The geometrical
parameters are the width and the height of the corridors around the cloister.

In Section 2.1 we define the problem establishing the domain, the geometrical
parameters, and the procedure to follow for applying the RB Method. In Section 2.2 we
define the RB problem explaining how the RB matrices are built. Finally, in Section 2.3
we deduce an a posteriori error estimator necessary to build the RB space in the Greedy
Algorithm. At the end of the chapter, in Section 2.4, we show the numerical results for a

specific case, giving keys for coding and validating the estimator developed in Section 2.3.

2.1 Problem statement

We consider a 2D modeling of the air flow within a cloister. Although this will avoid 3D
effects in the aerothermal flow, this still is an adequate approach to determine its optimal
dimensions regarding thermal comfort. Indeed, thermal inversions and strong 3D effects
will only be produced by strong winds that are assumed to occur only occasionally. We

thus consider thermally stratified flows through a 2D modeling.

35
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We consider the 2D steady Smagorinsky model that allows us to solve the largest
scales considering a coarse mesh. This model was introduced in Section 1.4. However,
we will derive the dimensionless model as we depart from a real situation.

The flow domain is described in Figure 2.1 which can be considered as a vertical
section of the real domain (a cloister), where @ and ¢ are the width and the height of
the corridor around the cloister, respectively, and W and H are the total width and height.
The parameters for this case are g = (®,c) while W and H are fixed. We denote by
Q(p) € R? the domain for each g € D with D the parameter set.

We take D = [@min, ®max] X [Omin, Omax] Where @min, Omax, Omin and Omax are the
extreme values of corridors width and height that make sense for architectural design.
In the cases 6 = 0 and o = H, there would be no cloister, it would be a question
of studying a courtyard, then [Omin, Omax] C (0,H). For @, we consider only up to
W /2 due to symmetry and we exclude the extremes for the same reason as for the
height, then [@nin, Omax] C (0,W/2).

(w, H), "rs = (9,0) JV —w H)
u‘FW = (0, 0)
(wv J) (W — W, 0)
(0,0) (W, o)
0,00 (@0 wrr = (0,0) “w,0)

Figure 2.1: Domain and diagram of the problem.

Let I'(t) = 0Q(u) be the domain boundary that splits into three parts:
* Open sky boundary: I's(p),
* Floor boundary: I'r (),

* Lateral walls boundary: I'y ().
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The flow within the cloister is induced through boundary I's. This setup leads us to a
lid-driven cavity turbulent flow problem. We impose homogeneous Dirichlet boundary
conditions (BCs) on the velocity on the floor I'r (i) and the walls I'yy (@t). On the top we
assume an horizontal wind, given by the function g(x;) > 0 with x; € [.

We set {7, } >0 as a family of triangulations of Q. In this way, the problem to solve is:

Find w: Q(u) — R? and p : Q(u) — R such that

—VAWH+ (W- V)W—=V - (v,(w; 0)VW)+Vp =0, inQ(u),

V.-w=0, inQ(u),

2.1)
w=(g(-;1),0), onI's(u),
w=0, on I'y () ULk (p),

where w is the velocity field, p is the pressure per mass density, Vv is the kinematic

viscosity for the air and the turbulent viscosity is given by

vilw;p) = ), (CshK(M)ZIVW(u)\K\,
KeT,
where we recall that hg is the diameter of the element K € 7, and Cg denotes the
Smagorinsky constant.

As it is usual, we consider the dimensionless model. In this way, we use a single model
for flows within similar domains, and deal with computer quantities close to one to avoid
round-off errors. We set Uy and Ly as the characteristics velocity and length, respectively,
then w = Uyw™, p = pUO2 p*, U = Lopu™, where w* and p* represent the dimensionless
velocity and pressure, i* the dimensionless length parameter, p is the mass density of the
air (constant in this case), g = Upg*, hx = Loh}. Henceforth, (w*, p*) satisfy the problem

;

—éA*w*—i—(w*'V*)w*—V*- (VA (W ) VAWH) £+ Vo e =0, in Q(p"),
VoWt =0, in Q(u*),
w'=(g"(-;pu"),0), on Is(p*),

[ W' =0, on 'y r(1*),

where Re = UyLy/V is the Reynolds number defined in (A.22), fixed for this problem, and

vi(whipt) = Y (Cshi (™)) [Viw* (u)]. 2.2)

KeT,

The operator V* and A* are defined respect to the dimensionless variable x* = x/Ly.

From now on, we avoid the star notation for simplicity.



38 2.1. Problem statement

In order to apply the RB Method, we need a model with homogeneous Dirichlet BCs.
To solve this, we decompose the velocity field as the sum of two fields, u the solution
of a problem with homogeneous Dirichlet BCs and up a function defined in all Q(u)

sufficiently regular and that satisfies non-homogeneous Dirichlet BCs, this is,
* up = (g(;1),0) on Ts(p),

cup=0onTy(u)UTr(pu).

This function is known as the boundary lifting function or simply a lift of the conditions.
Then, the problem leads

For a known up, find (u, p) such that

¢

1
—%Au—k (u-V)u+ (up- V)u+(u-Vyup+Vp
1 .
-V. (Vt(u+UD;ﬂ)V(u+UD)) = R—eAUD — (llD . V)UD, n Q(ﬂ), (23)
Vou=—-V.up, inQ(u),
( u=0, onI'(p).

The total solution w = u+up is completely independent of the lift choice. This up
can be determined by an analytical expression or by the solution of a simpler problem
which preserves the nonhomogeneous BCs, for example, the Stokes problem.

We are interested in looking at weak solutions to establish an approximation, and
therefore we start by defining the variational formulation for this problem.

Let us consider the spaces Y(u) = H}(Q(m)), O(p) = L3(Q(u)), and
X(u)=Y(u) xQ(n). We can define the weak formulation of the problem (2.3),

doing the standard procedure:

( Find (u,p) = (u(p), p(#)) € X (1) such that
a(u,v; ) +b(v,p; ) +c(a,u,v; )
+c(up,u,v; ) +c(u,up,v; )

(2.4)
+a;(u+up;u+up,v; )
= —a(uD,V;ﬂ)—C(uD,uD,V;ﬂ)a VVEY(ﬂ)a
| b(u,q; ) = —b(up,q; ), Vg€ Q(1),

where the bilinear forms a(-,-; @) and b(-,-; ) are given by

1
u,vii) =— Vu:VvdQ, b(v,q; :—/ V.v)qdQ;
a0 = ke o (vgm)== [ (V-vig
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the trilinear form, c(-,-,-; i) and the eddy viscosity term, a,(-;-,-; i), are given by

c(u,v,z; ) = /Q(“)(w V)v-zdQ,

ar(w;v,z; 0) = /Q(“) Vi(w; ) Vv : Vz dQ.

=
2D
DO
2
w

Figure 2.2: Partitioned Geometry.

These forms depend on the geometrical parameters that determine the domain. To
apply the RB Method, we need to express these forms as linear expressions with respect
to the parameters. With this purpose, we consider a reference domain, on which we build

the variational formulation through a change of variables.

We set 4, = (o, 0,) € D a couple of reference parameters that define Q, = Q(u,)
as the reference domain. Then, we consider a smooth mapping ®(-; i) that transforms
the reference domain into the original domain for any value of the parameter p. We
have defined ® as a piecewise linear mapping and because of that we divide the domain
in four regions ; for [ = 1,2,3,4 as is shown in Figure 2.2 and we define a linear

transformation for each one of them, this is, ®; for [ = 1,2,3,4 such that d(x;u) =
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P (x;p) if x € Q;, as follows

)
o U\ (x
Di(x;p) = - ,
0o — X2
oy
_ X1 0w————
Dy (x; ) = W2 p ( >+ W20, |,
0 - 2 0
r
(2.5)
2 0 (Dr—(l)
; X1 W
CI)3(X;”'): o + 2 ’
0o — X2 0
o;
W-2w 0 o wW—2a)
&, (x; 1) W -2, (Xl >+ "W - 20,
4(X; 1) =
H—-o X H—-o
0 2 — o,
H_o, ° 9" "0,

Observe that the global mapping is Lipschitz-continuous as
Py, = Poryys Pojry; = Pajr,; and Pojry, = Pypry,;

where I';; = dQ;NQ;; and &; € C(€) for [ = 1,2,3,4. The Jacobian determinant

for each transformation is

0o (W—-2w)c

Jo | = e | = —— | Je. | =
| (Dl‘ | ‘I’3’ COrGr,‘ ‘Dz‘ (W—Q(Dr)Gr’

_ (W-20)(H-o0)
| = (W —2w,)(H—o0,)’

|V (2.6)

Associated with the Jacobian matrix for each transformation, we define three diagonal
matrices n’ = nl(u), Al = Al (p), ¢! = o' (n) € .4**(R) forl = 1,2,3,4 by

l -T l —1 4T l —14-T
n :J(I)I ’JCI)ll, A« :J(I)l J(bl ‘Jq)l’, (p :thl J@l ;

whose diagonal elements are:

o H—-o O] W -2
M =ni =i = Pt ni = —o. My =13 = P Mo =M = W20, (2.7)
©,C (W—-2w,)o (W—-2w,)(H—o0)
| ;3 o ,, (W-=-2w)o, ,, (W—-2w)(H-o,)
= = = = 2'9
)'22 122 (DrG’ 2 (W—ZCOr)G7 2 (W—z(l)r)(H—G)’ ( )
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and ) ( -
0 W -2w,
ol = 071 = w_ga of = o = W—20)’ (2.10)
2 2
i 2 3 _0 4 _(H—o)
= = =L = ) 2.11
P2 === 35 (H—0) (2.11)

These matrices are well defined since g € D C (0,W/2) x (0,H).

Now, we can state the weak formulation (2.4) on €,. Let us consider the spaces
Y,=Y(u,), Or=0(l,), and X, =Y, x Q. Let us define the norms related to the spaces
Y, and Q,. For the velocity space Y,, we consider the turbulence norm which is the
natural norm associated to the problem, defined as

1
(v,z)r = / {Re + v,] Vv:VzdQ, Vv,zeYy, (2.12)
where V; = v;(u+up; 1) and

i= argmln Y (Cshk( (1))*min|V(u() + up)|(x).
ueD KeT, xek
The inner product (-, -)7 is parameter independent, it is well defined and it induces a
norm || - |7 = (+,- )IT/ Ziny, equivalent to the HJ-norm. For the pressure space Q,, we

will use the usual L?>-norm. Finally, we define the X-norm such as

IVilx = \/IVI3 +llal gy ¥V = (v.) €X;. (2.13)
Then, the weak formulation reads:

( Find (u,p) = (u(n), p(k)) € X; such that
Z Z}ka a(w,v) +a, y(u+up;utup,vip))
I=1k=1

Nk (bt (v, p) + cu(w,0,v) + ey (up,u,v) + ¢ (w,up, v))

»N

(2.14)

2
Z kkakl up,Vv + nkkckl (uDauD7 V) Vv e Yra

i
P>

HM#

4 2
kkbkl - Z Z kkbkl up,q), Vg € Q.
I=1k=1

Notice that the indices k and [ are associated to the derivative direction and the different
regions in Q,, respectively. Then, for k = 1,2 and [ = 1,2,3,4 the forms associated
to the problem (2.14) are defined by

1
akz(U,V)=/Q R_e(akulakvl+8ku28kvz) dQ, (2.15)
[
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bkl(u,p) = _/Q akukp dQ, (2.16)
)
cx(u,v,z) :/Q (ukOpv1z1 + updkvaza) dQ, (2.17)
[
a (W v,z ) = /Q v/ (u; ) (dev1 9zt + Ov20kzn) AL, (2.18)
)
where
Vi) = Y (Cshi()*\/ 0} ()2 + (91102)2) + @l (a2 + (Jer)?)

K€77z1

(2.19)

being Ty =Ty N Q; the mesh corresponding to each region.

Now, we can rewrite this problem in a compact notation as

Find U(p) = (u(p), p()) € X, such that (2.20)
A(U(W),V;i) = F(V;p), WV e X, '
where A(-,-; 1) : X, x X, — R is the operator defined by
AU, Vi) = Ao(U, Vi) + A1 (U, Vi ) + A2 (U, Vi) + A3(U, Vs )
with
4 2
Ao(U Vi) =Y ¥ Mran(u,v),
I=1k=1
4 2
Al(U,V,Il) = Z Z nlik(bkl(v7p) - bkl(an) +Ckl(llD,u,V) +Ckl(u7uD7V)>7
e 2.21)
4 2
AU Vi)=Y Y ngcr(uu,v),
I=1k=1
4 2
A3(U Vi) =Y Y Mragu(utupiutup,vip),

N
I

)

—_

while the right hand side is defined as

4 2

F(Vip) = ZZ’kaakz up, )+nkk(ckl(uD7uDv V) —bu(up,q)).
I=1k=1

Therefore, we are able to state the discrete formulation of (2.20). We consider a finite

element discretization Yj, and Qy, inner approximations of Y, and Q,, respectively; and
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define X, =Y, x Q. By extension, we endow Y}, Q) and Xj, with the norms for Y, O,
and X, respectively. We consider the following discretization of the problem (2.20):

{ Find Uy (1) = (uy(i), pu(R)) € Xj, such that (2.22)

A(Un(R),Vis ) = F (Vi 1), Wi € X,
In the first part of Section 2.3, we will study the well-posedness of problem (2.22),
applying the Brezzi-Rappaz-Raviart (BRR) theory (cf. [8]). Thanks to the BRR theory, we

are able to deduce an a posteriori error bound estimator in the second part of Section 2.3.

2.2 Reduced Basis problem

Now, we are able to define the RB problem from the discrete formulation defined in (2.22).

First, we need to build the RB space for the RB problem as we described in Section
1.4.1. This space must be a subspace of X, then, the required basis is built from
solutions of the problem (2.22) for a selected number of parameters. These solutions
are nearly weakly divergence free, therefore, the RB problem does not meet the inf-sup
condition (see Theorem A.8) necessary to obtain a unique reduced solution. We enrich
the velocity reduced space by introducing an inner-pressure supremizer operator. This
procedure was developed by G. Rozza and K. Veroy in [43] for the Stokes equations,
and by E. Delgado et al. for the Smagorinsky model in [11] and we already introduced
it for the 3D case in Section 1.4.

For any pu € D, let Tlf,‘ : Op — Y, be the inner-pressure supremizer defined as,

4 2
(T3 Py Vi) T Z Z Mkt (Vis Ph)s Vi € Yo (2.23)

Let Xy = Yy x On C X, be the RB space of dimension N € N defined as

2i—1

Yy =span{&" =w,(u), EX =T pu(p’), i=1,...,N} (2.24)

and
On = span{y’ = p,(u"), i=1,...,N} (2.25)

where we denote by { ui}f.\; | the set of selected parameters following the Greedy Algorithm 6
in Chapter 1.
Then, the Reduced Basis Problem is stated as

Find Uy(f) € Xy such that
(2.26)

A(Un(p), Vs ) = F (Vi) VVy € X
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The solution Uy () = (uy (i), pn(1)) € X can be expressed as a linear combination
of the selected basis, by

2N

uv(p) = Y (uy)i(m)E', pn(p) =

i=1 =1

M=

(BN)i(”)ll/i

~

where uy € R?N and Py € R conform the solution of a reduced linear system which
is built from parameter-independent matrices and tensors. To develop this system, we
build the parameter-independent matrices AKX DK € _72NV>2N(R), BX € .#/N*2N(R),
CK e ™ 2NX2N(R) for k = 1,2 and [ = 1,2,3,4 defined by

(AR = a8, E, i,j=1,...,2N,

B =bu(E',v), i=1,...,N, j=1,....2N,
(CKYijs = cu(E°, 8 &Y, ijs=1,.. 2N,

(DK = cu(up, &) +c(E up, &), i,j=1,....2N

Since the Smagorinsky term is non-linear with respect to the parameters due to the

eddy diffusion term, we use the EIM to approximate it developed in Section 1.3. With

M

this method, we compute an approximation RB space Wy, = span{q™}7 _,

selecting this

base by a Greedy algorithm. The eddy viscosity is approximated on this space,
M
vi(wp) = Y oi(p)q" (x). (2.27)
m=1

With the computation of the coefficients {Gj(u)}l}’lz | by solving a linear system for a
given i € D, we are able to approximate the eddy diffusion term during the online phase.
This procedure has been exposed in Algorithm 5.

Then, for any k = 1,2 and / = 1,2,3,4,

M
ar(wu,vip) = ) Gj(#)/g q" (Oku10kv1 + uz0kv2) dQ.
m=1 1

Finally, we are able to define the matrix EX™ € .#?N*?N(R) fork=1,2,1=1,2,3,4

and m = 1,...,M associated to the eddy viscosity term by
(EN™)ij = /Q q" (kEj10k&i1 + HGja0k&in) dQ, i,j=0,...,.2N — 1.
1

Thanks to these matrices, we are able to build the reduced system for any parameter W.
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2.3 A posteriori error estimator

As we saw in Section 1.4 the Greedy algorithm uses the norm of the error between the
high fidelity solution of (2.22) and the RB solution of (2.26) for each parameter i € D;qin,
which implies the computation of a large number of high fidelity solution. This would not
be very practical since this would largely increase the offline phase computational cost.
To avoid this, we develop a posteriori error estimator to bound the exact error.

Since our problem is non-linear, we use the Brezzi-Rappaz-Raviart (BRR) theory (cf.
[8]), that will help us to build an a posteriori error estimator for the Smagorinsky model.

First, we study the well-posedness of problem (2.22), studying the continuity and
inf-sup stability of the Fréchet derivative of A, that we denote by d;A.

Secondly, we use the BRR theory to obtain an a posteriori error bound estimator. We
prove that the tangent operator d;A is Lipschitz continuous, and we obtain the estimator
proving existence and uniqueness of a solution Uy, of (2.22) close to a solution Uy of
(2.26).

2.3.1 Well-posedness analysis

In this section, we analyse the well-posedness of problem (2.22) studying the directional
derivative of the operator A defined in Definition A.1, in the sense that for any solution

Un(u) of (2.22), there exist By > 0 and 9y € R such that for all g € D,

_ NA(Un (1), Vi 1) (Zn)
0< < = f ’
Bo < Br(M) nexivex, N ZlxVallx

AA(Un(1), Vi 1) (Zn)
0> M < = Ssup su
Y < (M) zhe?(thegh 1Zn1x | Vil x

(2.28)

For this purpose, we prove that the directional derivative of the operator A is continuous
and weakly coercive. In this section, we set U = (u,p), V = (v,q) and Z = (z,r).
Moreover, for simplicity, we denote €2, in stead of the reference domain €,. From the
definition of A(-,-; () in (2.21) it holds,

A1 Ao(U,V;u)(Z) =Ao(Z,V)

d1A (U,V;ﬂ)(Z) = AI(Z,V)

4 2
AU, V;1)(Z) = Z Z nh (e (0,z,v) + ey (2,0, v))
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and

4 2
dA3(U,V;1)(Z ZZ {xar i (WiZ,v; L)

2 91 , 2
+Z y / (s () ke Vi Vi) <Z oL (Viw- vkv)>
\/ Zk I(Pkk(vkw Viw)

where, for simplicity, we are denoting by w = u+up and V,u = [dguy, dyup] for k = 1,2.

Remark 2.1. For the next results, we introduce the notation

o= max | max akk and & = min min O‘kk
1=123.4 \k=1,2 I=1234 \ k=1,

and similar notations for AL nl and qolforl =1,2,3,4 defined in (2.7)-(2.11). Moreover,

hiax = max max hg(Q).

ueDKeT,,

Remark 2.2. We also introduce the definition of some constants necessary for the next

results that are derived from relevant results exposed in Appendix A.2:

* The norm related to the inner product (2.12) is equivalent to the H(% (Q)-norm, then,
there exists a constant Cy 2.7 > 0 such that

IVl 20) < Crar|vllr, WweY. (2.29)

» We recall the definition of the constant Cy;12 > 0 from the application of the
Sobolev embedding Theorem A.2 in (A.9). Moreover, because of the definition of

the previous constant, there exists C4.r = Cy4.1 2C1 2.7. To sum up,

Vllzs(0) < CanalVVlizie)s Wliai@) < Carlvllr, Wwe Y. (2.30)

e Forall K € Ty, we apply the Local Inverse Inequality Theorem A.3 as in (A.11),
introducing the constant C3. > 0, this is,

IVvall k) < CaahigIVvillp ), VK € Thy ¥ € Y 2.31)

We start by studying the continuity of the directional derivative d|A(U, (i), ;1) (+)
for a given Uj([) € Xp.
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Proposition 2.1. For any u € D and U, = U,() € X, it holds

|V A(Un, Vies ) (Z)| < W Zallx IVillx,  VZp, Vi € X,
where Y, = maxycp V(M) and
Clar
Mp) =A"— L0 Crar + 17 CarCrar (lunll 4y + |2 ()

+ n*C4;T(||Vuh||L2(Q) +[[Vup| 12(0))

+ A7 (1 + ¢ ) CS (h;knax>27d/3ci2;TC%;2Hvuh + VuDHL3(Q)

Vo

where the dependency on W is produced by uy,.

Proof. Since

3
|OVA(Up, Vis ) (Zy)] < Y 1014 (Un, Vi ) (Zy,)|
i=0

we study each term separately.

¢ First,

4 2
Z Z kkakl Zhyvh

|0140(Un, Viis ) (Z1)| = |A0(Zn, Vi) |

1
<AF —/Vzh:Vvth‘.
Re Jo

Then, we use the Cauchy-Schwarz Inequality A.1, and (2.29)
2

Cl 2;T
IVVillz (@) = A" = lzalir [[vallr

1
10140 (Un, Vis ) (Zn)| < A QHVZhHLz(Q)

Now, from the definition of the X-norm (2.13),
2

Clor

|01A0(Un, Viis 1) (Zp)| < A* Re L1 Zlx I Vallx-

e Second,
| 1A (Un, Vi ) (Z)| = |A1(Z, V)|

4 2
= ZZ Nt (bt (Vs ') — bra (2, qn) + i (Wp, 23, Vi) + cra (2, up, Vi)

* / (V : Vh)rh — (V . Zh)qh + (uD- V)Zh SV + (Zh . V)uD- \7) dQ‘

=N

<0 (IVallzollrnllzz (@) + 1V2all2() lgnll 2 (0)

+ n*(HUDHm(Q) HVZhHLZ(Q) HVhHL4(Q) + HZhHL4(9) HVUDHL2(Q) thHL“(Q))
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Then, we use (2.29) and (2.30) and the definition of the X-norm (2.13),
10141 (Un, Vis ) (Z)| < 1 Crosr ([Vallrl7all 2(0) + |Zall 7 |l 2 (@)
+ 17 Car (Cror|uplla @) + Car IVup|l 2 ) Vil 7 || 2nll 7
< N (Crar + CarO)|Vilx 11 Znl x,
where C = (Ci 2.7 [|[up|[14() + Car[[Vupl|12(q))-

* The following term,

10142 (Up, Vi b)) (Zy)| =

4 2
) Z M (i llh,Zth)Jerz(Zh»lthh))‘
I—1 k=1

Sn*’/g(uh'V)Zh'Vh+(Zh'V)uh'Vth’

<" (1lwall a0y 1 V2l 2y Vi 3y

+ o |Vl 2y ¥l ()

<" (CroaCarllunll s + Cr I Vunllziy ) Iallr 1zl
< 11" (CraCarllwllisie) + Chr I Vuilizqa ) 1Vallx | Zslx.

* Finally,

4 2
10143 (Un, Vi, ) (Z)| < ZZ o Wh,Zh,Vh,#)‘
I—1k=1

4

2
+ Z Z /(CshK)ZZk_llék(VkWh. Vi) <i (P/ik(vkwh' Vsz))

I=1KeT;, 7K \/21%:1 Opel Views| k=1

<AT Y

KeT,

/ (Cshi ()2 IVWa|Vzy : Vv,

k*(P*

* (p* 2
<2 (1422 ) [ (Coml) Vw41V Vv
(%) E

> Vw;, 1 Vz,,

+ | (Cohca) T (VW)
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<A* <1+ v Y, (Csh () IVWall 3 1 V20l 3 o) | V¥l 3k

\/6 KeT,
(p*

Ca Y Csh()* P IVWall 13 x) V2Rl 20 1V VAL 12

< 1+ ——=
( \/6 KeTy,
(p*

<A <1+\/5 C5(max)*™ P CallVWall () | V24l 2 () | VYAl 2
(P*

<A (H\/é C5(max)* P CL 27 Cal YWl 3 12l 7 1 vl 7
(p*

=

< (1 + ) G Ch 21 Cha Y Will 3y Vil 1V -
where we have used (2.31) and that w;, = u;, +up.

