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Resumen

En esta memoria, introducimos la familia de espacios de funciones holomorfas en el
disco unidad con integrabilidad radial media RM (p, q), 0 < p,q < co. Esta familia
contiene los espacios cléasicos de Hardy H? (cuando p = o0) y los espacios de Bergman
AP (cuando p = ¢). Caracterizamos la inclusion entre RM (p1,q1) y RM(p2,qe) en
funcién de los parametros. Para 1 < p,q < oo, proporcionamos una descripcién
de los espacios duales de RM (p,q) por medio de la acotacién de la proyeccion de
Bergman. Mostramos que RM (p,q) es separable si y s6lo si ¢ < oo. De hecho,
damos un método para construir copias isomorfas de £*° en RM (p, c0).

En la segunda mitad, estudiamos los operadores de integracion

T,(f)(z) = / " fw)g (w) dw

actuando sobre los espacios RM(p,¢). Cuando consideramos el operador T} entre
el mismo espacio RM(p,q), proporcionamos una caracterizacion de la acotacion,
la compacidad y la compacidad débil. Al considerar la accion de Ty entre difer-
entes espacios, debido a la complejidad técnica de la situacion, sélo caracterizamos
su acotacién. Para el primer caso, desarrollamos diferentes herramientas como una
descripcion del bidual de RM (p,0) y estimaciones de la norma de estos espacios
utilizando la derivada de las funciones, una familia de resultados que llamamos de-
sigualdades de tipo Littlewood-Paley. Para el segundo caso, resolvemos un problema
de medidas de tipo Carleson para los espacios tienda de funciones analiticas AT} en
el disco unidad. Estos espacios consisten en las funciones analiticas de los espacios
tienda 7} introducidos por Coifman, Meyer y Stein, y resulta que en muchos casos se
tiene que RM (p, q) coincide con AT}. Este problema de tipo Carleson fue planteado

originalmente por Luecking.
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Abstract

In this thesis, we introduce the family of spaces of holomorphic functions in the unit
disc with average radial integrability RM (p,q), 0 < p,q < co. This family contains
the classical Hardy spaces H? (when p = 00) and Bergman spaces AP (when p = q).
We characterize the inclusion between RM (p1,q1) and RM (pa,q2) depending on
the parameters. For 1 < p,q < oo, we provide a description of the dual spaces of
RM(p,q) by means of the boundedness of the Bergman projection. We show that
RM(p, q) is separable if and only if ¢ < co. In fact, we provide a method to build
isomorphic copies of £*° in RM (p, 00).

In the second half, we study integration operators

T,()(z) = / " fw)g (w) dw

acting on RM (p,q) spaces. When we consider the operator T, between the same
RM(p,q) space, we provide a characterization of the boundedness, compactness,
and weak compactness. When considering the action of T between different spaces,
which is already an involved situation, we only characterize its boundedness. For the
first case, we develop different tools such as a description of the bidual of RM (p, 0)
and estimates of the norm of these spaces using the derivative of the functions, a
family of results that we call Littlewood-Paley type inequalities. For the second case,
we solve a problem of Carleson type measures for tent spaces of analytic functions
AT in the unit disc. These spaces consist of those analytic functions of the tent
spaces spaces T introduced by Coifman, Meyer, and Stein, and it turns out that in

many cases RM (p,q) = AT. This Carleson type problem was originally posed by

Luecking.
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Glossary

® tensor product

A° the complement of the set A

#A the cardinality of the set A

T the unit circle

D the unit disc

Coo the Riemann sphere

Re () the real part of z € C

Im (2) the imaginary part of z € C

Arg(2) the principal argument of z € C\ {0}. Arg(z) € (—m, 7]

arg(z) an argument of z € C\ {0}

co{ey, ea, ...} the finite convex combinations

A the normalized area measure on the unit disc D

my, Lebesgue measure of dimension n

f o fdm denote the mean ﬁ i) 4 [ dm given a measurable set A of positive
measure and f € L'(A)

Cc=0C() denote an absolute constant whose value depends on the parameters

indicated in the parenthesis

AxB means that there is a constant C' > 0 such that C~*A < B< CA
A<B means that there is a constant C' > 0 such that A < CB