Consequently, the continuity constant is

Cior
V(i) = l*ﬁ +1n"(C1 2.7 +C4.;7C)

+n* <C1,2;TC4;THuhHL4(Q) +C§;THV“h||L2(Q)>

Vo

where the dependency on Y is produced by uy,. [

; ¢ N
+2 (1 + _) Cg (hmax>2 d/3C%,2;TC3%;2 Hvuh + VuDHL3(Q)'

Now, we study the coercivity of the derivative operator.
Proposition 2.2. For any u € D and U, = Uy(t) € X, let us suppose that
||VuDHL2(Q) < I/C and
1
IVunllz@ < & = [Vuoli@),

where the positive constant C is defined by

zn*C%,Z;TCA%;I,Z

with Cy 7.7 and Cy;1 2 defined in (2.29)-(2.30). Then it holds,

NAUn, Zn; )(Z1) > BullzallF,  YZn € X,
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where
Bh = A min{l, \/6} - 2n*C%,2;TC£;1,2(HVuhHL2(Q) + ||VuDHL2(Q)) > 0.

Proof. By definition,

NAUn, Z; 1) (Zy) = 29114 (Un>Zn; 1) (Zp)
i=0

and we study each term separately. We recall that forms A; for i = 0,1,2,3 are defined in

(2.21). Along the proof, we will use that w;, = uy, 4 up for simplicity.
* The derivative of the diffusion term is bounded as
4 2 1
01A0(Up, Zn; L) (Zp) = Z Z bk (Zn,2p) R—HVZhHLz

The eddy viscosity term is treated by

4
+Z Z /K(CS]’ZK)zk_I > Z kakWh szh

2
Z l,kakwh- szh ( 5 )

Y ol Viwn* Y
k=1
A AP (Vwy, : Vz,,|?
Z/l\/a Z /(CshK)2|VWh||VZh|2+—* Z /(Csh]()z—.
KeT, VO KT /K IVw,|

Using that this last addend is positive and adding these two terms, we obtain
Ao (Un, Zps ) (Zp) + A3 (Up, Zps 1) (Z1)

A1 .
zx—/ ]Vzh]2d9+l\/6/(CShK)ZIthHVzh]de
Re Jo Q

" )3 / (Cshx) [Vwi|

A~

> Amin{1,v/@} |7
2.32)
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¢ On the other hand, we bound from above the rest of the terms, such as

|01A1(Up, Zi; 1) (Z1) + 1 A2 (U, Zps 1) (Z1)|

4 2
= Z Z N (Cra Wh,Zh,Zh)+Ck1(lh,Wh,Zh))‘

<n*

Q(Wh . V)Zh- Z + (Zh- V)Wh - Zy, d.Q‘
< [ Wil Vaaliza| + Vi | 42

<" (Il e 1Vl 2 2l ) + 2 2y | V9020
< 20" C1 2 VWall 2 ()1 V24l 72 0

2 0 2
<20 Ci o7 Chi oIV Wall 2 (o) 1247

where Cy.1 2 is defined in (2.30) and thanks to the Triangle Inequality, we obtain
that

|01A1(Up, Zi; 1) (Z1) + A2 (Un, Zis 1) (Z1) |
< Zn*C%Q;TCé%;I,Z(HvuhHLz(Q) + HV“DHH(Q))HZhH%-

Then,

NAL(Up, Zp; ) (Zy) + 01A2(Up, Zyy, 1) (Z)

> - 2"C 5.1 Ch (1 Vsl ey + IV 20zl (233)

Finally, regrouping (2.32) and (2.33), we obtain

NA(Un, Zns )(Z1) > Pul|zsl| 3

where

By =Amin{1,,/¢} - 20°CT 0.7 Ch1 2 (1YWl 20) + Vb 2(q))
Since Bh should be positive, we define C > 0
B Amin{1, Vo)
20750 Chan

then, if | Vup || ;2(q) < 1/Cand [[Vuy|[12q) < 1/C—|[Vup||2(q), we are able to guarantee

that the constant is posmve and therefore, the operator is coercive. O]
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Remark 2.3. If we choose Y;, and Qy, in order to verify the inf-sup condition in Theorem
A.8 (for example, considering Taylor-Hood finite element spaces), we are able to ensure
that the operator 91 A verifies (2.28). Moreover, if the pair of spaces (Yn,Qp), are inf-sup
stables and the data are small enough, the problem (2.26) is also well-posed.

According to BRR theory, we can conclude that problem (2.22) admits a solution

Uy € X, for small data which is locally unique.

2.3.2 'The building of an a posteriori error estimator

As a previous result, we need to prove that the tangent operator djA is Lipschitz.
Lemma 2.1. Forall p € D and U}%,U;%,Zh,vh € X, it holds
1Ay, Vis ) (Z3) — HA(U, Vi 1) (Z)| < pr|lUy = Up x| Zallx IVallx - (2:34)

for a positive constant

* * * * (P* * -
pr =20"Ci27Cir + (7L Vo*+34 ﬁ) C5(hinax)* ™71 27 G,

where constant Cy p,7, Ca.7 and C3;5 are defined in (2.29)-(2.31).

Proof. By definition

NA(UL Vi )(Z) — L A(UZ Vi ) (Zy) = 0142(UL Vi 1) (Z1)

— AU, Vis ) (Z) + 01 A3 (U}, Vi ) (Z1) — 1A (UZ, Vis ) (Z1),  (2.35)

remaining the terms associated with the nonlinear part of the operator A. First, we study

the first couple of terms above

A2 (U Vi 1) (Zy) — 01 A2 (Ujy Vi 1) (Z1)
2
i (crr (W), 20, Vi) — cr (03,2, Vi) + i (23, 0, Vi) — i (23, 07, V) )

I
M-

~
I
—
>~
I
—_

N (cu(u) — a3 2y, v;) + e (zy, 0, — w2, vy))

Il
-
(gl

~
—
—_

VAN
=
*
A/~ T
{o\
—
=
=

—u;) - V)z,- v, dQ +/Q(Zh~ V)(u, —u})- v, dQ).
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Then,

/((u}l—ui)-V)zh-vth‘ S/ lu) —uz||Vzy||vy| dQ
Q Q

1 2 2
< JJwy = Wil I V2nl 200y 1 Vall @) < CraarCirllw, — willzllzall7 || vall 7
< C12.7Cer Ui — Ui llx | Z 1 x |Vl x

and analogously,

o0 )0 = v 402 < il 19k~ s ol

< CraxCirllUy = Usllx 1 Zallx Vallx,
and finally,
10142 (U, Vi ) (Z3,) — 91 A2 (U, Vis 1) (Zy)|
<20 Ci2rCirllUy — Ui x| Zallx [Vallx, (2:36)

where the constants Cy .7 and C4;r were defined in (2.29) and (2.30), respectively.
Now we study the second couple of terms in (2.35),

A3 (Uy, Vi ) (Z) — A3 (UR Vi ) (Z1)

4 2
= Z Z Alik(at,kl(W},QZhavh;ﬂ) - at,kl(W/%;Zth;“))
I=1k=1

2 Al (vowl. v 2
Z Z / CShK)Z Zk 1 kk( KWy, kZh (Z(pkk kah Vkvh)) (2.37)
K€Tn \/Zk 1 @kk(vkwh kah) k=1

X A (Vawg - Viz) (
\/ Yi1 Ok (Viws, - Viwy)

where we recall that Wh = uh +up for i = 1,2 and the form a; 4 (-;-,-; ) was defined in
(2.18). It holds

k=1

Y o (Viws- Vm))

4 2
Z Z Mg (@ gt (W), Vs ) _at,kl<W}21;Zh7Vh;ﬂ))‘
I=1k=1

<A

/Q(v,(w}l;y) — v,(w,zl;[,t))(Vzh :Vvy) dQ‘

<AV

y /K (Cshi)? (IVwh] — [VW2]) (Vzy - Vvp)
KeT,
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AVE Y [ (Cohi IVl —ud)|[Vasl Vi)

KeT,
<A Vo Y (Cshi) |V (wh — ) |3 1) 1V 24l 13 (1) | V¥l 23 1)
KeTy,
<AV Cly Y (Cshi)* 2|V (wh — i) | 200) | V2l 20000 | V¥l 22 )
KeT,

AN QCE ()™ PPV (wh — i) [ 20 V24l |20 V¥Rl 2 )

AV O Ciln)*2C 5.7 C U, = Uil1x )| Zalx Vil
where we have applied the Local Inverse Inequality (2.31).
For the second term, using the same results and procedure that in the first term, we
obtain:

4

Y1 A (Viw) - Vizy) [ &
YL (Gt | TSI | 3 gl Vi)
I=1KET, \/Zk:l Pprc(Viwy, - Viw, ) \k=1

_ Yie1 Ay (VW - Viz) (
\/ Z%:l ‘P/ﬁk(vk“’%' ka%t)

. @ / 2 (VWi VEn oy
<A Csh —2——(Vw;, : Vvy,) —
= )y | (Csh) ( Vvl (Vw2 Vvp)

2
Y ol (Viws, - Vk"h)>

k=1

VW% : VZh
VWil

(Vwy Vvh)) ‘

V(w, —w2):Vz,
VWil

¥ com? (T vl V) +

Vw2 : Vv

VWil = VW) o 2
+ / (Cshi)? (VW : Vz,) (VW2 - Vvy)
K;rh K [Vw,|[Vwi]

<3a' T ¥ [ (ot PV (uh—u) V2 Vi

< _cnm

\/E max

)>2C 51 CRollUL — U x| Zallx [Vax.

Using these bounds in (2.37) and summing with (2.36), we conclude that there exists

* * ¥ * (P* * -
pr = 277 G ,Z;TCA%;T + ()L VA +3A —) Cg(hmax)2 d/ZCiZ;TC'?;Za

Vo
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such that (2.34) is satisfied. O

Remark 2.4. Note that the Lipschitz constant pr only depends on possible values of U,
this is, the selection of D and the characteristic mesh parameters.
It also depends on (., )>~%/* which tends to zero since 2 —d /2 > 0 for any d < 4.

As we explained, in order to apply the RB Method, we develop an a posteriori error

estimator. For its construction, we first introduce some definitions.

Definition 2.1. The Stability Factor By(l) and the continuity factor Yy (M), associated
with d|A(Uy (i), ; 1) are defined by

IA(Un(1), Vi 1) (Zy)

= inf su , 2.38
Pu(w)= inf sup == T Vilx (239
IA(Un(W), Vi 1) (Zp)

= sup su , (2.39)
W)= sup sup = e Vallx

for a given Uy (W) € Xy, solution of (2.26).

Note that from Proposition 2.2, By (i) > 0 whenever the data is small enough and
the pair (¥,,Qy) are inf-sup stable. This condition implies that the tangent operator
AIA(Un(l), ;) is an isomorphism of X, into its self for all p € D.

Definition 2.2. For a given Uy([) € Xy solution of (2.26), the supremizer operator
Tlf,l : Xy, — X, is defined by

(2.40)

01A(U, Vi ) (Z,
787,  arg sup 2 (Un(B), Vi 1) (Zh)
ViEXy ||Vh||X
This supremizer is unlike the inner-pressure supremizer presented in (2.23). The
pressure supremizer is related to the pressure and it is defined to enrich the velocity space,

while this last supremizer is related to the tangent operator djA.

Remark 2.5. From definitions 2.1 and 2.2, we deduce the relation between the factors

and the supremizer operator:

T Zilx 1T Zn 1 x
N = inf ————, W =sup —————.
Pul) = 0 Tzl W= Tz
In particular, we have
8114 UN ,T“Zh; Zh
Bu(p) < QAN TN Zi ) Z) oy (2.41)

1T Zu %11 Zn | x

for a given Uy € Xy.



56 2.3. A posteriori error estimator
The construction of an a posteriori error estimator goes through the proof of the
existence and uniqueness of the solution of problem (2.22).

Theorem 2.1 (Uniqueness). Let U € D, and assume that By(l) > 0. If problem (2.22)
admits a solution Uy, (L) such that

ﬁN(IJ))

Un(K) € Bx <UN(#)7 or

then, this solution is unique.
For the proof of this theorem and the next one, we define the following operators:
* The residual Z(-; ) : X — X} by

(Z(Zn; W), Vi) = A(Zp, Vis 0) — F (Vis L), VZp, Viy € X (2.42)

* The derivative of the operator A(-, -;u), DA(U,(1); ) : X, — X, by

(DA(UR(1); 1) Z3, Vi) = WA(Up, Vis ) (Z), VZ3, Vi € X (2.43)

* The operator H : X;, — Xj, by

H(Zy ) = Zy — DAUN (W) )" B(Z; 1), VZy € X (2.44)

Proof. The strategy of this proof is to show that H(-; i) is a contraction in the sense of
Definition A.3. If there exists a fixed point Uy, this point is a solution of problem (2.22)

since

H(Up(p); ) = Up(it) = DA(UN(1); )~ Z(Un(1); ) = Un()
< Z(Un(p); u) = 0.

Let us study if the operator H is a contraction, proving in this way that it has a unique

fixed point. By definition, we have
H(Zy: 1) — H(Zi: 1) = (Zy — Z;) — DA(UN(B): 1)~ (Z(Zy: 0) — R (Zi: ). (2.45)
Using the residual definition (2.42) and the mean value theorem, it holds

R(Zjy ) — % (Zy: ) = DAE; 1) (Z) — Z7), (2.46)
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where & = sZ} + (1 —s)Z2, for some s € (0,1).
To prove this, we define T : [0,1] — R, by

T(s) = (R(sZy + (1 = $)Zis ), Vi), WVi € X
The function T is derivable for all s € (0, 1) and its derivative is
T'(s) = (DA(sZy, + (1 =) Z: 1) (Zy — Z3), Vi).

If we apply the mean value theorem to 7" we have (2.46).
Now, multiplying (2.45) by D.A(Un(p); 1) and applying (2.46), we can write

DA(Uy(1); R)(H(Zy; p) — H(Zji b)) = [DAUn(R); ) = DA(E; 0)](Z, — Zi).-
Then, thanks to the Lipschitz condition (2.34), we can write
(DA(UN(R): 1) (H(Zy: 1) — H(Zi: 1)), Vi)
< prl|Uv(p) —&llxl1Zy — ZolIx [ Vallx - (247)
Taking Z, = H(Z}; ) — H(Z}; ) in (2.41), then,
Br(W)I|IH (Zy: 1) — H(Ziys ) Ix I T (H(Zy; ) — H(Z3; 1)) |1
< (DA(Uy(1); B)(H(Zy; p) = H(Zjis ), T (H(Zys 1) — H(Zgs 1)),
and applying (2.47)to V}, = TA‘,l (H(Z};p) — H(ZZ; ) we have that,
B (W) |H(Zy; ) = H(Zip ) x| TN (H (Zs ) — H(Z33s 1) | x
< pr|Un(p) = &lIx11Z, — Zi Ix 1T (H(Zy: ) — H(Zgs 1)) [1x

from which we obtain that

pr
Bn (1)

If Z} and Z7 are in Bx (Un (), o) then || Uy (p) — &||x < a since & = sZ} + (1 —s)Z}
for some s € (0,1) and

1H(Z: ) — H(Zg: ) 1x < 1UN () = Elx11Z, — Z3 Ix.-

pr
By (1)

12 (Zy: ) —H(Ziz ) Ix < oz, — Zy|Ix

B (1)

Then, H(-; ) is a contraction if a < or
T

Bn(p)
pr

unique. O]

In conclusion, if there exists a fixed point Uy, in By (UN(;L), ) this point is
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Now we state an a posteriori error bound estimator that will be deduced in the

Existence Theorem 2.2. First,

4en(M)pr
W(H) = —F— 55
By (m)?
where the Stability Factor By(u) is defined in (2.38), the Lipschitz constant pr is
defined in (2.34) and

(2.48)

(Z(Un(W); 1), Vi)

en() = [ Z(Un(p); ) |x = sup (2.49)
VieXy, HVhHX
that is, ey(f) is the dual norm of the residual.
Then, we define
av(w) = BB 1 T e D, (2.50)

Thanks to the next result, we will see that Ay(H) is an a posteriori error estimator.

Theorem 2.2 (Existence). Assume that By(p) > 0 and tn() < 1 forall p € D. Then
there exists a unique solution U, (W) of (2.22) such that the error with respect to Uy (L)

solution of (2.26), is bounded by the a posteriori error bound estimator, i.e.,

[Un(1) —Un(p)llx < An(p), (2.51)
with effectivity,
2y (1) B
Av(p) < ﬁN(u)HN(u) 1Un(1) — Un () lx- (2.52)

Proof. The strategy of this proof is to show the existence of U,() € X, close to
Un(i) € Xy solution of (2.22) and (2.26). To do this, it is enough to prove that we
are under the hypothesis of the Schauder Fixed-Point Theorem A.7, that is that H(-; )
is a contraction in a certain compact set K of Xj. Then, the fixed point exists and if this

compact verifies that

K C Bx (UN(I»‘%%) ;

then, we guarantee also the uniqueness of this fixed point thanks to Theorem 2.1.
We consider the definitions (2.42)-(2.44). Then,

H(Zy; ) —Un(i) = Zy —Un () —DAUN (1) 1)~ %(Zn; 1)
= Zy—Un(1t) = DA(UN(1); )~ [#(Zy; ) — Z(Un (1); 1))
—DAUN (1))~ Z(Un(p); 1),
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Applying DA(Un(p); 1), we obtain

(DA(UN(1); 1) (H(Zp; ) —Un (1)), Vi) = (DA(UN(1); ) (Zy, — Un(R)), Vi)
—(Z(Zp; ) — Z(Un(1): 1), Vi) — (Z(Un () 1), Vi), YV, € X

Following the same idea as in Theorem 2.1, we can find § (@) = sZ, + (1 —s)Uy () with
s € (0,1) such that

A(Zn; ) —Z(Un(B); 1) = DA(S (1) 1) (Zy — Un ().

In this way, and thanks to Lemma 2.1 and the definition of ey (i) in (2.49), we obtain
that:

(DA(Un(1):1)(H (Zp; ) — Un(R)), Vi)
= (DA(Un(M): 1)(Zp — Un(H)), Vi)
—(DA(E(1); 1) (Zy — Un(1)), Vi) — (Z(Un (1) 1), Vi)
= (DA(UN(u): ) = DAE(1): 1)) (Z— Un (1)), Vi)
—(Z(Un(1): 1), Vi)
< prllUn (1) = E(1)Ix 1125 — Un (1) [1x Vallx + ex (1) [Vl x

< (prl|Zn — Un ()% +en(m)) [Vallx-

Then, using (2.41)

(Zn: 1) = Un () 11T (H (Zp: ) — U (1)) lx
§<D«4(UN( ) ) (H (Zy: ) — Un (), T (H (Zy; ) — Un (1))
< (prl|Zn — Un ()% +en () I T (H (Zys ) — Un (1)) Ix.

Bv(w)[H

simplifying,

_ 2
|H(Zp: ) — Un(p)]Ix < By ( )HZh UN(#)||X+[3N(“)~

and since Zj, € Bx(Un (M), ) we obtain

ol en(p)

1H (Zn; ) = Un(W)|[x < ( SR
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To ensure that H maps Bx (Uy (M), @) into a part of itself, we are seeking the values of o

such that
pr o, en(M)

B " Bun)

This holds if & is between the two roots of the second order equation

<a.

pro’ —By(m)o+en(p) =0

which are,

_ PBn(p) £ /Bn(p)?—4pren(p)

o4 = 207
e [, [, 4erev)
2pr Bn(u)?
~ Bnv(m) —
=5 [1 +/1 TN(u)} .
Observe that as Ty(@) < 1, then a_ < oy < %
T

Then, H(-; ) is compact on Bx(Uy(1), ) if @ € [a_,a], then, there exists a
unique solution Uy,() (2.22) in the ball Bx (Uy (), @). To obtain the estimator, we take
o=a_=Ay(p).

To prove the efficiency, let us define the error Ej () = U, (1) — Uy((). From the
definition of the residual and applying the mean value theorem, for some s € (0,1) we

have that
(Z(Un(B); 1), Vi) = A(Un(K), Vi ) = F (Vi 1)
=A(UN), Vi ) —A(Up(R), Vi 1)
= WA(sUn(1) + (1 = $)Un(), Vi; 1) (En(1))
= (DA(sUu (1) + (1= 5)Un(1); 1) En(1), V)
= (DA(sUn(1) + (1 =5)Un(1);4) = DAUn (1) 1)) En (1), Vi)
+ (DA(Un(1); B)ER(I), V).

Thanks to the Lemma 2.1, and taking into account the definition of ¥y () and By () in
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(2.38) and (2.39) respectively, we obtain,

(Z(Un(R); 1), Vi) < prlls(Un (i) = Un(p))l1x [|E (1) lIx [ Vallx

+ () En(p) x| Vil x -

Taking supreme in V}, € Xj, and using the definition of (2.49)

ev(i) < prllEn(m) % + ()| En(p)llx-

Since 0 < ty(p) < land 1 —+/1—1y(f) < v(H), we have that

2pr
WAN(IJ) < w(u),
and then
2en (M)
Avlp) < By (n)
It follows that
2pr 2, 2w(m)
A (k) < 5P ) e+ o BB )l
Thanks to (2.51), we know that ||E,(@)|x < Ay(ft), then
2pr
WHE%:(#)HX < v(M),
it follows that
v < | T o) 1wl

]

Finally, we have proved that Ay () is an a posteriori error estimator with an efficiency
described in (2.52). The estimator is composed of different elements such that the inf-sup
and Lipschitz constants and finally the norm of the residual. In the next section, we
apply the RB method to the Smagorinsky model and we will see how we can compute

these factors in practice.
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2.4 Numerical results

In this section, we present a numerical test coded in FreeFem++ v. 4.8 (cf. [23]). To
solve the problems presented along this chapter, we use a FE approximation with the
Taylor-Hood finite element, i.e., we consider P2 —P1 for velocity-pressure that are inf-sup
stable. Additionally, it is necessary to impose that the pressure mean is zero and we can
not ensure this using P1 as the finite element space for the pressure. For this reason,
we add a stabilization term in the variational formulation, this is a L2 penalization, as

the pressure is defined up to an additive constant.

2.4.1 Problem statement

To state the flow domain, we consider that the typically total size of the courtyard is 28m
wide (W) and 6m high (H). Then, we are able to state the set of parameters fixing the

maximum and the minimum width and height of the corridor around the courtyard,
Opin = 2M, Omax = 4m, Opin = 2.5M, Opax = 3m,

and we set

_ Omin + Omax

_ Opmin + Omax _ 3111, c, = :

2

W, =2.75m

as the reference parameters and the characteristic length as Lo = W — 2 x @, = 22m.

Figure 2.1: Final mesh.

In Figure 2.1, we can see the final dimensionless reference geometry, split into four
regions and the mesh with 1624 triangles and 892 vertices. The diameter of each triangle
hk is constant in each region and it can be set by (®,0).

The characteristic velocity Uy is determined by the maximum velocity that we have
at the top of the courtyard. We set a constant horizontal wind of 2.13- 10~3m/s, and

due to the kinematic viscosity for the airis v = 1.51- 10~>m? /s, we obtain a Reynolds
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number such as Re = 3100. This is a small wind velocity, but for larger values the flow
becomes unsteady and the steady model cannot be applied.

Second, we set the lifting of the BCs for the problem. In this case, we choose to solve
the following Stokes equations taking into account the non-homogeneous BCs

( 1
——Aup+Vpp =0, inQ,
Re
up = (gp,0), on Ty,
[ up =0, onIl'y UIF,
where gp is a dimensionless regularization of the Dirichlet boundary condition given by
( . X — wr .
sin (7: ) , if x<a+ o,
2a
gp(x) = ¥ if a+o,<x<W-—(w+a), (2.54)
W— (o
sin (n%) if W — (@, +a) < x,
\ a

with a = 0.1.
Finally, we are ready to solve the problem (2.22). This problem is non-linear, hence
we use a semi-implicit evolution approach, similarly to (1.20) and we finish the process

when a steady solution has been reached, this is when
k k—1

2
4
u; —u
Z /|J¢l|h—h
= At

with egp = 107! and Ar =5- 1072

<€l
L2(Q)

2.4.2 Empirical Interpolation Method (EIM)

Since the parameter dependency of the turbulent eddy viscosity defined in (2.19) is
non-linear, we need a tensorized approximation to handle this term in the RB formulation.
For this approximation, we use the EIM Algorithm 5. Since it is a problem with two
geometrical parameters, the number of solutions needed to perform the EIM could be high.

We stop the construction of the EIM base when we reach an error below gy = 104,
In Figure 2.2 we see the convergence of the algorithm that finishes with a total of
77 basis functions.

In Figure 2.3 we show the normalized error between the turbulent eddy viscosity and
the interpolation for 625 parameters. The maximum error is 1.302- 10~ which means

that we have obtained a good interpolation for the eddy viscosity term.
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10 T T 3
—A—max__ plalu)yle6ll /gt | 7

|

107" 3

Figure 2.2: Convergence of the EIM algorithm.

x107

Figure 2.3: Normalized error in L™-norm of the turbulent eddy viscosity.

2.4.3 Setup for an a posteriori error bound estimate

This section is intended to detail the computation of the different items that take part in

the construction of the a posteriori error bound estimate defined in (2.50).

* For the computation of the Stability Factor (2.38) we substitute this quantity for
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Br(w) since Uy () is intended to be a good approximation of Uy (i) drawn from
the solutions that we already computed for the EIM.

To compute the inf-sup stability factor, we use the procedure exposed in Section 1.5
in [14] using the Radial Basis Function (RBF) algorithm to approximate the value
of the inf-sup stability factor for the new parameters. First, we compute f3,(u) for

the 81 solutions getting the lowest eigenvalue in problem

Find (o, Z;,) € R x X3, Z;, # 0, such that
F(u)'X"'F(u)z, = aXz,, VZ <X,

where the matrices X and F(u) are the matrices associated to the inner product
related to the X-norm (2.13) and the tangent operator d;A, this is,

ViXZ, = (Vi Zn)x, Vi, Zn € Xp,
ViF(u)Zy, = AA(UR (W), Vis 4)(Z1), YV, Z € Xp, Y € D,

resulting that B,(1t) = (tmin)'/>.

Secondly, we apply the RBF algorithm to obtain an approximation of f3,(u) for all
u € D. In this case, we stop the algorithm when the estimator is below &g = 1074,

In the RBF, we tested 729 solutions and at the end we have selected 82 parameters.

* The residual (2.49) is computed in each iteration solving a variational problem
applying the Riesz representation Theorem A.S.

* To compute the Lipschitz constant pr defined in (2.34) we need to compute N*,
A%, @*, ¢ and K}, which are easy to obtain since these parameters only depend on
D and Cy4.7 defined in (2.30). This last constant is approximated by a fixed-point
algorithm described in [15, 34].

For the first iterations, Ty () is not lower than one since the residual is still large.

While Ty (@) > 1, we use as a posteriori error bound estimator the proper T (l).

2.4.4 Offline phase

Finally, we compute the RB space applying the Greedy algorithm for the selection of
dim(Dyy4in) = 625. We stop the algorithm when Ay (1) < egp with egg = 5- 1074,
In each iteration, we use the Gram-Schmidt algorithm to orthonormalize the reduced

basis functions to improve the condition number of the reduced problem.
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10* E T 3
— max DTN(/J,) ]
—h— max, _ pAy (k)

102 F 3
103k %
A
10—4 1 1 1 | | ]
5 10 15 20 25
N

Figure 2.4: Greedy Algorithm convergence.

Finally, in Figure 2.4 we show the Greedy Algorithm convergence. We observe that
Ty (1) is lower than one when we achieve 25 basis functions, then we are able to compute
An(p) finally stopping the algorithm with 28 basis function.

It is interesting to take a look at the parameter selection. In Figure 2.5 we show the
a posteriori error bound estimator for six different iterations of the Greedy Algorithm.
As we have explained before, in figures 2.5a-2.5d we show 7y () while in figures 2.5¢
and 2.5f we show Ay (). We observe the progressive decrease of errors.

The Greedy algorithm starts with uo = (@min, Omin) as the first parameter, and
in the following iterations it selects ! = (®max, Omax)» H> = (@max, Omin) and p3 =
(®min, Omax) finishing with u* = (2.771,3) that is close to (®mean, Omean). This situation
is expected since the algorithm is catching the main information in these iterations.
This is described in Figure 2.5a.

In Figure 2.5b we still see a homogeneous distribution of the parameter selection and
that the total error is decreasing along figures 2.5¢ and 2.5d.

Finally, in Figure 2.5e we use the a posteriori error bound estimator and we see that in
three more iterations, the maximum is lower than €gp and we finish the algorithm (Figure
2.5%).
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(b) Iteration 10.

(a) Iteration 5.

(d) Iteration 20.

(¢) Iteration 15.

(f) Iteration 28.

(e) Iteration 25.

Ay(p) through the Greedy Algorithm.

Figure 2.5
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Data Case 1 Case 2 Case 3
Ay 1.21-107% 1.07-107* 1.89-10°*%
U, —Unllx | 5.93-107% 3.73-107¢ 7.28.10°¢
Efficiency 20.4 28.69 25.96
speedup 142 167 148

Table 2.1: Errors and speedups.

We have tried to keep going with the algorithm looking for decreasing the error to
Erp = 10~%, however, in a few more iterations, the algorithm has reached a point when it
selects parameters that already have been selected. This makes the reduced system be
singular, thus stopping the algorithm. This can be due to a low precision of the solution
of the linear problems that appear in the full order model.

2.4.5 Online phase

In this section, we validate an a posteriori error bound estimator Ay () and we compare
the computational time between the Reduced Basis and the Finite Element solutions.

To do this, we choose three random pairs of parameters:

e Case 1: ® =2.891m, 6 = 2.734m,
e Case2: w =2.649m, 0 = 2.65m,

e Case 3: w =2.469m, o0 = 2.923m,

and we compute the Uy, (@) and Uy () for each one studying the error between them.
This computation has been made on a Mac Book Pro 2017 with a 2.3 GHz Intel
Core 15 processor.

The computational time for the Finite Element (FE) solutions U, (i) is between 3 and
3.60min while for the Reduced Basis solutions Uy () is between 1.3 and 1.48s, which is
a considerable improvement. In the Table 2.1 we show the value of the estimator Ay (i),
the error between both solutions in the X -norm, the estimator efficiency and the computing
time relation between the FE and the RB solutions. The speed-ups factors are close to 150.

Finally, in Figures 2.6-2.7 we show a comparison between the estimate Ay () and the
real error |U;, — Uy||x. As we can see, both have the same shape and the real error is lower
than the estimate, which validates the estimate and the computation made in this section.

Additionally, in figures 2.8 and 2.9 we show the velocity field and the pressure,
respectively, for the three cases. The domain represented in these figures is Q(u)

for each case.
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Estime for velocity and pressure

Figure 2.6: Final estimate Ay ().

Error between FE and RB for vel and pres in T-norm

Figure 2.7: Final error |U;, — Uy||x.
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Figure 2.8: Velocity field for each case.
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Figure 2.9: Pressure for each case.



Reduced Basis steady Smagorinsky model
for forced convection flow

In this chapter, we afford the thermal comfort optimization of a cloister by means
of Reduced Basis modeling. We first build the RB model and then apply it to the
thermal comfort optimization of the cloister. We consider forced convection, in which the
momentum conservation equations are decoupled from the temperature equation.

We introduce the new problem in Section 3.1, bringing in the temperature to the
Smagorinsky model with the Boussinesq approximation, defining the related RB problem,
and explaining the connection with the results presented in Chapter 2. Next, we build
an a posteriori error bound estimator for the temperature in Section 3.2, following an
classical technique using the Lax-Milgram Lemma A.1.

Finally, we show some numerical results in Section 3.3 for a realistic case validating
the estimate. In Section 3.4, we also solve an optimization problem which goal is to
choose the pair of parameters that give us the best cloister configuration minimizing the
minimizing the difference between the temperature and an ideal comfort temperature

near the ground.

3.1 Problem statement

In this section, we introduce an aero-thermal model for the cloister. We modify the

Smagorinsky model (2.1) including the Boussinesq approximation for temperature.

71
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We consider forced convection in which buoyancy forces are not considered in the
momentum conservation equation. This is an acceptable approximation for moderate
temperature gradients between the ground and the outer air. We refer to Chapter 14 in [49]
for more information. In principle, a steady thermal flow governed by the Smagorinsky

turbulence model would obey to the following equations:

( —VAW+ (W- V)W =V (v(W;0)VW)+Vp=—gB(60—6y), inQu),
V.w=0, in Q(p),
(W- V)6 -V ((k+K(w)VO) =0, in Q(p),
w=(g(:p),0), on I's(p),
w=0, on Ty (p)UTr(p),
6 = 65, on I'(p),
0 = 6, onI'r(p),
—n- (k4 K (W 1)) V8) = %(9—90), on Ty ().

3.1
An additional term appears in the momentum conservation equation (3.1);, —gB(6 — 6y),
that models the buoyancy force, where f3 is the coefficient of expansion of the fluid, g
is the gravitational acceleration, and 6, represent a reference temperature.

In the energy conservation equation (3.1)3, the first term represents the transport of
heat due to the motion of the fluid and it is known as the advection term, while the second
one is the diffusion term where we introduce the eddy diffusivity &;(-; i), which usually
in turbulence modeling is assumed to be proportional to v;(-; it). At the right-hand side
we find the heat generation term Q. The coefficient k is known as the thermal diffusivity
and is defined as Kk = k/ pcp, where k is thermal conductivity, p is mass density and
cp 1s the specific heat capacity (see Table 1).

Finally, we impose Dirichlet boundary conditions at the top of the domain (I's(t)) and
on the floor ('r(i)). Moreover, we impose the heat flow on the walls (I'yy (1)), where o
is the heat transfer or film coefficient. This is stated in the last equations (3.1)-(3.1)g.

For simplicity, we do not consider any distributed heating for this problem, then
Q = 0. For a perfect gas, B = 1/, then the buoyancy term is written as —g(6 — 6p)/6.
If the absolute variation of the temperature from the ground to the outer air is sufficiently
small, then the buoyancy effects can be neglected, and we obtain a variation of the
temperature depending on the velocity, not the other way round. This is the situation

that we consider, called “forced convection”.
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To sum up, we assume forced convection, which gives us the following model

—VAWH+ (W-V)W—=V - (v,(w; u)VW)+Vp =0, inQ(u),

0 V-w=0, inQ(u), 32)
w=(g(-;1),0), onI's(u),
w=0, on 'y () UL'r(p),
(((W-V)0 -V ((k+K(W;p))VO) =0, inQ(p),
0= 95, onI’g [1,),
2)4 6=6, on Tr(R), (3.3)
—n-<<K+Kt<w;u>>ve>:p%<e—eo>, on Ty ().
\ p

where we first compute the velocity w and the pressure p in (3.2) and in a second step,
we compute the temperature 0 in (3.3).

As the velocity does not depend on the temperature, we just need to build a RB
problem for the temperature.

We start by obtaining the dimensionless problem following the same procedure as in
Section 2.1. We consider 6y = 6. where O is an ideal comfort temperature and we set
the dimensionless temperature 6* = 6 /6¢. We obtain the dimensionless equations

p

(W V9)o*—Vv*. ((Pie+ K,*(W*;u*)) V*G*) =0, inQ(u"),
0" = ﬁa on FS(”'*)a
6c
3.4)
0" = e—F, on Tp(p*),
Oc
1 % *, * * Nk _& *_ *
\ —n-<(P—e+'<t(w ] ))VG)—PG(G 1), on I'y (1),

where w = Uyw",
* * * 1 * * *
K (WhpT) = 5ovi(whp),

where we recall that v,"(w*; u*) was defined in (2.2), Pr, Pe and Nu are the Prandlt, Péclet
and Nusselt numbers defined in Appendix (A.21), (A.23) and (A.24) respectively, such

that L
=22 pe=RePr, Nu=-——
p e ePr, u o

where U i1s the dynamical viscosity. Again, from now on, we avoid the star notation for

Pr

simplicity.
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Once more, we need homogeneous boundary conditions on I's and I'r for the
temperature to apply the RB method. Following the same procedure as for the velocity,

we consider a lift Op for the temperature, thus the problem to solve will be

(W V)0 (et vt ) ¥0400) ) = ~(w- V)05, in 0w,

6 =0, onI's (1),

1 ~ Nu
\ —n- ((P—e+1<,(w;y)) V(9+0D)) = _Pz<6+6D_ 1), on Ty ().
3.5

In this case, Op only should satisfy
* Op=06s/6c onTs(p),
e Op = GF/GC on FF(#)

It is easy to define an analytic expression for Op, for example, we can take

05— 0 0
Op(x) = SOCHFXZ G—z.

(3.6)

Again, 8 = 0 + 6p is unique and does not depend on the lift choice.

We obtain the dimensionless equations. Let us consider the space

O(n)={6 € H'((n)) | Bryur, = 0}

endowed with the H} (Q(p))-norm. Then, problem (3.5) admits the variational formulation

( Foragivenu=u(g) €Y(u), w=u-+up,

find 6" = 0" (u) € () such that

®(w, 0% 60 1)+a%(6%,0";: 1) +al (w,0% 6 1) (3.7)
+d%(6%,0"; 1) = —c®(w,0p,0"; 1) —a®(6p,0"; )
—a®(w,0p,0%;u)—d®(6p—1,60";p), VO’ cOu)

\

where its solution 8" is the temperature associated to the velocity u solution of (2.4).

The bilinear forms a®(-,-;u) and d%(-,-; ) are defined by

_Nu

= — 6"0" dr,
Pe Jry(p)

1
(6", 0% ) :—/ Vo' . V6'dQ, d°(6",6":p)
Pe Jau)
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and the trilinear forms, ¢®(-,-,-;p) and a?(-,-,-; ) are given by

O (w, 0" 6" ) :/ (w- V6")6"dQ,
Qp)

a®(w, 0" 0% ) — /Q(“) (W 1) V6" VOYdQ.

Again, these forms need to be expressed as integrals on the reference domain. We
follow the same procedure as in Chapter 2 using the transformation (2.5) and defining
the matrices from equations (2.6)-(2.11).

Let define Q, = Q(i,) and by extension ®, = @(i,), then problem (3.7) reads:

( Foragivenu=u(i) €Y,, w=u+up,

find 6" = 6"(u) € O, such that for all 6Y € O,

Z Mty (W, 8%, 60%) + Yy (a (6%, 6") +afjy (w, 6°,6"; )]
e (3.8)

4 2
e, ld (6",6%) ==Y Y [migciy (W, 6p,6")
1 i=1k=1

+
l

4
+%x(ag(6p,6%) +at9,kl(w7 6p,0":1))] — Y Vo, |d] (6p—1,6")
=1

\
where for k = 1,2 and [ = 1,2,3,4:
Nu

1
0 u v u v 0/pu v upnv
- - _
ay(6%,0") e/lake 0" dQ, dy (6",0") . FW,IG 0" dQ,

c,?,(u,e“,GV):/Qukakeuev aQ, af{kl(u,e“,eV;y):/Q i (u; )0, 090" dQ,
[ [

where k!(u; i) = v/(u; i)/ Pr and we recall that v/(-; ) has been defined in (2.19) and
T'w, =IwN€y. Observe that d9(6",6") = 0 for all 6%, 8" € Q, since I'y = 0.

We assume that the velocity and the pressure are computed by the RB method
introduced in Chapter 2. Therefore, from now on, we set wy = uy +up where uy =
uy (M) € Yy is the solution of (2.3).

Now, we are able to state the discrete formulation for problem (3.8). Let ®;, be a
finite dimensional space, inner approximation of ®,. By extension, we endow ®;, with

the H& (Q)-norm. Then, we consider the following discretization in its compact form:

For a given uy = uy(l) € Yy, wy = uy +up,
find 6," (1) € ©), such that (3.9)
A8 (wy, 0N (1), 0y ) =FO(wy,0Y;1), VO €0,
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where the operators A% (wy,-,-1it) : ©, x ®, — R and F®(wy,-;u) : ®, — R are
defined by

4 2
A (WN79u GV,# == Z Z nkkckl WN,Q QV)

4
+ Y (afy(8",0Y) +afy (wy, 0%, 6" 1)) + Y | o, d] (6",6")
=1

and

4 2
FO(wy,0%: ) = Z Z nkkckl (Wn, 6p,6")

4
+ Y (agy(6p,0") +a)y(wy,6p,6%: 1)) = ¥ U |d] (6p —1,6Y).
i=1

We state the RB problem establishing RB spaces and matrices. Let @y C ®;, be the
RB space with N € N the number of basis functions

Oy = span{®’' = 0¥ ('), i=1,...,N},

where 6,"¥ (") is the solution of (3.9) for a suitable parameter p' for i =1,...,N. We
state the RB problem by

For a given uy = uy () € Yy, Wy = uy +up,
find 4" (1) € Oy such that (3.10)
A (wy, 65 (1), 63 1t) = FO (Wi, ON: ), VY € O
Note that as the solution 6y () can be expressed as a linear combination of the selected
basis functions

N
oy (n) =Y oy (p)v,

i=1

and equation (3.10) is linear, then the coefficients { Q}V}f\; | are obtained from the solution
of the reduced linear system.

3.2 A posteriori error estimator

In this section, we study the well-posed of problem (3.9), which guaranties the existence

and uniqueness of solution applying the Lax-Milgram Lemma A.1. Then, supporting
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us on this result, we are able to obtain an a posteriori error bound estimator. We follow
the procedure explained in Section 3.6 in [38].

First, we study continuity and coercivity of the operator A% (wy,-,-; ), using the
notation introduced in Remark 2.1. For simplicity of notation, we denote the reference
domain by Q instead of €,. This will not source of confusion as there are no other

domains to deal with. Hereunder, we define some constants necessary for the results.

Remark 3.1. For the next results, we introduce some constants that are derived from the

application of relevant results exposed in Appendix A.2:

» We recall the definition of the constant Cy.1 » > 0 from the application of the Sobolev
Embedding Theorem A.2 in (A.9), this is,

1651l 240) < Ca1 2116511 ), VOR € O, (3.11)

» Forall K € Ty, we apply the Local Inverse Inequality Theorem A.3 as in (A.11)
introducing the constant C3,» > 0 such that

—d/6’

HV9h||L3 < C32h ‘VQ;IJHLZ(K), VK € E,VGZ € 0. (3.12)

* We recall the constant Cry, > 0 as a result of applying the Trace Theorem A.6 on
T'w and the equivalence between the H' (Q) and H} (Q) norms, this is,

1621122 < Cr 1 llsg ) 6 € O (3.13)
We recall that wy = uy + up where uy is the solution of (2.3).
Theorem 3.1 (Continuity). For any i € D anduy =uy(l) € Yy, it holds

’AO(WN79;:N79}‘;;”’)| < Yh(l’l’)HG}I:NHH(;(Q)HG}‘:HH(;(Qy VQ;:N,G;: € ®h7

where
) , C2 B )2 d/3
* max
W) =n"Coi2IVwnll2() + + VO C3n IVwnll 3
Nu
+ C%W linlax4 \Jo,| o

where the constants Cy;1 3, C3,2 and Cry, are defined in (3.11)-(3.13).
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Proof. First, we know that

4 2 4 2
|A9(WNa9;Na9Z§#)|§ZZ kk|ckl WN’GhN’Gh +ZZ kk’akl h ", 0p)l
I=1 k=1 I=1i=1

4 2 4
+Z Z kk’atkl WNﬁ“Nﬁ/f#‘)HZ\Jd>1||d19(9;N79;)|'

We separately study each term:
* At first,
2
> X aleiw ool < [ b [V6;" 6}100
I=1k=1

<0 Iwwllz @) IV 0, 20 167 114 @)

< 0" Cha a1V 20 16 1 o165 1
where Cy.1 2 1s defined in (3.11).

¢ Next,
2 e
u u u
y Loalabr 00l < 3 [V 11v6}a < L1161 g 1Y
I=1k=1
¢ Moreover,

4 2
0 .

Z Z 711<k|at,kl(WN79;le79}Y’”)|

I=1k=1

S Vw76 vV 63k

KeT,

- Cshk)?
<V ¥ o V6 e V6 s

KeT, Pr
C2h2 d/3 .
<YV Y, Co IVl i) IV 2 1 VO 122k
KeT,

2 Cz( max)2 d/3

<7'Ve*C3,

VWl 30 IV, 12(0) IV O; 1120y

where we have used the Local Inverse Inequality (3.12).
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* Finally,

4
Nu
X e (6101 < m, o | eeyar

Nu, v
< lnllfgf4|fq>,| pe 188" 2w 160 1122y

Nu, 4
<Cf, lg}%’f‘l‘J‘Pz|%HG}ZNHH(}(Q)HG}YHH(}(Q)

where Cry, was defined in (3.13). Note that in the max operator, the /-index is
taking the values 1,3,4 since [ = 2 refers to Q, and Q, NI"= 0.

From these bounds, the continuity constant is defined as

) C§ (Han)*
() = 1" C [Vl 2 ) + ( + VO G = Vw3 g

Nu
+C1~W lmax \Jq>l|P—e

and the dependency on u takes places through wy = uy +up. ]

Theorem 3.2 (Coercivity). For any L € D and uy =uy(lL) € Yy, let us suppose that
lwn — wHH(} ((u)) is sufficiently small. Then it holds,

A% (w, 05, 61 ) > B(p) 65 17 v6," € Oy,

Q)

where

()

and

env(p) = C412lm§§4|J¢;|/2||WN W||H Q)

Proof. Let us recall that

4 2
A% (wy, 6,6, ) = Zznlikckl (Wn, 6, 6,™) ZZ a6, 6,)
I=1k=1 i=1k=1

2
+ Z?’lkatkl (wn,6,",6,";11) +Z|J¢;|d1 (8,",6,).

1 k=1 =

-

-~
|

It holds

™=

2
Y Yuai (6", 6,") > _eHVQI?NHiZ(Q)

I=1k=1
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and

4 2

v 2
Y Y taalu (W, 6.6 1) > 7 Z/ B g gk
I=1k=1 KeT,

z . . uy (2
> Prgélgvt(WN,ﬂ)Hveh ”LZ(Q)

We bound the boundary term by
4
Y. Vod? (61" 6") 2 min, |J¢,|/ 0 dT = min |Ja|6}" [}, > 0.

Finally, we upper bound the last term and we prove that it is sufficiently small not to
affect the coercivity. We have

4 2
Z Z nlikckl (Wn, 6,",6,") = / (wy - V)w;,lN)de
I=1k=1 Q(u)

:_1/ Vown(6M)2dQ  (3.14)
Q(p)

Since wy = uy +up and uy is the solution of problem (2.26), it verifies that for all
gn € ON,
/ V. WNGN = 0.
Q(u)

Therefore, wy is weakly divergence free and we can not ensure that (3.14) is null,
since we can not guarantee that (6;: N )2 belongs to Q. However, w solution of (2.1) is
divergence free, then

V-wy(63Y)? dQ‘ —
/Q(u) N

V- (wy—w G“deQ‘
gy ¥ O = w0
< IV(wy = W)l 22 ((un OV )l 20y

= [|lwy — W||Hg Q) ||9]l\;NH%,4(Q(u))

oN|I7 = (/ oN" 4) = / Jo,|(O5)*
168" 1+ = ( Joy (V) L |, Vel (6)

1/2
< T (12 /9“N4
s (Q<N>

— 1/2) gun
max o 108 g

Hence,

12
<C4lzl I{1£21X4|Jq>| / ||9uN||H1
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where the constant Cy.; > is defined in (3.11). Then,

4
en(u) 2
1—21];1 kkckl wNaeque;llN) > = D) Hell\-}NHH(%(Q)

where

en(p) = C41211{1§§4’J¢z’1/2||WN W||H1 (Q(w))

Finally, the coercivity constant is

ﬁ(#)z?( 1 +mmV<WN;ﬂ>> e

Pe xeq  Pr 2 7
which is positive for small enough ||wy — WHH(}(Q(”)). O
Remark 3.2. If N is sufficiently large, then we can obtain that |wy — w|| (@) T

be sufficiently small to guarantee that B(l) be positive and in this way, to ensure the
coercivity of the form A9,

Once we obtain the continuity and coercivity factors, we are able to infer an a

posteriori error estimator.

Lemma 3.1. Let g € D. We denote ¢," (1) = 6, (1) — 63" (1) € Oy, the error between
the high fidelity solution of problem (3.9) and the reduced solution of (3.10). Then,

1% (w; 62" (. ))”@Rn vl 122 (ww: 05" (1))l
(K Hy(@) = B1) ’

where the residual operator Z(wy;0y" (1)) € O, is defined by

(3.15)

(% (wn, 63" (1)) 67) = FO(w, 0 0) —A® (wn, 63" (), 63 1), Y6}, € O,
Proof. We represent Z(wy;-) in ®), by means of the L?-inner product by r(wy) € Oy
(r(wn),0))a = (Z(wn; 08" (1)), 6), V6 € 6. (3.16)
Now taking into account that the problem defined by ezN can be expressed by
AG(WN,eh INES (WN,B"N Gl;u)—Ae(wN,G;\}N,G,f;u)
:FG(WN,GZ;}I,)—AG(WN,G;\}N,GZ;#) (3.17)

= (Z(wn: 65" (1)), 6;)-
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and thanks to the continuity of the operator A% (wy,-,-; i) in Theorem 3.1, it holds
(W), 8 )l = 14 (w8 1) < () € g o 18 -
Due to the definition of dual norm, we obtain that
12 (w62 (1)) oy, < T 111 -
On the other hand, we apply the Lax-Milgram Lemma A.1 to the problem (3.17),
122 (ws 64" (1) e,

ey @) <
b R B(n)
[
Remark 3.3. In view of the preceding lemma, we state an a posteriori error estimator as
follows
12 (wn: 05" (1)l
Agn(l) = b (3.18)
| Bu)
Then the estimation (3.15) can be rewritten as
Ag.n(K)B(H)

’}/h(“) S ”ehN(l'l')HH&(Q) S A97N(I‘l’)'

The efficiency is the quotient between the upper and lower bounds of the error, and in this

case is v,(1)/B (1) forall p € D.

3.3 Numerical results

In this section, we apply the RB method to problem (3.9) computing the RB spaces
using the estimate (3.18).

We consider the velocity field uy € Yy solution of (2.26), for this reason we keep the
same domain configuration as in Section 2.4.1. Again, we recall that wy = uy + up.

3.3.1 Problem statement

We set the floor temperature equal to the comfort one that we assume to be 295.15K
(22°C). We assume that the temperature of the outer air is 303.15K (30°C). Since the
characteristic temperature was chosen as 8¢ = O, the dimensionless temperature on
the floor should be 1, and 1.4 on the top.

We set the Prandlt number associated to the air equal to 0.71 and the Nusselt number
associated to the transfer of temperature at the walls equal to 2 (cf. [4]). The Péclet
number appearing in the temperature equation is defined by Pe = RePr. Considering
that Re = 3100, then Pe = 2201. Finally, we set the parameter set D as in Section 2.4.1,
that is 4 = (w,0) € D = [2m,4m] X [2.5m,3m].
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3.3.2 Offline phase

We again use the EIM applied to approximate the eddy diffusion, taking into account
the approximation of the eddy viscosity, already computed in Chapter 2.

In this case, the computation of an a posteriori estimator is simpler than the one
developed in Chapter 2. Besides, we need to compute an approximation for the coercivity
constant for each g € D and the residual associated to the problem (3.9).

To compute the coercivity constant, we apply the same procedure as for the inf-sup
constant in Chapter 2. We compute f3;, () for 81 pairs of parameters with the procedure
described in Section 3.7 in [38], solving an eigenvalue problem, and then, we apply the
RBF algorithm explained in Section 1.5 in [14]. We stop the algorithm when the estimator
is below &g = 10~* testing 729 parameter pairs and selecting 82 parameters.

For the residual, we use a representation r(uy) in ® as in (3.16), solving a FE
problem.

Finally, we compute the offline phase stopping the algorithm when Ag x(K) < €9 grp
with &g pp=5- 1073, Again, we orthonormalize the RB functions using the Gram-Schmidt
algorithm with H& (Q)-norm to the temperature space ©,. Along this phase, we have tested
a total of 625 parameters. In Figure 3.1 we can see the Greedy Algorithm convergence.

It stops when 17 basis functions are selected.

3.3.3 Online Phase

In this section, we compare the computational time for the full discrete model and the
RB model, and we validate the a posteriori error bound estimator Ag x(1).

We select the three random cases, already chosen in Section 2.4.5:
e Case l: w =2.891m, 0 = 2.734m,

e Case2: w =2.649m, 0 = 2.65m,

e Case 3:  =2.469m, o = 2.923m.

First, we compute the high fidelity problem (computing 6," (i) from u,, () solution
of (2.22)) and the full reduced problem (computing 65" (1) from uy(g) solution of
(2.26)). We measure the error between both solutions and the time that takes to compute
them and we compare them to obtain the speedup.

In the Table 3.1 we can observe the committed error in H& (©)-norm and the speedup.

As we can see, the errors are admissible and we reduce the computational time from
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Figure 3.1: Greedy Algorithm convergence.

Data Case 1 Case 2 Case 3
16" — 63" [l ) | 5-10403- 107% 6.24142-10~* 1.09348- 1073
speedup 134 146 156

Table 3.1: Errors and speedups.

3.5min to 1.33s. This computation has been done on only one processor of a cluster
with CPUs AMD EPYC 7542 2.9 GHz.

In order to validate the a posteriori error bound estimator Ag y (), we consider
the finite element solution 6," (1) computed from the velocity uy(f) and we compare
the error between 6, () and OyY (i) in the H} (Q)-norm and the estimator Ag ()
for 625 pair of parameters.

In Figure 3.2 we show two graphics in 3D with the same limits in the axes. In
Figure 3.2a the vertical scale goes from 5.03- 10~ to 5- 10~ and in Figure 3.2b it
goes from 1.61- 1072 to 1.6- 1073, Both graphics have the same shape and the estimate
is above the error between the finite element and the RB solution. With this, we can
validate our estimate for the temperature.

Additionally, we compute the estimate and the error for the three previous cases of

parameters. The full high fidelity model computes the temperature associated to uy, (i),
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Estime for temperature x10% Exact error between FE and RB for temp x10*

35
0.5
2.6 3

(a) Final Ag v (R). () (16" = 5" 131 )

Figure 3.2: Validation of the estimate.

that is, 9;; "(1), however, we are using the temperature associated to uy (), that is,
9;; V() as the high fidelity solution. We show the results in Table 3.2 and we also see

that ||6," — 63" 1) 1s close to || 6," — 6y" 51 () at least for these three cases.

Data Case 1 Case 2 Case 3
18, — 63"l 171 () | 5-10131-10* 6.30339-10°* 1.11298-10°
Ag N 1.76917- 1073 2.78895-10% 3.81012- 1073
Efficiency 3.47 4.42 3.42

Table 3.2: Validation for the three cases of the estimate.

Finally, in Figure 3.3 we show the temperature in Kelvin (K) for the three cases. It
is interesting to compare them with the velocity field shown in Figure 3.4. We observe
that the highest temperate values are in the biggest eddy, while the temperature keeps
colder in the corridors as expected from buoyancy effects, even if these have not been

taken into account to compute the velocity.

3.4 Application: geometrical optimization of a cloister

In this section, we optimize the cloister geometry with the goal of maximizing the comfort
measured as the difference between an ideal comfort temperature and the computed

temperature, in a region where the visitors of the cloister may find themselves. To do
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Figure 3.3: Temperature for the three test cases.
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Figure 3.4: Velocity for the three test cases.
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this, we define the “thermal comfort” functional ¢ : D — R* by

1

_ . 2
/(u)——ﬂ(gﬂm))/gﬂ(mw(u) 6c a0 (3.19)

where o7 (Q) represents the area of Q, Qp() = ;1 C Q(p), 6(p) is the solution
of (3.3) and I represents the set of indices of the domains where the visitors of the
cloister may find them selves. The purpose is to minimize this functional for g € D

and choosing Qg depending on our interest:
» we choose I = {1,2,3} if we are interested on the ground floor,
» we choose I = {1,3} if we are interested on the corridors.

We have to solve the constrained minimization problem
=arg min Zy
Hop = arg min ()

where D, is the set of admissible parameters from the architectural point of view.

Instead of applying optimization methods to solve the optimization problem, we
compute the functional for a training set Dy, C D,y and we directly look for the
minimum. This is possible thanks to the RB solution of the temperature equation, whose
computational cost is very low. With this method, we obtain additional information about
the functional based on the parameters and in particular, the minimum.

Since we assume that 6,V (i) is a good approximation of 6(f) solution of (3.3)
and we build 6y" (@) from 6," (@), we can say that we are not loosing the important
information on the temperature behavior using the RB method for (3.19) with 6 = 6",
denoted by Zn(M).

Again, we select a total of 625 pairs of parameters and we compute _#y (M), this
takes less than 16 minutes of computing time. We remember that 65" (i) solution of
(3.10) is a dimensionless variable defined on Q, with 8" = 0 on I'sUI'r, then we need
to set the Dirichlet boundary condition 6p to Q;N (u). In practice, we need to define a
dimensionless functional _#y () and for simplicity, we define it on Qg(u,.).

On one side, we know that the physical dimensions of the functional in (3.19) is 902,
then we define 7y = Zy/ 93. On the other side, we use the mapping defined in (2.5)
to define the functional on Qr(u,). Finally, we obtain that

* o 1 u 112
AN = g I L Ve 68 () + 60— 10, (3.20)

icl



88 3.4. Application: geometrical optimization of a cloister

500
2350
2400 550

2350 500 450

2300
2300 450

400 400

2250

2250 350
2200 X
200 350

2150 250
2200 300

2100 200

2050 150
4 250

2150 4

2100

(@) Zn(p) forT={1,2,3}. (b) Zn(p) forI={1,3}.

Figure 3.5: Computation of the functional for 6" (i).

where ‘
M*(H;u)=2/ ey, |dQ = v ?fﬂ_{l’“} : (3.21)
o1/ 200 ifI={1,3}

In Figure 3.5 we show the functional _#y(u) for both cases. In these graphics,
we can see that the functional minimum it is achieved for a corridor width of 4m and
a height of 2.5m, which correspond to the maximum width and the minimum height
of the corridor. This makes sense since, with this configuration, the air barely flows
through the corridors, it stays in the interior of the courtyard and does not carry the hot
air that comes from the top of the corridors.

In the hypothetical case that the corridors were higher, the horizontal flow that comes
into the corridors would be increased, and so would be the temperature. Similarly, if the
corridors were narrower, their area would decrease and so would the amount of air in
them, on the contrary, it would not affect the flow that comes into the corridors.

A Mac Book Pro 2017 with a 2.3 GHz Intel Core 15 processor takes 7.79min for case

I={1,2,3} and 8.04min for case I = {1,3} using two processors.



Open problems

To consider more realistic situations, we set some open problems related to the

modeling carried on this part:

(1 Extension to free convection, where buoyancy effects are included in the momentum
conservation equation. An estimator involving velocity, pressure, and temperature

must be developed.

[ Cloister modeling in 3D. It may be necessary to change the mapping & developed

in (2.5) and the corresponding a posteriori error estimate.

[ Inclusion of radiation effects Q to the problem using the previous modeling in
3D. This is necessary since radiation depends on the position of the sun and this

movement is in 3D.
[] Inclusion of unsteady and seasonal effects.

[J Inclusion of tempering elements in the cloister, such as fountains, vegetation, etc.
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Part

Unsteady Reduced Smagorinsky model






Numerical approximation of transient
Smagorinsky model

We are interested in the development of an a posteriori error bound estimator using the
Brezzi-Rappaz-Raviart (BRR) theory (cf. [8]) for the transient Smagorinsky model. To
do this, it is necessary to define the problem on Hilbert spaces, therefore, we study a
priori estimates of the time-discrete Smagorinsky model and the conditions to formulate
the problem on these spaces.

We introduce the problem to study in Section 4.1 and we develop the a priori estimates

for velocity and pressure in Sections 4.2 and 4.3.

4.1 Problem statement

Let be © a bounded polyhedral domain in R?, with d = 2,3 with the boundary domain
I'=0dQ. Let Ty > 0 be a chosen final finite time, then, we define the interval I, = (0, Ty)
and Qr = Iy x Q.

The {7} }1>0 be a uniformly regular family of triangulations of Q and / the maximum
diameter among every element K € 7j,.

Now, we are under the conditions to define the following unsteady Smagorinsky

Model with homogeneous Dirichlet boundary conditions:

93



94 4.1. Problem statement

Find (u, p) such that

.

1
Ju—V- ((ﬁ—f—v,(u)) Vu) +(u-V)u+Vp=f inQr,
Vou=0 in 07, 4.1
u=90 onlyxT,
( u(0,-)=0 in Q,

where = Re the Reynolds number is considered the parameter for this problem, u is
the velocity field and p is the pressure per mass density. Moreover, f € L?>(Qr) is the

source of the problem and the eddy diffusion term is given by
vi(w) =} (Cshg)’|Vugg|x, (4.2)
KeT,

where Cs is the Smagorinsky constant. The parameter y belongs to a suitable parameter
set D C R.

Remark 4.1. For simplicity, we select an homogeneous boundary and initial conditions
for the problem (4.1). However the results exposed in this chapter can be extended to

general boundary and initial conditions, using a lift function as in Part I.

To establish a weak formulation of the problem (4.1) we consider the following

Banach space
13
Wy (Q) ={ve W' (Q):vr=0}

equipped with its natural norm. We consider the following weak formulation of (4.1):
Find u € H'(0,T5;L3(Q)) N L3(0,T;;W,>(Q)) such that u(0,-) = 0 and
p € L*(0,Ty;L3/*(Q)) solution of the problem

)
/ ou-vdQr +/ (l +vt(u)> Vu:VvdQOr —/ pV-vdQr
Or or \H Or
+ [ ¢V-udQr —1—1 (u-V)u-v—(u-V)v-udQr (4.3)
Or 2 Jor

= f- VdQT
\ Or

for all v € H'(0,T7; L2(Q)) N L3(0, Ty; W, > (Q)) and g € L2(0, Ty; L3/3(R2)).
The existence and uniqueness of this problem has been deeply studied. Due to the

lack of regularity for the velocity in the equation (4.1), it is usual to define the velocity on
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divergence free spaces to recover the pressure using the De Rham Theorem (c¢f. Theorem
3.11in [12], Theorem B. 73 in [18]). One proof for divergence free spaces can be found
in Chapter 6 in [25] by J. Volker, who follow the proof presented by Ladyzhenskaya in
[30]. For the pressure, the space L3/ 2(Q) is a Banach space, therefore it is not possible
to apply the BRR theory with this space.

However, in practice, we use a discrete model as the high fidelity solution, therefore
we would like to study this model instead of (4.3).

We follow the Space-Time Discretization presented by T. Chacén and R. Lewandowski
in Section 10.3 in [12], choosing € = 8 = 1 obtaining the full implicit Euler scheme and
we follow the proofs for the a priori estimates developed in Chapter 6 in [25] by J. Volker.

First, we set the discretization in time using a semi-implicit Euler scheme. Let L be a
positive integer that defines the number of time steps that we are considering, let be the
time step At = Ty/L and consider the discrete times of solution #; = kAt, k=0, 1,... L.
Let u* be the approximation of u(z,-) for any k =0,1,...,L.

Then, for the space discretization, we define two discrete spaces ¥;, C W!3(Q) and
Q) C L*(Q) that are inner approximations, where the subscript /& > 0 denotes the mesh
diameter. The norms associated to these spaces will be described by the a priori estimates
along the chapter.

From the initial condition in (4.1), we set ug = 0. This setting gives us the following
model:

Fork=1,...,L, and assuming known u];fl €Yy, find (u’;l,p’,‘l) €Y}, x Qy, solution of

1 k gk 1 k—1 Gk 1 k gk
Em(“hvvh) - Em(uh V) Ea(“hvvh)

4.4

ar (o, vE) + c(ul ub vE) +b(vE, pf) = (F VE)a. WVE € V), 4
b(uﬁaqﬁ) =0, Vclk € On,

where ¥ is the average value of f in [;,_1,%], the bilinear forms m(-,-), a(-,-) and

b(-,-) are defined by

m(u,v) = / u-vdQ, a(u,v) :/ Vu:VvdQ, 4.5)
Q Q
MW@:—/VNﬂﬂL 4.6)
Q
the trilinear form c(-,-,-) is given by

c(u,z,v) = %/Q(u V)z-v—(u-V)v-2dQ,; 4.7)



96 4.1. Problem statement

and the nonlinear Smagorinsky term, a,(-;-,-) is defined by
a(u;z,v) = /Q v;(w)Vz: Vv dQ. (4.8)
To simplify the notation, we shall consider the following discrete functions:
* ¥, :(0,Tf) — Y}, is the piecewise constant function defined by
Vu(r) ;= vhifr € (e_1,1).
* gn:(0,Tr) — Qp is the piecewise constant in time function defined by
Gn(t) =gk ift € (tg_1,1).

* 9V, :(0,Tf) — Yy is the discrete derivative of ¥, defined by

ko okl
3 V=V
V(1) := hTh if 1 € [te_1, 1]

o £:(0,7T7) — L?(Q) is the piecewise constant in time function defined by f(z) = f*
ift € (tr_1,t).

We can define Y}, as the space formed by the piecewise constant functions that belongs to
Y, and ), formed by the piecewise constant functions that belongs to Qy.
Furthermore, we can define an equivalent problem to (4.4) as follows:
Find (ii,, p;) € ¥, x Oy, solution of

ke ... . o
(0] iy, V) + Ea(umvh) + a; (T3 Ty, V)

alx = Y. r . 4.9
+&( 0,8y, 0) +b(Vi, pr) = (£ V)0, V€Y, (43)
b(@,Gn) =0, Yan € O,
where the forms (-, -), a(-,-), b(-,-), &-,-,-) and &@(-;-,-) are the same as the forms

defined in (4.5) - (4.8) by changing the integration domain by the time-space domain
Or = Iy x Q, instead of Q.

Note that for a given Banach Space X and any n € N, the continuous norms applied
to the piecewise functions ¥ : (0,Tf) — X such that ¥(¢) := v¥, for all t € (t;,_1,%) and

k=1,...,L are related to its discrete norms, this is,
7 1/n L 0 1/n L 1/n
- ~ -~ k
o= ( [ 50Ias) = (Z / Hv(s)Hszds) = (Zmnv Hsz) ,
0 k=111 k=1

and

~ = k
V|7 = max ||V{f = max ||V .
¥l = max [¥0)llx = max ¥l
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Remark 4.2. We shall denote by C a constant that may change from one to other

occurrence, but which always is independent of h.

I ~
Remark 4.3. Note that, since f* = + t 1f(s) dsfork=1,....L, then ||fl|1»x) < [fllzrex)
for any Banach space X. This result is well know, however, we follow with the proof for

more completeness. This is, for any n > 1

Il = / ||de—z / ||de—zm|v*||x

n n

si ([ woleas)

lk
S S
k-1

L
=Y Al
k=1

Using the Holder’s Inequality A.1 on the interval (ty_1,ty),

T Z ([ d)(/ )l as) - Z [ s =g

4.2 A priori error estimates for the velocity

In this section, we will derive some a priori error estimates for the velocity in terms

of norms in time and space.

Lemma 4.1. Assume that f € L'(0,Ty;L*(Q)) and (iip, py) € ¥y x O, is a solution of
(4.9). Then this solution satisfies

#nllz=(z2) < ClUfll 1 z2)- (4.10)

Proof. Forany k=1,...,L, (u’ﬁ,p’,;) €Y, x Oy, is a solution of (4.4). We take VI;l = ufl

and we obtain from the first equation in (4.4),

1 1 1
o)~ Lm(uf )+ Latul o)

+at(uli{z’u§zauh)+b(uh Ph)‘i‘c(ul}ia“h,“h) <fk “h)

We note that

k .k k2 k ok ok
a(w, ) = ”VuhHLZ(Q)7 c(uy,wy, ;) =0,

and that b(u’g, plfl) = 0 since u’;l verifies the second equation in (4.4).
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Furthermore, using the property (A.3) and multiplying by 2A¢ we obtain:

||“IZ||1%2(Q)—||“ﬁ_]||iz(g)+||“lfl 1||L2 +2uAt||V“h||L2
+2Ata, (uf 0k ub) = 240 (FF 0k ) (4.11)
Then, as a,(ufl;ufl,u’;l) > 0, we have
122 ) — I 22 ) < 20 (F )

Summing for k = 1,...,m for some m > 1, we obtain:
|uj; HLz <2ZN fk “h Q<22AtkaHL2 HuhHL2 <2ZAfokHL2 HﬁhHL‘”(Lz)
Taking the maximuminm=1,...,L:

L
16 22) <2 Y, Al 20y = 2082 22) < 201l 22
i=1

and therefore we obtain the result for C = 2. L]

To take into account the eddy diffusion effects in our estimates, we consider the
following norm. Let X C H(} (Q) be a Banach Space, we define the turbulence inner
product (-,-)r in this space as

1
(v,z)7 :/ {E —|—v,*} Vv:VzdQ, Vv,ze X (4.12)
Q

where v} = v,(u(f1)), with

[ = arg min { Z (CshK)zgglf{l |V“(X;N)|K‘XK} )

HED | keT,

where u(pt) is the minimum on time of the solution u(-, it) of (4.3) for u € D.

Remark 4.4. The norm associated to the inner product defined in (4.12) is equivalent to
the H} (Q)-norm.

We shall denote by || - HLITz (i) the norm in LP(0,Ts; H) (Q)) defined by

Ty 1/p
Mgy = () IvOar)  for 1< p < s @13
V|| ;eoyiy = max ||V(¢)||T, 4.14)
IR (OTf)H @)l

where the 7-norm is induced by the inner product (4.12).
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Lemma 4.2. Under the same assumptions of Lemma 4.1, it holds
_ | - _
oy + 5 190 0+ (Cotoin Va0 < My (415)

where hpyy, is the minimum size of all elements in the mesh Ty,

Proof. From (4.11), we sum fork=1,...,m

m
o722 +22Ar(u||Vuh||Lz ) anulzulul)) < 32000 uj)g
We observe that

a(wyiug, ) = Y (CShK)z/KW“IZPdKZ (Cshmin)* | Vi 1730y
KeT,

In particular,

190y + X0 V0 0+ 10 A Colin* V0 ) < 10 200
k=1 k=1 k=1

Moreover, thanks to (4.10)
S k
Z Ar(f€,uf)q < ZAtkaHLZ w20
- N ~
<2) Arflfl 2 Bl 122y = 210FI7 12y < 2018017 12
k=1

Taking the maximum in m = 1,..., L, we obtain the result. ]

Corollary 4.1. Under the same assumptions as in Lemma 4.2, we also obtain
([ +HuhHLz <CHf||L1 (12): (4.16)

Now we prove some estimates for ||Vuf || o Withk=1,...,L.

Corollary 4.2. Foranyk=1,...,L

—d/6, —
IVabll3) < Crahd *Ar =2/ 20 |f 1 1) (4.17)

Proof. Let us consider the Inverse Inequality Theorem A.4

~d/6
mln

||V“h||L3 < C3ph HV“IZHB(Q)

1/2
m
< Cayy A" <Z Ar ||Vu’,§||§2(g)) = Caahyil AV | 2y

min min
k=1

Continuing this estimate with (4.15) we get the result. O]
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Corollary 4.3. Foranyk=1,...,L
Vathl| 3y < A2 (Cstrmin) V2117, (4.18)
Proof. 1t is straightforward that
IVukll) < AP Vi,
Then using the estimate (4.15) we get the result. [
Corollary 4.4. Foranyk=1,...,L
1Vufll0) < 2C1 shin Il (4.19)

min

Proof. We use the Inverse Inequality Theorem A.4

1-d/6 d/6 ~
1Vubllzs() < Crshiy 10k li200) < Craahyiy 18] -2,
Then using estimate (4.10) we get the result. U

Remark 4.5. Applying the Sobolev embedding Theorem A.2, we obtain that W'3(Q)
LS(Q) for d = 2,3. This is, there exists a constant Ce:1,3 > 0 such that

a5 (4.20)

This inequality will be used along the proof of the next lemma.

Lemma 4.3. Under the assumptions of Lemma 4.1 and assuming that f € L*(Qr), it
holds

‘e | - .
19; "hH%Z(QT) + ﬁ”vuh”iw(y) + (CShmin)ZHV”thm(LS)

8/3 2/3
< Crexp (Col WIZ0 2, ) oS 0y + 1220,y 421)

where C1,Cy > 0 depends on Qr and with At sufficiently small.

Proof. We take the momentum equation (4.4) and we chose as test function
k _ 3k k—1.
Vv, =w —u
k k—1
W, W,
At

+a(uj, w, — ) o+ a (), wf — )

(@)

At

+e(u, w, wy —w ) = (F w —w o,
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Then,
2
k k-1
u —u
Ar|| b —HV“hHLz +“t(ulfz’ulﬁ7ulfz u )
At m
L2(Q)
:—c(uﬁ,u’fl,ulfl u’,; l)—f—a(uh,uh )+ <fk uh “h >Q.
Wesumfork=1,...,m
m k k—1 2 m m
u,—u, 1 k(2 kb uk — k!
ZA’ Ar +_Z||V“h||L2(Q)+Zat(uh’uhv“h uw, )
k=1 12(Q) 'u'k:1 k=1

<fk “h >Q

|M§

m m
= Z a(ul}c“ui—l) - Z C(llz,lll}c“ll];l uh )
k=1

The main idea is to compensate the right side with the left side. We will treat each

term individually.
* First, we use the property (A.4) to obtain
1 ¢ ko k-1
Ek; (g, w, ) = Z
1 k=112
—||VuhHL2(g)+§HV“h HLZ(Q)
(@) @)

1 m
VUil 720+ EHVuh ;

* We integrate by parts for the antisymmetric term obtaining

- k—1
Z uh?“h?“h )=
m k k=1 m k_ gkl
P W, 1 k u,—u, k
g’ ( umT)Q_EZAt((uh.V)T,uh)Q

m ko k—1 m kK ok—1
_ k Wy Wy 1 k ok YUy
—kE]At ((uh- V)uh’—At >Q+§ Eﬁ At (V-uh,uh- v )Q

l\.)l'~
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We will study each term separately. Using the property (A.5) with ¢ = 1/2 we

obtain that
m k—1
uy —u
Y A ((u’,‘l V)uk, -k )
k=1 A
Q
m k—l 2
<Y 2At||(u)- V u,1||L2 +— ZAt
k=1 Lz(.Q)
It holds

16 )0 ) = [ 100 Vutl 02 <3 [ (uf-u) (V- Va0
< 3||uZ||i6(Q)||VuZH%3(Q)
< 3Cé;173||Vu]Z||‘L‘3(Q)

Henceforth,

m uk uk 1
= At
= Q

k—1 |2
—u
<6C613ZAt||Vuh||Lg + = ZAt h
L2(Q)
On the other hand,
1 & uk —uf!
k=1
Q
1 & uk —uf!
QZ At V|3 o) 105l s %
k=1 L2(Q)

Using again the same Sobolev embedding and the property (A.5) with the constant
equal to 1, we obtain that

m uk uk 1
h h
k=1 Q

Co:13 v

NIH

uk k1|2

h_uh

<

Z AtHVuhHL3 + = Z At

2(Q)
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Summing up,

103

m _ 1 m
Z c(ujup uy —uy 1) < (12C¢, 5 +C6;1,3)§ Y AIHV“]ZHi3(9)
= =1

1 m uf —ul! 2
RN
k=1 L2(Q)
» Using again the property (A.5) with ¢ =1,
m m k k—1
fk _ u, —u,
= = Q
m k—l 2
<Y t||f"||L2 + = ZAt
k=1 L2(Q)
* Using now the property (A.6),
m m
Z (uf, uf uf — Z Z (Cohic)? (| Vuh| Vuth, Vulf = Vul 1)
k=1 k=1KeT,
> Z CShK Z HV“ﬁH;(K)_HVUﬁ1“23(1@]
Ken k=1
m 1 m
=2 ¥ (Cohe Va2 5 (Cohain) V0 5
Ke77,

Summing up,

- u’fl—uﬁ” 1 & k2 1 2 m||3
y | 19022 5 (Coltmin)? V07 s g
k=1 LZ(Q) k=1
1 m—1
< - HVU]ZHiz(Q HV ), HLz +— ZAtHVuth
H = k=1

k
uy

NI*—‘

“h

k 2

2(Q)

m
+ Y A7
k=1

—~

Q)
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where C* = 12C§; 131+ Ce:1,3, and we obtain that

2
ok — k!

m
Z At
k=1

1 2
L a2, g+ 2 ot IV
o) M

<CY MVt g +2 Y AT, (422)
k=1 k=

Let us prove a bound for Viij, € L*(0, Tf;L3 (Q)). From the previous expression,

3
3 * ): Z
IVuy s o) = 2(Cshin ) (C MVl e 2 X A )

Then, we apply the discrete Gronwall Lemma A.3 using k = At, B=0 and

am = ||VU}|[73q)s bm =0, em =2C"hy, 2||f"||§2(g)

min

Y = C'C s | VU [ 3

where C' = —.
In order to apply this lemma, we need to guarantee that Ar7y,, < p with p < 1 for all
m=1,...,L. From Corollary 4.4 we obtain that

1-d/6
At||Vuy || 3 @) < 2C1 30A8h ;o /||f||L‘(L2)

Then, multiplying by C'C*h_>

min’
At < 2C1 32C'C At I8 112y < p
if and only if
3+d/6
A min

= 20030 My ©
for some p € (0,1). We select Corollary 4.4 since it seems to be the least restrictive
compared to Corollary 4.2 and 4.3.
Now, applying the discrete Gronwall Lemma A.3,

m i At’}/k /1y —2 2
Hvuh HL3(Q) < exp (]; 1 —At’}’k> <2C hmln z:lAtkaHLZ(Q)

1 m
S CXp (m Z At’}’k) . <2C hmlzn Z Al”fkniz(g))
k=1 =1

k=1

* 2
— CC hyiy At||V 20072 Y Ar||ff)?
- Xp 1— P Z t” uh”L3 mmz l” HLZ(Q)
=1
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And taking the supreme inm =1,...,L,

) C'C*h?
IV ]| (g5 < exp (1—;‘”‘||Vuhllu 3 ) (2C hmfnllin%QT))

The exponential term is bounded since Vi, € L3(0,77;L3(Q)) from (4.15) and
L3(0,T¢) = L'(0,Ty), then, there exists Cr, > 0 such that

3 /
2/3

[Vl ) < C/Tf||Vﬁh||L3(QT) < (Cshmi )2/3 I£1]73 (L?)

with this, we have proven that @, € L(0, Ty, W13(Q)).
Again, since L(0,Ty) <= L*(0,Ty), there exists Cf, > 0 such that

IVl 213) < CF, | Vgl = 13)-
Then, taking the supreme inm = 1,...,L in (4.22) we obtain
10783207y + 21 V00 1)+ (Coloin 5 IV - 3
< C*HVﬁhHi“(H) +2||f|‘%2(Q )
<€ (i) IVl )+ 18122 0,

. 4C'C*h 2
< C*(C7,) exp (Tp‘m“HVuhHU L3 ) (QC/ minllf172(0 ) +fl72(0,)

a2 eyt

* 2/3

<16 (C,CY exp | ——z—L 817102, | BI85, + IE 720
G (1—p)

and we obtain the result. [

Corollary 4.5. Under the same assumptions as in Lemma 4.3, we also obtain

_ 2 _ 2
Haz*uhHLZ(QT) + HuhHL;(Hé)

—-8/3 2/3
< Crexp (Calal W15 ) ) P12 1)+ 220,y (423)

where C1,C> > 0 depends on Qt and At sufficiently small.

Remark 4.6. We are working with the Smagorinsky model, therefore we have set a mesh
Tn with h > 0. The Lemma 4.3 shows an estimate with negative power on hy;, which

should not be a issue since hpy;, # 0.
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4.3 A priori error estimates for the pressure

In this section, we develop the usual a priori estimate for the pressure in L2(Q)(0, T; L32(Q))
and using an Inverse Inequality, we obtain an a priori estimate in L?(Qr).

Lemma 4.4. Assume that f € L*(0, Tf;H_1 (Q)) and (iiy,, pp,) € ¥, x Oy, is a solution of
(4.9). Then it holds

. o I o .
||Ph||i2(L3/2) <C (Haz uh”%z(QT) + E”VW’”%Z(QT) + ((CShmaX)4 + 1)||Vuh”i4(L3)

Hlinlfags) + W21 ) 429
where C > 0 is a constant that depends on Q.

Proof. From the momentum equation of (4.4) for V];l = vy, €Y, we have that

koK1
u; —u 1
(P5,V-vi)a = (hTh,Vh> + H(Vuﬁi,VVh)m (vi(uf)Vu}, Vi)
Q 4.25)
1
+5 [((“IE' V)uf,vi)a — ((uf - V)vy,ub)a| — (. vi)a
then
k-1
u, —u 1
(P, V- Vi)a < % ”VhHLz(Q)+HHvul;;HLz(Q)HVVhHLZ(Q)
L2(Q)

1
+ (Cshmax)* V1173 o) V¥l 3 ) + §||“]f,||L3(Q) IVl o) 1¥all3 @)

1
+ EHulszD(Q) 199l 23 105l 23 @) + I 1) V¥Rl 20
(4.26)

If we use the Inf-Sup Condition Theorem A.8 for p; = 3/2 and p, = 3, there exits a
constant & > 0 such that

(V'Vhapk).Q
allpillprg < sup =

) 4.27)
viEW13(Q) ||vhHW1,3(Q)

Now we try to get a bound of (4.26) depending on ||v,||yy1.3 (@) S0 we can use (4.27).
Note that
W (Q) — L*(Q) — L*(Q),



4. Numerical approximation of transient Smagorinsky model 107

with continuous injections. Then for any v € W!3(Q), there exists C5.3 > 0 such that

IVllz2(0) < CallVllra) < CasllVliwia(),

and
IVVll20) < Co3l VY] 30y < Casllvlwiaa),
then
k k—1
u —u C23
(Ph: V- Vi)a < Ca3 hA—th IVallwis) + == VUil 20 [Vallwi 3o
12(9) H

1
+ Co:3(Cshmax) [ VU 73 [Vllwra(0) + 5 1053 0 V0l ) 1Vallwr o)

1
+§Iluﬁ||L3<g)IIVh||wls il @) + Cosllf -1 IVallwia o
(4.28)

Finally, using (4.27) and (4.28)

k ll];l lli{l ! C23 k2
O‘thHpﬂ(Q) <G Ar +THvuhHL2 +(/123((;Shmax) HvuhHL3(Q)
L2(Q)
1 k k
+ 5 il o) I Vaylls@) + HuhHL3 )+ Csl 10

and applying the Poincaré Inequality A.2 with constant C3.1 3 > 0, we obtain that

k k—1

llh llh

1
At +_Hvulh<||L2(Q) ‘}'(CShmax)zHVUzHé(Q)

(@)

VU 24 gy 025y [ 1)

k
thHL3/2(Q) =C

where C = max{C»3,C3.1 3/2}/a. Taking the square, multiplying by Az and summing
fork=1,...,L, we obtain

. e | .
thHiz(L3/2) S C (H&t uhHIZ}(QT) + F”VuhHiz(QT) + (CSl’lmax)4||VUhHi4(L3)

s ) + 1788 s+ 12 1)

and we obtain the result. The norms related to ii;, in the second hand are bounded as we

saw in Section 4.2. OJ
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Now, applying the Local Inverse Inequality Theorem A.3 we are able to obtain a

better estimate for the pressure.

Corollary 4.6. Assuming the same assumptions as in Lemma 4.4, it holds

- ‘o |-
th”iz(QT) <C (Hat uhH%Z(QT) + EHVU};H%Z(QT)

4-d/3 _ -
+(Chma” + DIV &Rl g+ P22 1)) 429)
Proof. We follow the same idea as in the proof of Lemma 4.4. We use the Local Inverse
Inequality Theorem A.3 in (A.11) for the eddy viscosity term, this is, there exists a
constant C3. > 0 such that

(vi(uh)Vul, Vi) < Y (Cshi)? VUl |25 o V¥ 2
KeT,
2—d/6
<Csn Y. CGhig OIVub3s o [Vl 2
KeT,

2—d/6
< C3;2C§hmax/ ||Vuz||23(g)||vvh”L2(Q)

From this and (4.25), we obtain that
u’ﬁ — u’,‘fl

k
V. <
(PR, V-Vi)a < v

1
Vil 2(0) + EHV“]ZHH(Q) V¥l 20
()

2-d/6 1
+ C32C3 ey HVHI;LH%}(Q) Vil 2(0) + EHUI;LHLZ(Q) IVl 22 ) Vil s o)

Ly k
+ 5 lwillzs @) VAl 1]l o) + 1651151 0 | V¥l 20
Now we use the Inf-Sup Condition Theorem A.8 for p; =2 and p, = 2, then there exists

a constant o’ > 0 such that

(V'Vh;pk)Q
o'[Iphll 2@y < sup V—h
v,EH(Q) I VhHL2(Q)

Then we study each term separately:

e First, using Poincaré Inequality A.2 with constant C5;1 2 > 0

k k—1

At

k1
u,
BV V¥l 2()-

L(Q)

1Vall2(@) < Cai 2
L*(Q)
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» For the next term, we use the injection L*(Q) < L?(Q) with the constant C.3 > 0
and applying the Poincaré Inequality A.2 with constant C3.1 3 > 0, we obtain that

||“hHL2 <Gy 3||uh||L3 < Cr3C3y 3||Vuh||L3

Furthermore, we know from the Sobolev embedding Theorem A.2 that
H}(Q) — L%(Q) for d = 2,3 with constant Cg.1 » > 0, this i,

||Vh||L6

To sum up:

il 220 VU3l (@) 1Vl s @) < C23C3:1 3Cei 2l VUi IZs ) I VYl o)

¢ Thanks to the constant Ce.; 3 > 0 defined in (4.20),

w123 () V¥l 220 105 L s ) @ IV¥allz2 ()

Bringing back to the beginning of the proof, we obtain

kK k—1
w,—u,

k
V- < C . _n__n
(PRVVi)a < Ca12 Y

1
IVVall2@) + EHV“]EHLZ(Q) V¥l 12

(@)
(4.30)

1
5C313(C23Ci1 .2+ Coi1.3)) V0317 ) | V¥l 20

+ 185l 1) [ VVall 20

+ (Ca0Cohaal6 +

By Inf-Sup Condition Theorem A.8 for p; = 2 and p, = 2 there exists a constant

o’ > 0 such that
(V ’ Vh;pl}cl)

k
a/”thLz(Q) S sup HVVhHL2

VhEHl

and using Inequality (4.30), we obtain

ko k-1
w, —u,

o <C
||Ph||L2 2:1,2 AL

1
+ — IVl 2(q)
e M

1
+(C32C§hmax/ +2C313(C23C612+C613))||V“h||L3 + 1811100

Taking the square, multiplying by At and summing for k = 1,..., L, we obtain the result.
O
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With this last result, we obtain an estimate for the pressure in a Hilbert space and
we also have proved that under a certain constrain over At¢, the velocity filed is in
L=(0, T W3 (Q)).

These results are the key for the next chapter. As we said, we need Hilbert spaces
to develop an a posteriori error bound estimator and the velocity regularity obtained

will help us to prove it.



A posteriori error estimation for
unsteady Smagorinsky model

The aim of this chapter is to build a space-time error estimator based on the BRR theory
for the unsteady Smagorinsky model. We shall extend the theory described in Section
1.4 and Chapter 2 considering the Reynolds number as the parameter.

In Section 5.1 we establish the general notation to apply the RB method. In Section
5.2, we study the well-posedness of the problem over some suitable norms. Then, in
Section 5.3, we obtain an a posteriori error bound estimator for the unsteady case. In
Section 5.4, we clarify the approximation of the inf-sup Stability Factor for the unsteady
case and we overview the difficulties in its computation.

The notation used along this chapter has been introduced in Section 4.1. In order to
avoid unnecessary repetition, we refer to the reader to Section 4.1 for notation description.

5.1 Problem statement

We consider the unsteady dimensionless Smagorinsky model introduced in (4.9), that is:
Find (W, p) € ¥}, x Oy, solution of

¢

L I . . [N
(at*wlﬂvh)QT + E(thv VVh)QT + (Vt (Wh)VWh7 VV/’[)QT
| L. . .
+§[<(Wh : V)Wh7vh)QT - ((Wh : V)Vh,Wh)QT]
_(V'vfnﬁh)QT = <f7vh>QT7 Vv, € Yhy
( (VWi Gn)or =0, Y € On-

111



112 5.1. Problem statement

where the eddy viscosity term is given by

vi(W) =Y (Cshg)*| VW k| -
KeT,

To simplify notation, we introduce the space X, = V), x ¥}, x O, this is, the space
formed by piecewise constant functions V, related to the velocity field ¥;, € ¥}, its discrete
time derivative 9,V € Y, and pressure §, € Op.

In order to consider nonhomogeneous Dirichlet BCs for the application of the RB
method, we set up a divergence free lift up that will take part of the formulation,
then, w;, = 0, + up where 1, verifies homogeneous Dirichlet BCs. We assume that
up € L™(0,Ty; Hi (Q)) and for simplicity, it must verify that up (0, -) is equal to the initial
condition, then, W, (0,-) = 0. We consider = Re the parameter of the problem and D

the parameter set. Then the problem to solve in its compact form is defined as follows

{ Given u € D find Uy, (u) = (i, (1), pr(u)) € Xj, such that 5

AO(1), Vs ) = F(Vis ), YV € X,

where A is defined as

A(On(1), Vis ) = Ao(On(1), Vis 1) + A1 (On (), Vis ) + Ao (Un(1), Vis ) (5.2)

Ao(0, V1) :/ - vdQr
Or

Al(U,V;m:l/ Vi VedQr + [ [(@-V)a-v—(6-V)7-6ld0r
uJor 2 Jor

= [ [(wo-V)i5— (wp-V)7-]dey

+% | [@-V)un 5~ (@-V)5-up)dor

(5.3)
+ v,(ﬁ+uD)V(ﬁ+uD) :VVdOr
Or
(0, V5 p1) = /Q (V- &)3dOr - /Q (V-9)pdOr

T

_ 1
F(Vip) = f-VdQT——/ Vup : V¥dOr
Or uJor

1 . 1 .
- = (uD-V)uD-VdQT+—/ (up-V)V-updQr.
2 Jor 2 Jor
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where U = (i,9;1, p) and V = (¥,9;¥,§). Note that Ay is the operator related to the
derivative on time, A; involves convection and viscous effects and A, involves the
pressure.

From now on, we consider the following norm on Xj,:

1Villg = /181135 ) + 1172 g, (5:4)

where we recall that the L% (H& (Q))-norm was introduced in (4.13)-(4.14) for p € [1, o).
With this setting, we can state the Reduced Basis problem as

Given u € D, find Uy (u) € Xy such that
A(On(1), Vs p) = F(Vws ), VW € Xy

where Xy = Yy x Yy x QN, with Yy C ¥}, and QN C Qh are the reduced basis spaces.

(5.5)

Remark 5.1. The results of existence and stability proved in Chapter 4 still hold for
problem (5.1) for smooth enough lift up.

5.2 Well-posedness analysis

To study the well-posedness of the model, we use the Brezzi-Rappaz-Raviart (BRR)
theory (see, e.g. [8]). This theory provides a technique to obtain an a posteriori error
estimator for nonlinear parametric problems and it has already applied to the steady
case. We study the directional derivative defined in Definition A.1 of operator A to
apply this theory. Let Z = (Z,0,%,7), it holds,

91 Ao(U,V;u)(Z) = 0 9'2-¥dQr,
AU, V;u)(2) L[ v VvdQr
H Jor
2 [ (% V)av— (- V)§-3)dor
2 Jor
1
+5 ) [(Z-V)W-V—(z-V)V-W]dQOr (5.6)
+ 0 v;(W)VZ : VVvdQr
Ty VW):VZ_, . .
+ Cshk)? ——— V(W) : VVdKdt,
Iy Jem e V@) v
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Remark 5.2. Before to start, we define some constants derived from relevant results

presented in Appendix A.2:

* The norm related to the inner product (2.12) is equivalent to the H(% (Q)-norm, then,

there exists a constant Cy o.7 > 0 such that

IVohll120) < Crazl[Fallr, Von € ¥y, V1 € 1. (5.7

* Applying the Sobolev embedding Theorem A.2 we obtain that H} (Q) — L*(Q) —
LZ(Q) with constants C4;12,Cr.12 > 0. Thanks to the previous point, there exist
constants Cy4,;7 = C4;1 2C1 2,7 and Co,;y = Co;1 2Cy 2,1 such that

Bl 2@y < Ca IVl [Pnll2@) < CorlVllr, Wn €Ty V€l (5.8)

e Forall K € Ty, we apply the Local Inverse Inequality Theorem A.3 as in (A.11),
introducing the constant C3 > 0, this is,

Vol < CrohgCIVFll o)y VK € Tay Wop € By Vi€ ly.  (5.9)

We start proving the continuity of operator djA.

Proposition 5.1. For any u € D and Uy, (1) € X,,, it holds
|1 AO(1): Vi 1) (Z0) | < Wl Zall 5 Vil s Y2, Vi € iy (5.10)

where Y, = max,ep (1) and

Cr Cl oy
() =2—28 42Cy 07 + T Lt+20 217G, IWnll Lz

At
+2(C12,7C3:2Cs)? o HVWhHL” L3)-
with Wy, = @, +up, and the constants Cy 2., Co.1, C4.7 and C3.5 are defined in (5.7)-(5.9).

Proof. We start from

|VA (U (1), Vi ) (Zn)| < |01A0(Un (1), Vi 1) (Zp)]
+ |01A L (U (1), Vi 1) (Z3) | + 101 A2 (T (1), Vs ) (Z3)|

We study each term separately using the constants defined in (5.7)-(5.9).
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The first term involves the derivative in time,

‘ z—-z,
HWAo(C(w), 7)) = | Y & [ 2 via
- Je A
<Y a2 ||vh||Lz(g>sTZ Mtz — 2 vl 5D
k=1 12(Q) k=1
C2 2
<2203 ) 9 3 ) < 225 1205 1l

Next, we study [01A1 (T, (1), Vi 1) (Z)| term by term,

1
‘—/ VihivvthT
uJor

1 L
<—) At
mp

/ vz§ vk dQ‘
Q

1 & C%.Z;T 2
< o Y MV a0 [V 12y < 2T Y At ¥
.uk:1 k=1
Furthermore,
1 - S - <
5/ (W - V)2, -9 — (W), - V)V - 2] dQr
Or
1 - < - <
+5 [(Zn - V)Wp Vi — (2, V)V - Wi | dO7
2 Jor
1L
SEZAt/ ’(w’fl V)z} - vi — (W - V)vh z’fl‘dQ
k=1
1 L
+52Az/ ‘(zl,‘l V)Wk vk — (zF - V)vE wZ‘dQ
k=1

1 L
SE Z At [HW]ZHL“(Q)”VZIZHLZ(Q)HVZ”L“(Q) + HWIZ||L4(Q)HVV]ZHL2(Q) HZIZHL4(9)
+ 1125220y I VWhll 2 () V3 20 + 125l 25 ) V¥Rl 2 () Wil 4 0

L
<2C127Cir Y, Atllwyllz | Zg I [[vilr-
k=1

where we use (5.7) and (5.8) and the Holder’s Inequality A.1.
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Finally, the viscosity term is bounded by

Ty VW), : Vi
’ / Vi(W)Vay : Vo,dQr + Y / Ar / (Cshg) 2= Y2h & - Vi, dKdt
0r Kerlo Ik VW

2 ¥ zm otV |24 |95 s K

KeTyk=
2 d/3
<ach, ¥ ZAr [ Gt P IWe s | V24 |99 2
KeT, k=
2—d/3
SZ(C&ZCS) rnax/ ZAt[’VWhHL% HVZ]ZHLZ(Q)|’VV];1HL2(Q)]
k=1

2—d/3
< 2(Cr.2C3:2Cs) i zm [N EANEA T

where W), = 1, +up and the constants Ci 5,7 is defined in (5.7) and C3;» comes from the
application of the Local Inverse Inequality (5.9).

To sum up,

0141 (U3(1), Vs ) (Z

(%

C1 2:7C32Cs) limas’ *IVWille )HZ'ZHTHV]ZHT

n)
C?
1,2

L roc 2:7Ca.7|[Wi |7

Vi
L

2
2
1,2

N
( L 120 2; TC4 T”WhHL"" HY) (5.12)
o+ 2(C12:7C2Cs) a1Vl =0y ) V. gy 19l 2
<% +2C1 27 Cr [Will = a1

+ 2(C127C32Cs) it IV =0 ) 1 Zall 1Vl

Finally,

101420 (1), Vi) (Zy)| = '/Q (V'ih)thQT—/ (V-¥)7dOr

Or

(A 5 Ty 5
S/O HVZhHL2(Q)HCIhHLZ(Q)dt+/0 V¥l 220 1 7nll 12
SCI,Z;THihHL%(H(})”q}z”LZ(QT)+C172;T’|vh||L%(H(})H’:hHLZ(QT)

< 2C1 2.7 |1 Z I || Vil %
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We get the result with

Cir Clor 2
T(l) = 2— T2Car+ +2C1 27Cor [ Wall 2 1
2-d/3
+2(C172;TC3;2CS) hmax vahHL"" (L3)
and we set ¥, = max ¥, (). O
ueD

The continuity constant 7y, grows as At~ because of the derivative in time. This
dependency is admissible for moderate time steps. If we include the time derivative in
the X-norm, the constant continuity does not depend on the time step. However, the

dependency on Ar~! appears when proving the inf-sup condition.

Proposition 5.2. For any u € D and U,(u) € X,, let us suppose that
lup|l =ity < =——— and
LT (Hy) C1,2;TC£;T
1

iy ety < ———
| HLT(HO) C1,2;TC4%;T

- H”DHU;(H(})-
where the constants C ».7 and Cy.1 are defined in (5.7) and (5.8) Then, for all p € D it

holds, . N N
NAUn(1), Vs 1) (Z)

Br(1) = inf sup e , (5.13)
ZiEXn e, 1Zn|1 5|1 Vall
where
+7v  2CC -1/
Br(u) = ( +(1+%) < k4 t))
B7 (1 ) Br(u)
with
~ ) . Tf
ﬁh(.u) =1 _Cl,Z;TC4;T||wh||L°T°(H01)a C = A_t

and 7y, is the continuity constant deduced in Proposition 5.1 that grows as At~

Proof. We base this proof on Theorem 1 in [10]. The key is to prove that for a given
u € D,and Z, € X,

123l (i) < S(Tn(u),Zy) = sup alA(Uh<.u~),sz§.u)(Zh).
Vi€X), IVl
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First, we start deducing an estimate for the velocity in its related norm. We select
Vh = Zh € Xj, it holds

NA(Un(1), Zps 1) (Zy) = 1 Ao(Un(1), Z1)(Zp)
+ 1A (Un(1), Zps ) (Zn) + A2 (On(1), Z0) (Z,)-

The time derivative term is positive since

k—l
aIAO(Uh / 8 Zh ZthT = ZAZ‘( ﬁ)
1 & B
=5;(\1zzr|i2(g)—|\zz 2o+ 17— 7 22y

1 1 &
_ L2 —1
= EHZh ||L2(Q) + 51;1 ||zh - Zh ||L2
For the second term, on one side, we bound the terms related to viscosity,

Vw, : Vi, |?
// |Wh Zhldel‘

1
el 5 Vi, |?
Jo (vt ) o + v

KeT,
>/ L)) IVauPdor > 2P, 0
- QT u - LT(Ho),

where we recall that W;, = i, +up. On another hand,

1 & k k .k k k ok
=3 ZAI/Q[(Z;L'V)Wh‘Zh—(Zh'V)Zh'Wh]dQ
L
ZAf[HZIZHL‘*(Q)HVWIZHLZ(Q)HZIZ||L4(Q) + HZZ”L“(Q)||VZI;1HL2(Q)”W1;1HL4(Q)]
> ¥ k k|12 2 2
< CiorCir Z At[|w |7 ||z |7 < C1,2;TC4;THV~VhHL;(H5)”ihHL%(HOI)-

k=1

Lastly, 914> (U,(1),Z3)(Zy,) = 0, then,

NA(O(1),Zns 1) (Z) = (1= Cr a7 Coir Wil )HZhHLZHl) (5.14)
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o 2 ~ . .
We need that 1 — Cy 2.7CL.7[|Wh, ||L°T°(1-10‘) > 0 and that is equivalent to

5 > Wl +llupliz
Cl,Z;TCiT | hHLT(H(D I D”LT(H(})

Then, if we suppose that ||upl|7 < , we need that

2
Ciar 4;T

1
ﬁ e < - A u e .
I hHLT(Hg) C172;TC4%;T I DHLT(HOI)

Note that inequality (5.14) is possible thanks to Corollary 4.5 for small data. Finally,
there exists f, (1) = 1 — C172;TC4%;THW/1”L°T°(H(§) > 0 such that

1281172 g0 B (1) < S(On(0). Zu) 1 Zullx, V2 € K.

Next, we deduce the pressure estimate. Setting U k. Vé‘, Z’,j e X, with X, =Y, x Y, x Q)
defined by

U}Izc = (ufwul}{l_lapl}{z% Vlf = (Vivvlhc_lvq];z)a lei = (Zﬁazﬁ_l,rﬁ),

from definition (5.6), we can express

L
NA(Tn(W), Vi ) (Zn) = Y AtdIA(UL (1), Vis ) (Z)) (5.15)
k=1

where

NAUR (1), Vi ) (Zg) = 1 Ao (UK (1), Vi ) (Zy) + 1AL (U (), Vi ) (Z))
+ 1A (UF (1), Vil ) (Z5).

with the forms 9141 and 9, A, as the same as d;A; and d;A, by changing the integration

domain to Q instead of Q7 and

k k k Zﬁ_zlfz_l k
Oo(UE (). V)2 = [ B vhae

Choosing the test function V,f = (v’;l, v’fl ,0), forallk =1,...,L, we have

NA(UR (1), Vi 1)(ZF) = D Ao(Uf (1), Vi 1) (ZF)
AU ). V) (Z) — [ (V- vh)rkae
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from where
(V- ¥hrhde =~ ) Vi )
+01Ao(Uy (1), Vi's 1) (Z5) + 01 A1 (Up (1), Vi 1) (Z)
Now, we define a supreme Sy related to each time step, for a given u € D :

QAU (1), Vi ) (Zf
Sk(Uf(1),Z)) = sup i ( )k s 1)(Z)
Vi €Xy Vi llx

, VZK e Xy, (5.16)

with

k k
1Villlx = \/IIVEI3 + 11a 122 gy Vi € X

Because of the Vé‘ selection, we obtain that
NAUL (W), Vi 1) (Zy) < k(U (), Zi) Wi, V25, € X,

Analogously to (5.11) and (5.12), it can be obtained:

C2
k k 2T 1.k
AU (W), Vi 1) (Z)) <z~ 2 vz,

Aoy (1), Vi 1)(Z) <Y () |z 713l

C% 2— d 3
%i(w) = " L 12C) 2.7 CL7 || WE||7 4 2(C12:7C3:0Cs) It VWil )

with wk = uf +up. Then,

Cr ok
/Q(V-V’é)"';idﬂSSk(U/f(u),Z'/i)IIV'i,IITJrT’tII e T A PR A AT AT

Dividing by ||v¥||7, we are able to apply the Inf-sup condition Theorem A.8 since the
T-norm is equivalent to the Hj (Q)-norm. There exists & > 0 such that

2

o, Cour |
0‘||’”h||L2 <Sk(Uh(“)7Zh)+_”Zh_Zh FExAA

At
here v, = ma . Then,
W th ueD,k:§7,..,L’}/g(u)

C4 B )
o HthLz §3<S%(U§(u),Z§)+ v T \\zf —2f 1||%+(7h)2||2§§|l%>,
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and multiplying by A¢ and summing on %,

C4
St Uy (1), 2) +3 v > llzh — 2517+ 305212417

Y

L
k=1

We need an upper bound of this inequality in terms of the supreme Sz(Uh( i, Zh) and
5 112 .
”ZhHL%(Hé)' On one side,

L 2C5.7
20 12 277k k =2
o HVhHLz(QT) §3kglAf [Sk(Uh (N%Zh)} +3 ( At2 + (%) ) ||ZhHL2T(H(;)

L
<3 Y & [SHUEW).Z8)] + 67 124112
k=1
where 7, is the continuity constant deduced in Proposition 5.1. On the other side, let us
define the functions V¥ € X, forallk =1,...,L by

h_ VE ift € (tm1,t),
h 0 otherwise,

Then, using the definition of S(T, (1), Z;,),

ek, Vallz  Vhex, A

Y

forall k=1,...,L. Note that V}f‘ belongs to X, and

k112 k2 k2
1713 = ZAt(|\vhuT+uqhHLz )) = AIVEIF + 19512 ) = VIR
with Vé‘ € Xj;. Moreover, note that from (5.15),

NA(Tn(1), Vs 1) (Zn) = AR A(U (1), Vi 1) (Z7)
then forallk=1,...,L,

S At A(UK (W), Vs 1) (Z5)

S(Un(1),Zn) > sup 12 = VMSK(UR (1), Zp)-
vkex, VALV x
in particular.
NS s . - o Ty~ .
ZAtSk Uy (1), 23) < Y S(On(u),Z) = LS(On(1), Zn) = - S(On(), Z)
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and we obtain the estimate for the pressure,
1722 0p) < € (CS(Onl1), Z0) + RN 2 g ) (5.17)

where C = 6/a?, C; = Ty/At. Recovering the velocity estimate, we obtain that

B ~ - B _ 1/2
128112 g0, B (1) <S(On(12), Z0) | Zalx < SOn(w0), Z0) (]2 ) + 172 g)

<S(04(1).20) (14 CRalEs ) + CCSTh10). 20))

<1+ CR) 8(0(1). 1) 2130 + v/ CCS (D). Z0)
and using the Young Inequality,

Loy)/2 i
%SZ(W(#),ZH

e(1+Cy2)1/2
+%H hHLz +/CC:S*(Uy(1),Zp)

Choosing & = f,(1)/(1-+C¥?)'/2, we obtain the velocity estimate

>
< (1+yh +2\/C_Ct> 2(On(1), Zn),

12423 0 B(1t) <

HihHiZ HH =\ B2
T Bi () Bu(u)
and the pressure, combining with (5.17)

- 1+y> 2CC — o~ .
||rh||i2(QT) <C (C[—FCI (ﬁh( h) + Bh(‘u> )) SZ(Uh(,u)aZh)'

Finally,
1Z3l 3B (1) < S(Tn(1e),Zn)

+7h 2\/C_Ct )
i = (G (it HET))

with

]

Remark 5.3. In this case, the Stability Factor (1) grows as 'y, 2, the continuity constant,
this is, At2. Again, if we include the time derivative in the X-norm, we are not able to
deduce an estimate for the derivative in time respect to the supreme S(U,(1),-) as for
velocity and pressure, therefore, the inf-sup (5.13) is not ensure. As we will see, the
Stability Factor takes part in an a posteriori error estimator, for this reason, the previous

proof is important.

Remark 5.4. If At is fixed, we are able to ensure the existence and uniqueness of problem
(5.1), thanks to the BRR theory.
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5.3 A posteriori error estimator

In this section we construct an a posteriori error estimator for the Greedy algorithm and
as we said in the previous section, we will use the BRR theory for its construction.
We begin by proving that the derivative of the operator A(-,-; i) is locally Lipschitz

continuous.
Lemma 5.1. Forall u € D and U}, 0%,2,,V}, € X, it holds
1A, Vi ) (Zn) — HA (T, Vis 1) (Zw)| < pr |0y — T N2 1 Zullg | Vallg,  (5.18)
for a positive constant
pr = A V2(2C) 2.7 Chp +4(Cr2rCa) Cohiat!?),
and the constants Cy p.7,Ca.1 and C3.» are defined in (5.7)-(5.9).
Proof. As W}l — VV% = ﬁ,‘l — ﬁ%, we have that

1Ay Vs ) (Zn) — HAT, Vi 1) (Z)|

< 2 ‘/ —W3)-V)Z, - ¥, dOr| + ’/ —W3)- V)V, -%,dQr
Or

1 5 B 5 5 1 5 5 5 5
+= ’/ (zh-V)(w},—Wi)-vthT + = ‘/ (Z,- V)V, - (w},—wﬁ)dQT
2 Or 2 Or

[ ) =53V Vaidor
Or

Ty
+ / /CShK (VW) | — |VW2|\VZ, : V¥, dKdt

KeT,
Ty ,VW} :Vz
- / / Cohie )Py (V) 2 Vi) dKds
Ke771 A
Ty , VW2 :Vz
Cshi )2 b “2h G G2 . v, ) dKdr| .
V2 h
KeT |Vw;|

Now, we bound each term separately, using the definition of the constants Cj 5.7 and

Cy.7 1n (5.7)-(5.8), and the inverse inequality

L

1/2
1 [ & i
19l (HY) S Z t||V’ZHT§E<ZAt2||VﬁH%> <At 1/2||VhHL%(H(})
k=1
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in time for all ¥, € ¥},. Then,
‘/Q 1 )Zh VthT|—|— ‘/ W%)-V)Vh~ithT
T
LT _ .
<5 I = s [ V2l g [l
LT 0 _ _
b3 |19 = sy [V [ 2

Ty
< CarChr [ 15 =W ¥
2 ~1 = ~ ~
SC1,2;TC4;T||"Vh—Wh||L’§(H(;)||Zh||L%(1ar(;)H"hHU;(Hg)
2 A2 2y ’
< Cio7Cirdt ™" 2|0} = U7z |1 23] | Vil

and in the same way,

‘/ Z,- V)V, (W, — W) dQOr
Or

< Ci 27 Clr A V2O — 022124121 Vil -

'/ z,-V —W}) ¥, dOr |+
Or

Moreover,

/ /CShK (VW] — VW2 | )V, : V¥, dKdt
KeTy,

Iy _ _ ~ -
< X[ Com IV, V35| V)Vl
KeT,

2d2 ~
<l X [ R P,V IV )| VSl

K677,
T
2-d)2 [ o=~ N ~ -
<C3Clhma / Vi), — Vii; [ 12(q) < Yy ||VZh||L2(1<)||VVh||L2(K)> dt
KeT,
2-d/2 o . ~ -
ch;zcs max/ HV VU%HL‘X’(LZ)HVZhHLZ(QT)||Vvh||L2(QT)

302,2-d/2) 1 . -
<(Ci2:7C3) Cshmax/ ||uh_uh“L";(H(})||ZhHL%(H5)||Vh”L%(H(})

2-d/2 ~ ~ 5 >
<(C1 2:7C32) Colimal P = 2| T} = 212 1 2412 | Vil

where we have used the Local Inverse Inequality (5.9).
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And, for the last term, we use that

Ty ,VW} : Vz
Y [ ] (i (v V) aKds
|th|

Ty , VW : Vi
/ / Cshg)?—2-S =" (V7 : Vi) dKdr

KGT

Ke77, th’
Ty vwl . vz
/ / Cshy) [h—~h(V(\7v}l—v”V%):V€fh
KeT |th|
\Y
L V=) Zh(vwi:vvh)] dKdt
|th|
(|Vw vwl\Vw!: vz
/ / 2 (V3] |~ h)Nz b YT Gs2 vy, dKdt
KeT VW, [V |

Ty
<2) / / (Cshi)* V||V (W), — W;) || V¥, | dKdr
keT,’0 K

/ /CShK V)] — V92| | V23| V94| dKdr
KGT

2-d/2 . 12171 5 -
§3(C1,2;TC3;2)3C§hmax/ AV O~ 02121120151 Va2

where the last estimate is obtained similarly to the previous one.
We obtain the result with

_ 2—d/2
pr = At 1/2(2C1,2;TC4%;T +4(C1,2;TC3;2)3C§hmax/ )

]

The Lipschitz constant grows as a negative power of the time step Az. In this case,
the power of Ar is the lowest with respect to the obtained for the continuity %, and
the Stability factor .

In order to guarantee the well-posedness of the Reduced Basis Problem (5.5) in the

same way as in (5.1), we consider the inf-sup and continuity factors.

Definition 5.1. The Stability Factor By (1) and the continuity factor Yn(W) are defined by

By(u) = inf sup QAONR).Visl)(Z))

ilalahi : (5.19)
nesivex, 1 ZnllxlVallz
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AA(Oy (W), Vi 1) (Zn)
(i) = sup sup = N . (5.20)
20X, VX, | Zn]l % Vall %

forall Uy(n) € Xy.

Note that from Proposition 5.2, By () > 0 whenever the data are small enough and the
pair of spaces (Y, Q) satisfies the discrete inf-sup condition. This condition implies that
the tangent operator | A(Uy(),-; 1) is an isomorphism of X, into its self, for all u € D.

Moreover, note that both the continuity factor ¥y (i) and the Stability Factor By(u)
depends on the time-step At from Proposition 5.1 and 5.2.

Now we introduce the supremizer operator in order to facilitate the proof of an

a posteriori estimator.

Definition 5.2. The supremizer operator TAL,L : Xy, — X,y as a supremizer operator, by

77, = arg sup NA(Un (1), Vis 1) (Zn)

g (5.21)
VhGXh ||VhHX

This supremizer exists because d;A is continuous and Xj, is a finite-dimensional space.

Remark 5.5. From the definitions (5.19) and (5.20) we have that

T Zllg 1Ty Zy || ¢
By(u)= inf =X () = sup R

neX |Zullx ex, 1Znllz

From this, we have that ~
15 Zlls 5 ¢
Pv(n) € =5, VZy € Xy,
12|
and from (5.21),
AU TEZn ) (Z L.
Bu(u) < PAN TN l)@n) 5 o g, (5.22)

(Al

We are now in a position to state our first result leading to an a posteriori error

estimate:

Theorem 5.1 (Uniqueness). Let u € D, and assume that By(1) > 0. If problem (5.1)
admits a solution Uy(W) such that

~ ~ B (1
104(00) - On(ao)l < P2,
pr
then this solution is unique in the ball By (UN (u), ﬁl\;)(”) >
T
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For the proof of this theorem and the next one, we define the following operators:
* The residual Z(-; 1) : X, — X by
(R (Zns 1), Vi) = A(Zy, Vis ) — F (Vis 1), V23, Vi € X (5.23)
* The derivative of the operator A, DA(Uy,(1); 1) : X, — X, defined, for U, (u) €
X, as
(DAUWW): 1) 21, Vi) = QA(OW(W), Vi W) (Z1), V23, Vi € Xn. (5.24)
This operator is invertible since By(u) > 0 for all u € D.

+ And finally the mapping H : X, — X, defined as,

H(Zy; 1) = Zp — DA(ON(W); )~ B (Zns ), V2 € X, (5.25)

Proof. The strategy is to proof that H(-; 1) is a contraction in the sense of Definition
A.3. If there exists a fixed point Uy, this point is a solution of problem (5.1) because of
definition (5.25).

We have that

H(Zy:p) — H(Zy:p) = (2, — Z;;) = DAOn (0): 1)~ (R(Zy3 1) = Z(Zjis 1)) (5.26)

It holds
R(Zy: 1) — B(Zy: 1) = DAE: 1) (Z) — Zj), (5.27)

where € = sZ} + (1 —5)Z2, for some s € (0,1). In order to prove this, we define 7 :
T(s) = (Z(sZy + (1 = $)Zji; 1), Vi), Wi € X

From this definition,
T'(s) = (DA(sZ), + (1= )Z3:10)(Zy — Z3), Vi)

If we apply the mean value theorem to 7 we have (5.27). Now, multiplying (5.26) by
DA(Uy(u); ) and applying (5.27), we can write

DAON () 1) (H(Zps ) — H(Zj; 1)) = [DAO(1); 1) — DAE; w)(Z) — Z3).
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Then, thanks to (5.18), we can write

(DA(Oy(): ) (H(Zj: 1) — H(Z: ), Vi) < prllOn(w) — Ellgl1Zh — Z31I5 Vil 2
(5.28)
From (5.22)

(DA (1): ) (H(Zy: 1) = H(Zji: ) TN (H(Zy: 1) = H(Zj 1))
> By ()IIH (Zy: ) — H(Zis ) 5|y (H(Zys ) — H(Zy: )
And applying (5.28) to V, = Ty (H(Z}; 1) — H(Z?; 1)) we have that,
By (IIH (Zy:p) — H(Zg: g ITy (H(Zy: ) — H(Zi: ) |1
< prllOn(w) — Ellg1Z; — Zillg | T (H(Zy: 1) — H(Zji: ) .-

Note that T} Z, = 0 if and only if Z, = 0. Therefore, Ty (H(Z}; 1) — H(Z3; 1)) # 0 if
H(Zy;w) # H(Z; ). Simplifying

~ ~ pPr ~ = ~ ~
IH(Zy: ) —H(Zisw)llg < 5= 108 (1) = Sl 112 — Zi |
P (1)
If Z} and Z? are in Bg(Uy (1), o), then ||Uy (1) — €|l < o and
~ ~ pPr ~ ~
H(Zy: ) = H(Zz ) llg < 5-r—~allZy = Zil x-
B (m)
Then, H(-; 1) is a contraction if o < P ]\;)(“) . So it follows that there can exist at most
T
: N B (u) :
one fixed point of H(-; ) inside By | Uy (1), p , and hence, at most one solution
T
Uy,(u) of (5.1) in this ball. O
Now we are in a position to define an a posteriori error bound estimator by
An(p) = % [1 —V1- rN(u)} ,VueD, (5.29)
where By (1) is defined in (5.19), pr is defined in (5.18) and
den(1)pr
v(p) = , (5.30)
W= py(uy?

. (O ()i 10), %)
. UN Hyu), Vh
en(u) =[|[Z(Un (1) )|z = sup = :
TheX, IVallx
We observe that Ty () in (5.30) is a re-scaling of the residual (5.31). Note that Ay (1)
in (5.29) is only defined if 7y (1) < 1, which holds only if the residual is sufficiently small.

(5.31)

The error estimator is given by the following theorem.
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Theorem 5.2 (Existence). Assume that By(u) > 0 and ty(n) < 1 for all p € D. Then
there exists a unique solution Uy,(1t) of (5.1) such that the error with respect Uy(u),
solution of (5.5), is bounded by the a posteriori error bound estimator, i.e.,

1T(1) — On ()15 < An(n), (5.32)
with effectivity,
A [2YN(‘U) ~ N T )
V(1) < ﬁN(N)+TN(H) 1Un(1) — Un ()5 (5.33)

Proof. The main goal of this proof is to show that there exists a unique Uy (i) € X}, close
to Uy (1) € Xy solution of (5.1) and (5.5) (resp.), i.e.,

(R(Up(w); 1), Vi) =0, ¥V, € X, (5.34)

To do this, it is enough to prove that H is a contraction in a certain compact subset K of
X, such that H(K) C K. Therefore, H has a fixed point thanks to the fixed-point theorem
[9]. The operator H is continuous by the Proposition 5.1, then we only need to prove that
it is contractive.

We consider the definition at the beginning of the previous proof. Then,

H(Zy; 1) — On (1) = Z — On (1) — DA(ON(0); )~ 2 (Z; ).
Multiplying by DA(Uy(u); 1), we obtain
(DA(Un(W); 1) (H(Zps 1) — Un (1)), Vi) = (DA(On(W); ) (Zn — Un (1)), Vi)
(R ) — O () 10), V) — (O () 10), Vo), V7 € X,
As in the proof of Theorem 5.1, it holds
R(Zy: 1) — Oy (u); i) = DAE(1): 1) (Zy — O (1)),

where & (1) = sZ, + (1 —s)Un(11), s € (0,1). By this way, and thanks to Lemma 5.1, we
obtain:

(DA(Un(W);u) (H (Zps 1) — On (1)), Vi)
= (DA(ON(1); 1) (Z — On (1)), Vi)
— (DA (1); ) (Zn — Un (), Vi) — (Z2(On(p); 1), Vi)
= ((DA(On(k); ) = DA (); 1)) (Zh — Un (W), Vi)
—(Z(On(1); 1), Vi)
< prl|On (1) = E(W)llg 12— On (1) 1|1 Villx + en () | Va5

< (prl|Zy = On(w)1 +&n (1) | Vallg-
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Then, using (5.22)

By (W H (Zy; 1) — On () lIx 1T (H (Zy; 1) — On (1)) I
< (DA(On(1); ) (H (Zns ) = On (W), Ty (H (Zy; 1) — On()))
< (11 Zn— On ()13 +en () 1T (H(Zns ) — On () |12
Then as Z;, € By (Uy(ut), @) and simplifying,

2 en(u)
Wls < 50+ B

In order to ensure that H maps By (Uy (1), @) into a part of itself, we are seeking the

1H (Zy; ) — Un ()

values of ¢ such that
pr 5 &n(M) <

BN(u)a " Bn(u) ~

This holds if & is between the two roots of the second order equation

pro’ — By()o+en(p) =0

which are,
o = Py 1) ++/By(u)? —4pren(p) _ Bv(w) 1+ ]1— 4PT€N(I~L)
+ 2pT sz BN( )
Bn (i)

Observe that as Ty(u) < 1, then o— < o4 < . Consequently, if o~ < o < oy,

there exists a unique solution Uy, () to (5.1) in tﬂe ball Bg(Uy(t),a). To obtain the
estimator, we take o0 = o = Ay ().

To prove the efficiency, let us define the error Ej,(u) = Uy, (1) — Uy(1t). From the
definition of the residual and applying the mean value theorem, for some s € (0,1) we
have that

(Z(On(1); 1), Vi) = A(On (1), Vis i) — F (Vi )
A(On (1), Vi 1) — AU (1), Vs 1)
01A

A(sUy(1) + (1 —5)On (1), Vis 1) (En(p))

= (DA(sUp(p) + (1 —5)On(u); ) En(pt), Vi)

= (DA(sUs (1) + (1 = s)Un(1); ) = DA(Un (14); 1)) En (1), Vi)

+(DAUN(W); 1) ER(1L), Vi)
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Thanks to the Lemma 5.1, and taking into account the definition of v (i) and By (1) in
(5.19) and (5.20) respectively, we obtain,

(Z(On () 1), Vi) < prlls(On (1) = Un()) 12 1En (1) 12 1Vallz

+ o () En () [ 1 Vill -

Dividing by ||V} ||, taking supremum in V}, € X}, and using the definition of (5.31), it
holds

en (1) < prllEn() I3+ (u) | En(w)] 5

Since 0 < ty(u) <land 1 — /1 —1y(u) < 7v(u), we have that

;NL(‘TL)AN(“) < v()

and then

It follows that

201 a2y 2N s )
Ay(u) < ﬁN(‘u)HEh(N)“g—i— By (1) 1Ex (1) 1%

Thanks to (5.32), we know that || E,(u)||g < Ay(u), then

B?ZL) 1En (1)l < o (p)-

It follows that

PR+ 0| 1B
[

5.4 Stabiliy Factor approximation for unsteady problems

In Theorems 5.1-5.2, we have obtained the a posteriori error bound estimator Ay (i) to
apply the RB method through the Greedy Algorithm. Unfortunately, the construction of
the a posteriori error bound estimator is expensive, specifically, due to the computation
of the Stability Factor. We outline the application of the same technique as in Section
1.5 in [14] for the computation of f,(u) for the unsteady case hereunder.



132 5.4. Stabiliy Factor approximation for unsteady problems

Let us define the Stability Factor B,(u) for the full-order problem (5.1) by

NHA(Up(1), Vii 1) (Zn)

Bn(u) := _inf sup = = (5.35)
nekyex,  IZnllxlVallz
and the so called supremizer operator Th“ : X, — X, by
- 0,A(U, Vi, u)(Z
T!'Z, = arg sup 1A( h(‘u)’ 1) (Z2) (5.36)
VheX, [Vallx
where Uy, (1) = (i, (1), pr(t)) is the solution of problem (5.1). Then,
TV 7|5
Bilw) = inf 11121 (5.37)

ZeXy ||Zh||}? ‘

We recall that the X-norm was introduced in (5.4) and it is associated to the inner
product
(Vi Zn)g = (Vo) 12 () + (G Ph) 12 01 )- (5.38)
where Vh = (vthw and Zh = (ih,fh).

The key is to express (5.37) in an algebraic form and transform the computation of

Bn(u) into an eigenvalue problem.  This is, we look after two matrices
X,F(u) € NNk (R) such that

~ T ~ o~ ~ ~ ~ ~ ~

Vi X2 = (Vi Zn) g+ YV, Z, € Xy,

~ T~ ~ ~ ~ ~ ~ ~ o~ ~

Vi F(u)Zy = hA(UR(W), Vis 1) (Zh), Vi, Zp € X, V1L € D,

where N, = dim(X},) and vectors V;,,Z, € RM" are the values of the degrees of freedom
of the representation of V, and Z, on Xj,. For all k = 1,.... L let us define

k k

th = V—Z Z/k = ﬁ
- 9 n )

- \4) T \n

and . |
- V . Z
= | Z=| T
Vir Zy
Now, we rewrite (5.37) by
T NT—15( 11\ 7
Z, F X7'F(u)Z
Bu(u) = inf 2 FW X FWZ (539)
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This quotient is the minimum of a Rayleigh quotient. Then, for a given u € D, we

solve the following eigenvalue problem

Find (o, Z;,) € R x X}, Zj, # 0, such that
(5.40)

F(u)"X'F ()2, = aXZy, VZj € X,
and from (5.39), we obtain that fB,(u) = (amin)l/ 2 with i, the minimum eigenvalue
of (5.40). To solve the eigenvalue problem (5.40), we perform a Power Iteration method,

consequently, we shall compute the largest eigenvalue of matrix F(u) ' XF(u)~TX.
We know that

. Ty o L
Vi, Zn)x = /0 (V)T + (G ) 120y df = Y, AL (Vi 2) 7 + At(q,7%) 120
k=1
Let us define the matrices L. and T by
(gn>n)r2(Q) = " L, (Vi) = Vi Tzp, (5.41)

for all v,,z;, € Y, and g, 1, € Qp. Then

L
(ViZi)g =Y Ar(v_’;l)TTz_’;lJrAz(q_’;l)TLr_’,j.
k=1

Then,

X=At . (5.42)

L

To obtain the IF‘( 1) matrix, we recall that we have obtained the decomposition (5.15),

L
QA1) Vi ) (Zy) = Y. ALdA(U (1), Vi3 1) (Z).
k=1

Then, we are able to define Fy(u) for k = 1,...,L, such that for all V,,Z, € X,
and u € D it holds

(Vi) Fr(1)Zy = HA(Ug (1), Vis ) (Z),
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and we finally define F(u) by

F(u) = At N : (5.43)
Fr(u)

We observe that matrix X in (5.42) is a block-diagonal matrix, whose elements are
composed by the matrices I and T defined in (5.41) and also F(u) whose elements
are the matrices Fy(u) for k = 1,... L.

Our goal is to compute the largest eigenvalue of the matrix () ~'XF(u)~7X which
turns out to be a matrix with very large dimension. The computation of the largest
eigenvalue of this matrix does not seen to be affordable with the current techniques
in the literature.

To sum up, the problem of building low cost techniques for the approximation
of B,(1) remains open.

We intend to use hyper-reduction techniques to afford the computation of the eigenvalue
problem (5.40). We could use only some time steps in the building of I~F( ) or/and we
could use a coarser mesh in order to decrease Nj,.



A posteriori error estimation based upon
Kolmogorov turbulence theory

The aim of this chapter is to introduce an alternative a posteriori error estimation. This
estimator is based upon the Kolmogoérov turbulence theory, which introduces the idea
of energy cascade and an expression for the energy spectrum.

In Section 6.1, we introduce an energy balance analysis of the Navier-Stokes equations
to see how the energy is dissipated. In Section 6.2, we introduce the Fourier Transform
and thanks to which, we are able to study the eddy energy by its size. In sections 6.3 and
6.4, we introduce the idea behind energy cascades and the energy spectrum. Finally, in
Section 6.5, we introduce an a posteriori error estimator and we develop an academic

test for a RB problem in Section 6.6.

6.1 System energy study

In this section, we study the basics of the energy balance of the Navier-Stokes (NS)
equations for three cases. Let Q be a bounded polyhedral domain in R, with d = 2,3
and Ty > 0 be a chosen final finite time. We denote the time interval as I = (0,7y) and

the time-space domain as Qr = Iy x Q. The NS equations in differential form are:

V-u=0, in Or.

135
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We complement this problem with homogeneous or periodic boundary conditions and
uy = up(x) as the initial condition.

The NS equations determine any flow by the velocity field ([u] = ms~!) and pressure
per mass density ([p] = m?s~2). This flow can be seen as a laminar or turbulent flow,
depending on the Reynolds number associated with the problem, see (A.22). The
Reynolds number establishes a relation between inertial and viscous forces, understanding
that we have a turbulent flow hen inertial forces are important and laminar when viscous
forces are relevant. That said, since the velocity and characteristic length are difference
along the domain, we can find different Reynolds numbers within the domain.

Now, we define the total kinetic energy of the system as
1
E = —(ul?
(o)

where we denote (-) a suitable average operator. This average verifies the following

properties:
* (utv) = (u)+(v),
* (au) = a(u) for all constant a,
o (Qu) = 0, (u).

From now on, for simplicity, we will suppose that |Q| = 1, and we choose a spacial

average as follows

(u) = /Qu dx.

We study the energy of equations (6.1) in difference situations, depending on the

values of f and v.

Case1: f=0and v=0

We multiply (6.1) by u, and applying the average, we obtain that
1 2

This is, the energy is time-constant since we are removing the source and viscosity

terms, indeed, E = —(|ug|?).

>
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Case 2: f=0and v #0

We repeat the process and we obtain that
atE — _8\/

where &, = 2v(|Du|?) is the turbulent dissipation, that we will introduce with more
detail below, with Du = (1/2)(Vu+ Vu').

Note that by definition, €, > 0, then, J,E < 0. This is, the energy is decreasing over
time, then we can deduce that the energy dissipation is caused by the viscosity forces.

Case 3: f£0and v #0

We obtain that
OE=¢r—¢y

where & = (f-u).
In this case, we can not ensure the behavior of energy since the force terms could

add or remove energy to the system, depending on the sign of &.

6.2 Fourier space representation

One of the most notorious features in turbulence flow is the variability of eddies induced
by the fluid motion. Each eddy could be classified by its size r, and also by its wavenumber
k = 1/r. In this section, we express the energy and the turbulent dissipation over the
wavenumber. This will allow us to describe the energy cascade and energy spectrum
concepts in the following sections.

Thanks to the Fourier transform, we are able to decompose the velocity field in

Fourier modes u(z,k) as follows

i(r,k) = /Qu(t,x)ak(x) dx
and on the contrary,

u(t,x):/Rdﬁ(t,k)q)k(x) dk

where @ (x) = e?#KX §, (x) = e~ 27K 5 the complex conjugate, k = kn, n a unit vector
in Z4. We assume that i(z,k) = 0 for k = 0, this is, the mean flow is zero. From now

on, to simplify notation, we consider u(x) = u(z,x) and (k) = a(z,k).
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Note that, if u(-,¢) € L*(Q) forall ¢ € I r, we can apply the Parseval Identity as follows,

Q
_ /Q u(x) /R (k) 6y (x) dk dx (6.2)

therefore,
E = l/ la(k)|? dk, (6.3)
2 Jrd
this is, we can express the energy system through the Fourier modes.
Henceforth, we assume that the flow is isotropic, which supposes that the statistical

properties of the mean flow are invariant under rotations. We refer to Section 5.2.1 in

[12] and Section 3.7 in [36] for a more specific description of isotropy.

Theorem 6.1. There exists a measurable integrable function E(k) = E(t,k), defined over
R™, and such that

E— /0 E(K)dk, (6.4)

where E is the total kinetic energy.
Proof. See Theorem 5.3 in [12]. L]

The function E (k) for k € (0,+c0) is the energy associated to the eddies of size
r = 1/k and it is well known as the energy spectrum. It can be described as

E(k) = - E(k) dk (6.5)

where E(K) represents the kinetic energy part on the Fourier mode k.
Now, we introduce the concept of turbulent dissipation as

€ =2v{(|Du*) (6.6)

which appears as €, in Case 2 in Section 6.1. Actually, since V-u = 0, then &€ = v(|Vu|?).

As its name suggest, it is related to the energy dissipation through viscosity.
Following the same idea as for the energy E, it is possible to link the turbulent

dissipation € to the energy spectrum E. This is the key for the derivation of Subgrid-Scale

Modelling (SGM), in particular for the Smagorinsky model, as we will see in Section 6.4.
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Lemma 6.1. The turbulent dissipation € can be expressed by a measurable function
E(k) = E(t,k), defined over R™ as

g—v / 872 (k) dk. ©6.7)
0
Proof. See Lemma 5.2 in [12]. L]

Corollary 6.1. According to (6.6), we also have

(|Duf?) = /0 " 4n22E (k) di.

6.3 A brief introduction to energy cascades

It was first introduced by L. F. Richardson in 1922 [40]. As we have already explained,
turbulence is composed by eddies of different sizes. Each eddy is also described through
their velocity and time scales. Then, for a certain eddy scale r, we could define a

local Reynolds number

where u, is the local velocity.

Richardson states that the largest eddies have large Reynolds numbers. Thus, they
are unstable and they end up breaking, transferring their energy to smaller eddies. This
phenomenon occurs across all scales until the viscosity effects are greater than the inertia
and the energy is dissipated by heat. This is called the direct energy cascade.

Richardson summarizes this process with:

“Big whorls have little whorls, that feed on their velocity, and little whorls have
lesser whorls and so on to viscosity.”

Richardson theory matches with the system energy studied in Section 6.1. We
already saw that if the fluid is inviscid, the energy is conserved, by contrast, if v # 0
energy is dissipated by viscosity effects. This viscosity effects are important when the
Reynolds number is low and this is linked to small scales. Moreover, at large scales,
a high Reynolds number means the inertia effects are significant, and we can assume

that large scales have large energy.
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6.4 Energy spectrum

Andréi Kolmogérov stated in 1941 that under the following hypothesis:

* similarity, which assumes that the physical properties of the flow are invariant under

scales changed;
* and isotropy;

there exists an inertial range [k;, k,| where the energy spectrum E (k) can be expressed
by the wavenumber k and the turbulent dissipation &, this is, E (k) ~ £%kB for some
o, to be determined.

The inertial range [k;,k;] is defined by two wavenumbers,

* kj is associated to the largest scale of the problem.

* ko is associated to the smaller scale ro under which the viscosity starts taking an

active part.

Remark 6.1. Kolmogorov also established three hypotheses that support the “Universal
Equilibrium Theory” (cf. [17]). The first hypothesis says that if the Reynolds number
is sufficiently high and ky >> k, then, for all wavenumber k ~ kj the turbulence is in
statistical equilibrium. Moreover, the statistical properties of these eddies depend on two
dimensionless independent magnitudes, the viscosity V and the energy dissipation rate €.

This hypothesis allows us to obtain an estimation of the size of the smallest eddies,

called the Kolmogorov length scale, followed by the velocity and time scale, defined by

v3\ /4 v 1/2
n=(%) o w=vet = ()" ©8)

E &

respectively.

From this assumption, we can suppose that

19)
E = E(k)dk
ky
and

ky
(|Dul?) = A 4% k2E (k) dk.
1

Apart from that, solving the NS equations directly using a numerical approximation

is impracticable for real problems, due to the dimension of the resulting system and
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the sensitivity to the initial conditions. A good solution could be to consider the

Reynolds decomposition:

u=(u)+u, p=(p)+p, (6.9)

where u’ and p’ are the fluctuation of velocity and pressure. Then, the main idea is
to find the equations satisfied by the average fields (u) and (p). The selection of the
average (-) is not unique and it generates a “closure problem” which derives into different
models to use in practice.

If the strategy is to solve large grid scales and to model the subgrid scales, we
obtain a Large Eddy Simulation (LES) model (see Chapter 5 in [12] for more details).
In the LES modeling, large scales are solved and small scales are approximated by
eddy diffusion term in the NS equations, whereby the mesh size is involved. From

decomposition (6.9), we also formally have
(|Duf?) = |D{u) >+ (|Du'[?).

Thanks to this, we can choose a k. = 8 ~! where & is the mesh size, and k. € (k;, k) such
that
) 1k PN
DW=~ [ KREK)dk, (Do) = -/ KE(K) dk.
2 Ji 2 Jk,

The [k;,k.| range represents the solved scales, then we can assume that k. >> kj.

Remark 6.2. The average used to obtain a LES model can be identified with the spatial

average. This is also called the ergodic hypothesis.

We deduce the energy spectrum expression by the Kolmogoérov theory, applying
a dimensional analysis. To do this, let us define L and T that determine the spatial
and time dimension.

We know that the units of energy and wavenumber are
[E]=1%/T%, W=L"",

then by (6.4), [E] = L3/T?.
Furthermore, when viscosity is relevant, we know that the turbulent dissipation is

described in terms of viscosity and the gradient of velocity as in (6.6). We know that
[v] = L?/T and [|Du|] = T, then [¢] = L?/T>.
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Finally, from Kolmogérov Theory, we have that E (k) ~ £*kP, therefore

3 12\ /1\P 3=2a-f o=2/3
ﬁ:(ﬁ> <Z) T 2-3a } < B=-53
and we finally obtain
E(k) =Ce*3k/3 (6.10)
where C is a constant. This is the so-called Kolmogérov —5/3 law.

Remark 6.3. From the Kolmogdrov —5/3 law, we deduce that
D) = 1 - RE(Kdk = Lce/3 /kckmdk = 3eeBER Z By 6
2 Ju 2 Ky 8 ‘ !
As k. >> ki, we can approximate (6.11) by
ID(u)|? ~ Ce¥3k}?

and recalling that k. ~ 81, we deduce that € = C|D{u)|* 5.

On the other hand, to deduce the eddy viscosity Vv;, we replace ro by 6 in (6.8) and we
obtain that 6 = v,3/4£_‘/4 or v; = g1/3§%3,

Finally, we get that v; = C8%|D{u)|, this is the term added to the NS equations and

both constitute the Smagorinsky model, used along this dissertation.

6.5 A posteriori error estimation

The main goal of this section is to use the Kolmogoérov theory to obtain an a posteriori
error estimator to apply the RB method to the Smagorinsky Model. However, this theory
can be extended to any other model for which an inertial energy spectrum is known.

We already saw that the Smagorinsky model solves a part of the inertial range
since it is a LES model. To avoid repetition, we directly describe the Smagorinsky
Model FE approximation.

Let ¥, ¢ W13(Q) and Q, C L*(Q) be two finite element approximation spaces
associated to the mesh {7, };,~0. Then, for all u € D and 1 € I, find (w,(t), ps(t)) =

(ap(t;1), pp(t; 1)) € Yy, x Oy solution of

( 1
/ oy (t) v, dQ+ —/ Vuy,(t) : Vv, dQ
Q Re /o

+ /Q Vi (wy()) Vg (1) : Vv, dQ+ /Q (up(t) - V)uy (1) - vy 4
(6.12)

_/Q(V'Vh)Ph(t) dQ = (f,v;)q, Vv, € Yy,

\ /Q(V'llh(f))clh dQ =0, Vaqn € Q.
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We apply the RB method considering the Reynolds number as the parameter. Then,
let Yy and Qu be the reduced spaces built from solutions of (6.12) for all u € D and
t € Iy, then we are able to deduce the RB problem.

For all p € D and t € I, find (un(u), py(1)) = (un(t; 1), py(t; 1)) € Yy x Oy
solution of

( 1
/ 8;UN(u)-VN dQ+—/ VuN([,L) :Vvy dQ
Q Re Jo

+ [ vy () Vuy () : Vo a2+ [ (an()-V)uy () vy 42

- /Q(V'VN)PN(#) dQ = (f,vn)a, Yy € Yy,
| (V- un(w)aw ae o, Yav € Ox.
(6.13)

As we saw in Chapter 1, the Greedy Algorithm requires the computation of the error
between the high fidelity solution Uy, (1) = (u, (1), pr(1)) of (6.12) and the RB solution
Un(n) = (un(p), py(p)) of (6.13) for all u € D and ¢ € I5 in each Greedy iteration.

The computation of U () solution of the NS equation (6.1) is mostly impracticable,
this is why, we usually consider Uy, (1) = (w, (1), pr(1)) as the high fidelity solution. In
this section, we keep U () as the high fidelity solution and U}, as the FE solution.

Then, our goal is to replace this error by an estimation whose computation is
affordable.

Since we consider the Smagorinsky model, we are solving the scales in the inertial
subrange [kj,k;| which is much smaller than the inertial range. The mesh 7, should be
carefully chosen in order to solve a part of the inertial range, this is, k. € [k}, kz].

We have already seen that the energy spectrum in the inertial range [k, k;| has a

specific expression depending on the wavenumber, this is, from (6.10)
E(k;pu) = a(u)k > (6.14)

where a(u) > 0 depends on €(u).

The energy spectrum of the high fidelity solution u(u) should be as (6.14) for a
suitable a(u) and for all u € D.

If the FE solution u;,(u) of (6.12) is a good approximation of u(u ), we should expect
a similar energy spectrum. The RB problem is built from FE solution u, (i), then, if

the RB solution uy (1) is a good approximation of the FE solution u;,(u) for all u € D,
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then, it is razonable to think that the energy spectrum for the RB solution uy (1) should
approximate the energy spectrum in (6.14), for a suitable a(ut) for all u € D.
Then, let Ey(k; ) be the energy spectrum associated to uy (). We define an a

posteriori error estimator as follows

ke 1/2
AN(,LL):min</k \EN(k;u)—a(u)k5/3|2dk> . (6.15)

a 1

This measures how close is a given solution (either reduced or FOM-obtained) to the
theoretical Kolmogérov spectrum, in the range of inertial wavenumbers [k;,k.| which
is solved by the Smagorinsky model.

We look for designing an academic test to use this a posteriori estimator. For

simplicity in the computation, we board a 2D problem.

Discrete Fourier Transform

In practice, we use the Discrete Fourier Transform (DFT) as an approximation of the
Fourier Transform, as well as its inverse, defined in Section 6.2.

To do this, we suppose that Q is square of length s, this is Q = [—s/2,5/2]?. We divide
each edge in ./ intervals of length 7 = —, with .4 € N pair, generating a mesh Tn.

Let us consider u : Q — C a continuous periodic function. Then, for a Fourier mode
k= (kl,kz), ki,ky = —JV/Z,—JV/2—|— 1,...,JV/2,

1 A2 _
ﬁklkz - d Z uj1j2¢k k (j1h7j2h)7 (616)
(JV + 1> Jisa=—N/2 "
where we recall that @y, (j1h, joh) = 2™ kiitkai2) and
wjij, = u(jrh, joh), j1,jo=—N/2,= N [2+1,.....4 /2. (6.17)

On the other side, ji,jo = —A/2,— A /2+1,...,.47/2, it holds

N2

ujljz = Z ﬁklkz(l)klkz(jlh)jzh)' (618)
ky ko=N /2

Remark 6.4. For a faster computation of the Discrete Fourier Transform, it is usual to

use a decomposition in terms of a Vandermonde matrix Fe € .4/ +V)>(A+1(C). This
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matrix is defined as follows
ek WO/ w11
Fe = wé_‘jy/ 20 w20 W{/ZO (6.19)
Wéﬂ/V/Z)'(*e/Vﬂ) W(E)'(*JV/Z) Wcs/’//Z'(*JV/Z)
where € = —1,1, depending on the direct or inverse Fourier Transform computation.

Moreover, we build the Vandermonde matrix in parallel, which accelerates the computation.

Discrete energy spectrum

For the computation of the energy spectrum and taking into account (6.4), we can

approximate the total energy system by

E— /0 E(K) dk ~ Zéé(l)

where L_ is the integer part of v/2.4" and taking into account (6.5), we approximate
the energy spectrum by

A 1.

E= ¥ Sl

I<|K|<I+1

6.6 Academic test

The aim of this test is to obtain an energy spectrum following the Kolmogérov —5/3
law defined in (6.10) solving the Smagorinsky model. Then, we look for applying the
estimator Ay () defined in (6.15) to build a RB Smagorinsky model.

Problem statement

We solve the Smagorinsky model (6.12) in its dimensionless version for all ¢ € (0, 7¥)
with Ty = 15, over the unit square Q = [—1/2,1/2]? with periodic boundary conditions.
We do not consider any source, then f = 0. We select the Reynolds number Re as the
only parameter it and we fix the parameter set as D = [1000, 16000].

We have supposed an spatial isotropy hypothesis over the flow. We should be able

to reproduce this characteristic numerically, in order to reproduce the energy spectrum
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Figure 6.1: Triangular meshes

desired. In Chapter 4 in [20], D. Franco reproduces the energy spectrum for the Euler
equation. In this case, for a finite number of Fourier modes, they obtain a constant
energy inertial spectrum, departing from an invariant mesh under rotation that remains
the unit cube. This gives us an idea that the first step should be the construction of
this kind of mesh.

We divide each edge of the square Q into .4 intervals, generating a triangular mesh
as we see in Figure 6.1. This mesh is invariant under rotations that keep invariant the
square and it is symmetric with respect to the axis OX, OY, XY and —XY.

As usual, we consider a FE approximation with the Taylor-Hood finite element, i.e.,
we consider P2 — P1 finite elements for velocity-pressure discretization.

We board the time discretization as in the previous chapters, using a semi-implicit
linearized Euler scheme as in (1.20), with At = 20/.4".

Remark 6.5. We have tried also Explicit Euler, Backward differencing (BDF?2), explicit
pseudo-Crank-Nicolson and Crank-Nicolson schemes, obtaining the same results for the
energy spectrum. We retain the semi-implicit Euler scheme since it is the simplest and it

has good stability properties.

In order to build the initial condition, we look for a velocity field with an inertial

energy spectrum as in (6.14). We consider a velocity field wg = (v,v), where v is defined
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Figure 6.2: Representation of the module and energy spectrum of wg.
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Figure 6.3: Initial condition u2 and its energy spectrum.

through its Fourier transform:

k=GBHD2 30 < k< A /4,

0 other case ,

The energy spectrum of w2 is shown in Figure 6.2. We build an initial condition with
a physical inertial spectrum. To do this, we solve the Smagorinsky model taking w?l as
the initial state for u = 8500, the intermediate Reynolds number. We stop for ¢ = 15, this
is, n = 48 and we take the velocity field at this time as the initial condition.

In Figure 6.3, we show the initial condition u2 and its energy spectrum. For wavenumbers

between 5 and 32, we obtain a good approximation of the inertial spectrum. For k > 32,
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Figure 6.4: EIM applied to unsteady Smagorinsky Model.

we observe an abrupt decay of the energy. This is produced by the wavenumbers that
are out of the circle of the largest radio inside the square. As we can see, we start

from a well-developed energy spectrum.

Empirical Interpolation Method

As we saw in Chapters 1 and 2, the eddy viscosity term requires to be linearized with
respect to the parameter. With this purpose, it is necessary to compute some solutions for
different parameters, and then to apply Algorithm 5 for an unsteady problem.

We compute the finite element solution (uj(u),pj(u) for all n =1,... L,
1 = {1000, 6000, 11000, 16000} and we apply the EIM. We stop the algorithm on
186 basis when the error is below €g737 = 107>, The convergence error is shown in Figure
6.4a, while in Figure 6.4b, we show the error and each line represents a time step ¢, for

n=1,...,48. The maximum error is 7.929 - 1072

POD+Greedy strategy

We use a POD+Greedy strategy as it was described in Algorithm 4. We recall that we
follow a POD strategy considering the time ¢ as a parameter and the Greedy algorithm
for the Reynolds number, with the purpose of building a reduced basis space that takes
into account time and parameter variability.

For the POD, we use a separate strategy in the sense that we apply POD to a velocity

snapshot matrix S* and a pressure snapshot matrix SP. To build the correlation matrices,
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it is necessary to establish spatial norms for velocity and pressure, since the time should

be considered as a parameter. In this case, we use the inner product
1
(Vh,zh)T = / —Vv,:Vz,dQ, v,,z;,€Y) (6.20)
Q Ref

where Re = 8500 for velocity which drift into a 7-norm, and L?-norm for the pressure,
for the spaces Y, and Q;, respectively. Let define the matrices Y, and Q;, which are
related to the velocity and pressure norms.

Again, the reduced spaces Yy and Qn must be inf-sup stable, therefore, we propose

the use of an inner pressure supremizer operator Tj\’; : 05, — Y}, defined as follows

(T3 Py V)T = _/Q(V'Vh)l’h dQ, Vv,ey,

for a given p;, € Qy,. In [47], G. Stabile and G. Rozza propose two different strategies
to implement the supremizer when POD is applied over a parameter. We stay with the
exact supremizer enrichment, this is, we compute the supremizer basis from the pressure

basis obtained in the POD procedure.

Algorithm 7 POD+Greedy with supremizer

Set €101, 2,101 > 0, Njax €N, .u* € Dirain, 2" = []5 7P = H and S = { }§
while N < N« do
S=su{u*}
Compute U"(,u )= (i (u*),pr(u*)) forn=1,...,L;
Build §* = [u}, ("), uj (1), .., uf (1)), S7 = [ph (W), p ("), -, ph(u)];

€5 éMu] =POD(S", Y, €1 101);

[ 11]7 ] POD(SP;Qhagl,Z()l)9
Zu = [ZU gu : 7§[L:/[u];
Zr =[ZP,87,....80,)

[217 7£Nu] POD(Z”,Y}U 827tol);
[@7,..., @R ]=POD(Z?, Qp, & 101);
Compute @fu; =Ty @ fori=1,...,NP;
N N" 4 2NP,
{(Pz }N +NP’ - {(pl i= 1’
1 = arg maxye, o Aw(i, L)
ey =Ay(u*,L);
if ey < g,; then
Nipax = N,
end if
end while

Finally, we apply the algorithm described in Algorithm 7. We give a general idea:
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1. For a given u*, we solve the Smagorinsky Model for any time #, forn=1,... L,

and we save the result in the snapshot matrices S* for velocity and S? for pressure.

2. We apply the POD procedure separately for velocity and pressure, for a given

tolerance €; ;,; and we add the results in the matrices Z" and Z?.

3. Finally, we apply a second POD to Z" and Z? for a given tolerance & ;,;. This

procedure avoid repetition in the basis.

4. We compute the supremizer for the pressure basis resulting above and we add it to
the velocity basis, obtaining Yy and Qy.

5. Lastly, we apply the Greedy Algorithm to the RB problem associated to the spaces
Yy and Qy, obtaining the new parameter u*. We use the estimate Ay (i) at the last

time since it is assumable that the energy spectrum is well-developed at that time.

To compute the estimator, we should know the resolved part of the inertial range in the
Smagorinsky model [k1,k.]. Since we already compute (uj (i), pj(u)) forn=1,... L,
1 = {1000, 6000, 11000, 16000} for the EIM, we know the energy spectrum associated
to each parameter in n = L. In Figure 6.5, we show the energy spectrum and we see
clearly that we could assume k| = 5 and k. = 32. We also show the velocity field
ul() in Figure 6.6.

Results

We compare the use of the estimate Ay () introduced in (6.15) versus the use of the

exact error at the final time

ev(i) = [lug; () —ugy(u)|lr, (6.21)

for the parameter selection in Algorithm 7.

Tables 6.1-6.2 shows the comparison using the estimator Ay (tt) (upper table) and the
exact error £y () (lower table) for the selection of the parameter u. We set & ;o = Vel tol>
with €1 ;o = 107!% in Table 6.1 and € ,,; = 10~!3 in Table 6.2. In both tables, using
Ay (), we stop the algorithm in the third iteration, since the next Reynolds number
has been already select and we remain with the same number of basis, N = 98 in Table
6.1 and N = 143 in Table 6.2. The exact error and the number of RB basis are similar
whether we use the estimator Ay(u) or the exact error gy(ut), which tell us that the

use of the estimator Ay (i) is quasi-optimum.
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Figure 6.5: Energy Spectra for u = {1000, 6000, 11000, 16000} at final time.

Comparing both tables, the exact errors are similar, therefore, we deduce that a very
small tolerance in the POD steps does not ensure a decrease in error.
In Figure 6.7a, we show the comparison of the estimate Ay ({t) in each iteration of

the POD+Greedy algorithm described in Table 6.1 versus

1/2

vt =min ([ i) -t R )
1

and Ej,(k; 1) for k € (ki,k.) represents the energy spectrum of uk ().

Since the reduced solution is built from the FE approximation, we should not expect
that Ay () tends to O when N — oo, it should rather converge to A;,. We observe in Figure
6.7a that indeed Ay (1) approaches Ay as N increases and Ay, needs not be zero as the
finite element solution is just an approximation of the physical flow. Therefore, we depend
on the error committed by the FE approximation to approximate the inertial spectrum.

In Figure 6.7b, we show the error gy(u) for g = 1000,1625,...,16000 at each

POD+Greedy algorithm iteration. In the last iteration, the error is smaller than 1074
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Figure 6.6: Module of velocity at final time [uk(u)|.

Online phase

To test the Reduced Basis spaces obtained by the previous procedure using Ay (i),
we select five random Reynolds values different from the selected ones by the Greedy
Algorithm, and we solve the RB and FE problems. The results below have been computed
on only one processor in a cluster with CPUs AMD EPYC 7542 2.9 GHz.

In Table 6.3, we show the computational time, the values of the estimates, and the
error between the RB and FE solution at the final time 7y = 15.

We obtain speed-ups ratio close to 20, what is satisfying for an evolution turbulence

model. We already saw that considering ey () instead of Ay (i) does not reduce the
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It. | Re N | maxy Ay(p) maxy en(i)
1] 1000 | 30 | 792-1007 2.57.1073
2 116000 | 72 | 5.27-107Y 2.37-107%
312250 | 98 | 351-100"  6.04-107°
4 116000 | 98

It. | Re N | maxy en(i)

1] 1000 | 30 | 2.57-1073

2 116000 | 72 | 2.37-107*

3| 3500 | 100 | 3.52-10°°

4 | 7250 | 119 | 3.53-107°

153

Table 6.1: Step by step of the POD+Greedy algorithm for & ;,; = 10719, € 101 = 107, using
An(1) (upper table) and ey () (lower table) for the parameter selection.

It. | Re N | maxy Ay(u) maxyeyv(u)
1] 1000 | 39 5.52 2.6-1073
2 | 16000 | 105 | 4.03-10°' 2.17-1073
311625 | 143 | 3.53-100  7.09-10°5
4 | 16000 | 143

It. | Re N | max, ey(u)

1] 1000 | 39 | 2.6-107°

2 [ 16000 | 105 | 2.17-10*

3] 3500 | 152 | 3.25-10°°

4 | 7250 | 197 | 2.2-107°

Table 6.2: Step by step of the POD+Greedy algorithm for &, = 10713, &, = 3.16- 1077,

using Ay (1) (upper table) and ey (1) (lower table) for the parameter selection.

number of basis functions, thus, we can not blame the estimator.

Finally, in Figures 6.8-6.9 we show velocity and pressure for Re = 11757, along

a time step selection.
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(a) Estimate Ay (1) in each iteration and A, (). (b) Error gy(u) in each iteration.

Figure 6.7: Convergence of POD+Greedy algorithm.

Re=1825 Re=4804

Re=11757 Re=13605 Re= 14027

TFE 55.63s 58.67s
Trp 2.95s 2.99s
Speedup 19 20

58.3s 58.09s 57.94s
2.83s 2.92s 3.06s
21 20 19

Ay(un) | 3.42-1077 2.8-107"
Ap(u) | 3.18-107" 3.23.107!
ey(u) |2.86-107 5.73-107°

297-10°1  3.11-100°7  3.17-107!
3.09-107! 3.2-107! 3.25-1071
3.56-107°  2.94.107° 2.88-107°

Table 6.3: Validation of RB model.
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Figure 6.8: Velocity field for Re = 11757.
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Figure 6.9: Pressure for Re = 11757.



Open problems

As possible ways to continue this research, we set some open problems related to

the results presented in this part:

[0 Computation of the Stability Factor B,(u) for 4 € D in Chapter 5, using hyper-reduction
techniques in space (with coarser meshes) and time (using only some time iterations

instead of all).

[ Extend the academic test in Section 6.6 to other definitions of the Kolmogdérov
estimate. Instead of using the last time, we purpose the use of mean value, maximum

value, or some time values in an interval of time.
J Extension of the academic test in Section 6.6 to the 3D case.
(] Application to industry problems thanks to the low cost Kolmogérov estimate.

[ Extension to another space discretization, such as finite volume or finite difference

method since the Kolmogorov estimate is independent of the used method.

(] Find an estimate for the exact error using the Kolmogérov estimation.

L] Application to Variational Multi-scale (VMS) Smagorinsky model in order to

consider less diffusive Smagorinsky models.
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Appendix






Basic notations and auxiliary results

The goal of this section is to introduce the difference properties and basic notations

that we use along this document.

A.1 Basic notations
Notations for Matrix-Vector Operations

Let x = (x;)%, and y = (y;)%, be two vectors and A = (aij)jszl and B = (bij>§l,j:1

two d X d matrices. Then,

* The dot product of two vectors:
d
Xy =) Xy
i=1

* The dot product of two matrices:

¢ The Frobenius norm of the matrix A:

J 1/2
A| = (Z a§j> = (A:A)/2 (A.1)

=1
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Lebesgue Spaces

Let Q C R, d = 1,2,3, be a domain and let p € [1,%0]. The Banach spaces L”(Q) are

formed by measurable functions on  with the norm

1/p
Moy i= ( [ IvPa)

V]| z=(q) = sup[v(x)|.
xeQ

o if pel,e0),
o if p=rco,

In addition, L?(Q) is a Hilbert space with respect to the inner product

(Vv,W)a :/ V-wdQ
Q

If p € (1,%0), then the dual space of L”(Q) is LI(Q) where p~! +¢~! = 1 with
the dual pairing

<v,w>9:/ v-wdQ, v e I2(Q), w e LI(Q).
Q

For more details, see [1].

Sobolev Spaces
Let p and r be two non-negative integers. The Sobolev spaces are defined by

W (Q)={feLP(Q) | D*f c LP(Q), Ya e N : |a| < r}, (A.2)
where o = (0y,...,0y) with o > 0 for any i = 1,...,d is a multi-index such that
la| = Y4, 0o; and

0%v

D% = ————.
OXq - .. 0Xq,

This spaces are equipped with the norm
o If pe[l,00),

1/p
IVl :=< Y HD"‘VHZ(Q)) ,

0<|a|<r
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° lfp:oo,

V]| wreroy i= max |[|D%V||;«(0).
V][ wre=() Og‘a‘grﬂ =)

In general, the Sobolev Spaces are Banach Spaces and in particular, the spaces
W"2(Q) are Hilbert Spaces, denoted by H'(Q).
The dual space of W"?(Q) is the space £ (W"?(Q),R) such that for F € Z(W"P(Q),R),

[FW) < Clvliwrr(a), Vv e WP (Q).

Particularly, for p = 2, the dual of H"(Q) is H~"(Q). For more details, see [1].

Bochner Spaces

Let (a,b) be a time interval and v be a function defined on (a,b) x Q. Let (V.|| -||v)
a Banach space on Q. We denote by L?(a,b;V) for p € [1,00], the Bochner space

endowed with the norm

e If pel,oo),
b 1/p
Mo = ([ Ivolgar)
° if p=oo,
[Vl[z=vy == sup [[v(®)]lv.
te(a,b)

A.2 Auxiliary results

For this section, let (X, || -||x) be a Hilbert space on Q C R?.

Property A.1. For any a,b € X then,
2(a—b,a)q = |lalx — bII% + [la—blI%- (A3)
Proof.
2(a—b,a)g = (a—b,a)g+ (a,a—b)g
(a—b,a)o+(a,a)o —(a,b)a+(b,b)o— (b,b)a
(a—b,a)g+alx —(a—b,b)a— bl
(a—b,a—Db)o+|lalk - bllz

la—bl% + llallx — 1511
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Property A.2. For any a,b € X then,
1 2 1 2
(a.b)a = 7 llallx + 516k (A4)

Proof.
la—b||% = (a—b,a—b)o = |lallx + b —2(a,b)a >0

]
Property A.3. For any a,b € X and c € R,
cponz Lo
(@.b)a < lali +- b1 (A5)
Proof.
\/E 1 2 C 2 1 2
~—a———=b|| =~ —||bllx — (a,b)g >0
[ a= et =Sl + L1blG - (@ b)a >
]
Property A.4. For any a,b € R,
13 1.3
lala(a—b) > §|a| - §|b| (A.6)

Proof. Taking into account the Taylor series for the function f(x) = %|x|3 (f (x) = |x|x),
we obtain that

1 1

J16° = 5 1af* +lala(b — a) + el (b — a)?

fora <b € R and ¢ € (a,b). As the last term is non-negative,
Lo 13 2
316" = 3lal" +lala(a = b) = [c|(b—a)” 2 0
and this completes the proof. 0

Definition A.1. Let X be a Banach space and A(-,-; 1) : X x X — R. We define the
directional derivative of A(-,-; L) with respect to the first variable, in the direction of

zZeX, forallU,V € X, as
A(U+aZ,Viu)—AU,V;u)

if this limit exists.
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Theorem A.1 (Holder’s inequality). Assume that f € LP(Q) and g € L1(Q) for p,q €
[1,00] with p~' + ¢! = 1.. Then fg € L'(Q) since

(f:8)a < I fllr@ llglla@) (A.8)
Proof. See [7], page 92. [

Remark A.1. For p = g =2, the Holder’s inequality is known as the Cauchy-Schwarz
inequality.

Theorem A.2 (Sobolev embedding). Let 1 < p < oo, We have

e Ifp<d,
1 1 1
Whe(Q) c L4(Q), - =-——-.
(Q) (Q) 7 d
* Ifp=d,
WhP(Q) C LY(Q), Vq € [p,+eo).
* Ifp>d,

whr(Q) c L(Q).
All these injections are continuous.
Proof. See [7], page 285. [

Remark A.2. Thanks to the Sobolev embedding Theorem A.2, we obtain the injection
from H'(Q) to L*(Q). Because of the equivalence between the H' (Q) and H} (Q) norms,
there exists a constant Cy;1 » > 0 depending on L such that

||V||L4(Q) < C4;172Hv||H6(Q)7 e Hl(Q) (A.9)
This inequality is used along this dissertation.

For each h > 0, let 7, be a triangulation of Q made of closed triangles K with
diameters bounded by /pax. In other words:

= Jk
KeT,

where any two triangles K| and K, are either disjoint or share at most one side or one

vertex. The size and shape of each triangle K are specified by two quantities
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¢ hg the diameter of K,

* pg the diameter of the inscribed circle in K.
The regularity of a triangle K is measured by the ratio ox = hg/pk.

Definition A.2. A family {T,}1~0 of triangulations of Q is said to be regular as h tends
to zero if there exists a number ¢ > 0, independent of h and K, such that

ox <o,VKeT,.

In addition, Ty, is said to be uniformly regular as h tends to zero if there exists another
constant T > 0 such that
th<hg < O Pk, VK € 771

Theorem A.3 (Local Inverse inequality for polynomial functions). Let gy, g2 be two real
numbers such that 1 < qq, g2 < +oo. Let ky, ko be two non-negative integer numbers.
Assume that ky < ki and ky — j—z <k — qir For any non-negative integer [ there exists a
constant C > 0 such that

ky—kj—2 4
HvHWkl,ﬂﬂ (K) g Cpk 2 hlq(l HvHsz,qz(K), vv c PI(K)
If in addition, the family of triangulations { T}, } >0 is regular, then for all T,

—dd
2 Wllyioa )s VK € Thy W € RI(K) (A.10)

ky—k
HVHWle (K) < Chg

where hy is the diameter of a triangle K, pk is the diameter of the largest circle be
inscribed in K and the constant C only depends on q1, q», ki, ko, d, | and the aspect ratio
of the family of triangulations.

Proof. See VIL.4 in [6]. ]

Remark A.3. Thanks to the application of the Local Inverse Inequality A.3 to the spaces
L3(K) and L*(K) for K € Ty, there exists a constant C3. > 0 such that

—d/6
Wl < oot Wl 2y VK € TayWv € PK) (A.11)
This inequality is used along this dissertation.

Theorem A.4 (Global Inverse inequality). Let g1, q» be two real numbers such that
1 < g1, g2 < Hoo. Let ky, ky be two non-negative integer numbers. Assume that ko < ki
and ky — 6% <k — %. Supposing that for all h, the FE space Xy, is in W91 (Q). There
exists C > 0 depending on the polynomial degree in each element K € T}, such that
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* for gy < qi,
ky—ky— L4 4
HvHWklsql (Q) S Chmln 2 n ||v||Wk2.qz (Q)’ VV E Xh
* for q1 < qo,
ko—k
||V||Wk1,q] (Q) S Chn%m ! ||V||Wk2,q2(Q)7 VV < Xh (A12)
where hyin = mingc7, hg.
Proof. See VIILS in [6]. O

Theorem A.5 (Riesz representation theorem). Let X' denote the dual space of X. Let
f €X', then there exists a unique x¢ € X such that

fO)=(xr,y) VyeX.

Moreover,

1% = llxrllx-
Proof. See [7]. O

Lemma A.1 (Lax-Milgram lemma). Assume that a(-,-) is a bilinear form on X such that
jau,v)| < Yllullx[vllx, Vu,veX

and
a(u,u) > Bllulkx VYueX.

for some y> 0 and B > 0. Then, given f : X — R, there exists a unique element u € X
such that
a(u,v)=(f,v), veX

that satisfies

1
Jullx < EHfHX"
Proof. See [7]. [l

Lemma A.2 (Poincaré). Let 1 < p < +oo and let Q be a bounded open set. Then, there
exists Cp1,p > 0 such that

1
IVllr@) < Cot pllVVllir)y, Vv e WyP(Q) (A.13)

where WOl P(Q) is the space formed by v € WP (Q) with zero trace.
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Theorem A.6 (Trace theorem). Let Q be a domain of RY provided with a Lipschitz

continuous boundary dQ. There exists one and only one linear and continuous application
% :HY(Q) — L*(0Q),
such that Yov = v yq, for all v € H'N CO(Q); and

1Wvllz2r) < Crllvllz )

for some Cr > 0. The result still holds if we consider the trace operator y: H' (Q) — L*(I")

where I is a sufficiently regular portion of the boundary of Q with positive measure.
Proof. See [19], Section 5.5. ]

Lemma A.3 (Discrete Gronwall’s Lemma). Let k, B, and ay,, by, ¢y, Yy, for integers n > 0,

be nonnegative numbers such that

m m m
am+k Y by <k Y Wan+kY cu+B, forn>0. (A.14)
n=0 n=0 n=0

Suppose that kv, < 1, for all n, and set ¢, = (1 — k}/n)*l. Then,
m m m
am+kY by <exp|k) %o, | (k) cat+B]|, forn>0. (A.15)
n=0 n=0 n=0

Proof. See [24], page 369. [

Definition A.3. Let H : X — X with X be a Hilbert space. We say that H is a contraction
if there exists some L € (0,1) such that

|H(u)—H)||x <Lllu—v|x, Yu,veX. (A.16)

Theorem A.7 (Schauder Fixed-Point Theorem). Let K be a nonempty, compact, convex
subset of a space X, and suppose H : K — K is a continuous operator. Then, H has a

fixed point.
Proof. See [50], Chapter 2. [

Remark A.4. It can be proved that if a contractive function has a fixed point, this point
is unique. Moreover, if we are under the conditions of theorem A.7, we can ensure the

existence and uniqueness.
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A.3 Well-posedness of saddle point problem

Let Y and Q be two real Hilbert spaces on Q with norm || - ||y and || - || respectively. Let
us define the non-linear form a(u;w,v) on Y X Y x ¥ such that the mapping (w,v) —
a(u;w,v) is a bilinear and continuous form on Y x ¥ and the continuous bilinear form
b(v,q) on Y x Q.

Then, for a given f € Y’, we consider the following problem:

Find (u, p) € Y x Q such that
a(w;u,v)+b(v,p) = £,v)q, VveY (A.17)
b(u,q) =0 VgeQ

Then, we introduce the operators A(u) € £ (Y;Y’) forueY and B € £ (Y;Q’) defined by
(A(m)w,v)o =a(u;w,v), Yw,ve Y,
(Bv,q)o =b(v,q), VvEY, Vg€ Q.

We can rewrite the problem (A.17) into:

Find (u, p) € Y x Q such that
A(w)u+B'p =1, iny’ (A.18)
Bu=0, in Q'

Then, we set X = ker(B) in Y, then we can define a problem associated to (A.17) such that

(A.19)

Find u € X such that
a(wu,v)={fv)g, VWweX

Theorem A.8 (Inf-sup Condition). Let Q be a bounded, connected, Lipschitz-continuous
domain in R¢ and let py, p be two real numbers such that pl_1 +py V= 1. Then, there is
a constant o > 0 such that

b(v,
gl < sup l, Vg € L7 (Q) (A.20)
vew!r2(Q) ||V||W',pz(g)

Proof. See Corollary 3.2. in [2]. L]
Remark A.5. The pair of spaces ([H} (Q)]4,L?(Q)) verifies the inf-sup condition (A.20).

Theorem A.9 (Uniqueness problem (A.19)). Let us make the following hypotheses:
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1. The form a(-;-,-) is uniformly elliptic with respect to the first variable, that is, there

exists a constant 3 > 0 such that:

a(u,v,v) > B|v|l3, W,u € X.

2. The mapping u — A(u) is locally Lipschitz continuous in X; that is, there exists a

continuous and monotonically increasing function L : R* — R™ such that Ve > 0:
|a(ui;w,v) —a(uyw,v)| < L(€)lluy —uslly [wlly|[v]]y, Yw,v € X
foralluy,uy € B where Be ={ve X : |Jv|y <e&}.
Then, problem (A.19) has a unique solutionu € X.

Theorem A.10 (Uniqueness problem (A.17)). Suppose that the form b(-,-): Y x Q — R
satisfies the inf-sup condition (A.20) then, for each solution u of problem (A.19), there

exists a unique p € Q such that the pair (u, p) satisfies problem (A.17).

Proof. For the proof of theorems A.9 and A.10 we refer to Chapter IV in [21]. [l

A.4 Dimensionless numbers

Prandlt

It depends only on the fluid and the fluid state since defines the ratio of momentum
diffusivity (v) and thermal diffusivity (k). It is around 0.71 for air and 7.56 for water at
18°C.
pr="Y =k (A21)
K

Reynolds
It is the ratio of inertial forces to viscous forces. At low Reynolds numbers, flows tend to

be dominated by laminar flow, while at high Reynolds numbers, flows tend to be turbulent.

_uL_puL
T _ g

Re (A.22)
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Péclet

It is the ratio of the rate of advection transport rate and diffusive transport rate. For heat
transfer, the Péclet number is equivalent to the product of the Reynolds number and
the Prandlt number.

LU LUpc
Kk

Pe — RePr (A.23)

Nusselt

It is the ratio of convective to conductive heat transfer at a boundary in a fluid.

_al

N
YT

(A.24)
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