Az B means that there is a constant C > 0 such that A > CB

o the conjugate exponent of p, that is, the number such that %—i—z% =1,

whenever 1 < p < co. We understand that if p = 1 then p’ = oo and
if p= oo then p’ =1
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Introduccioén y conclusiones 3

En 1923, los espacios clasicos de Hardy HP fueron introducidos por F. Riesz [5§].
Puso el nombre a esos espacios por el articulo de G.H. Hardy [38]. Posteriormente,
los espacios de Bergman AP aparecieron hacia 1950 en un trabajo de S. Bergman [14]
centrado en los espacios de funciones analiticas que son cuadrado-integrables sobre
un dominio dado con respecto de la medida de area de Lebesgue. Desde entonces,
se han hecho grandes progresos en el estudio de estos y otros espacios de funciones
analiticas en el disco unidad. En la mayorfa de los casos, la pertenencia de una
funcién al espacio viene dada en términos de acotacion (o integrabilidad) de una
determinada media de la funcién sobre circulos centrados en el origen o en términos
de integrabilidad con respecto de la medida de &rea de Lebesgue, quizés con un
cierto peso. Hay bastantes libros sobre estos espacios, pero nosotros destacamos
[27,34,40,43].

En otros casos menos estudiados, la pertenencia viene dada por la integrabilidad
radial media. Quizas el espacio mas conocido en esta situacion es el espacio de
variacion radial acotada BRV, un tema que se remonta a Zygmund y en el que
muchos autores han trabajado (véase, por ejemplo, los articulos de Bourgain [17],
Rudin [60] y Zygmund [69]). El espacio BRV de funciones analiticas con variacion

radial acotada consiste en aquellas funciones holomorfas g € H(D) tales que

1
Sup/ | (te)| dt < oo.
o Jo

Otra situacion diferente donde la integrabilidad radial juega un papel importante
es en el teorema de Féjer-Riesz que afirma que si f pertenece al espacio de Hardy

HP entonces

! : 1
sup ([ e dr) < 5151 ()

En el Capitulo 1 introducimos la familia de espacios de integrabilidad radial
media, RM (p,q) (Definicion 1.2.1). Estos espacios estan formados por las funciones

analiticas tales que

27 1 _ a/p la
< / < / |f(re®)P dr) d@) < 400
0 0

para 0 < p,qg < oo. Si p or ¢ es infinito, cambiamos la integral por el supremo
esencial, respectivamente. Ademads, mostramos una serie de ejemplos de funciones
que pertenecen a esta familia de espacios. Entre ellos, destacamos la Proposi-
cién 1.4.1 donde caracterizamos las series lacunares pertenecientes a RM (p, q). Ana-
lizamos otras propiedades como la acotaciéon del funcional de evaluacion (Proposi-

cién 1.5.2), completitud (Proposicién 1.5.8) y separabilidad (Proposicién 1.5.12 y
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4 Introduccién y conclusiones

Teorema 1.5.18). Demostramos que RM (p,q) es separable si y solo si ¢ < +oo.
De hecho, el espacio RM (p, 00) siempre contiene un espacio isomorfo a £>° (Teo-
rema 1.5.18).

En el Capitulo 2 proporcionamos una caracterizaciéon completa de cudndo uno
de esos espacios estd incluido en otro (Teorema 2.1.3) y, en tal caso, caracterizamos
cuando la inclusion es compacta (Teorema 2.2.3). Como consecuencia de dicha carac-
terizacion, obtenemos que la desigualdad inversa de (A) no se satisface, esto es,

existen funciones holomorfas f en ID tales que

1 ‘ 1/p
sup </ |f(re’9)|p dr) < 400,
[/ 0

pero que no pertenecen a HP.

En el Capitulo 3 demostramos la acotacion de la proyeccién de Bergman de
L®9)([0,1) x [0,2)) sobre nuestros espacios RM (p,¢) cuando 1 < p,q < +0o (Teo-
rema 3.2.2). Esto nos permite identificar el espacio dual de RM (p, ¢) como el espacio
RM(p',q'), para 1 < p,q < 400 (Teorema 3.1.7). Las técnicas y herramientas em-
pleadas en la demostraciéon de la acotacién de la proyeccién de Bergman proceden
del Analisis Armoénico. En particular, usamos un resultado clasico de C. Fefferman
y E. Stein (Teorema 3.2.7), que proporciona la acotacion de la versiéon vectorial de
la funcién maximal. El caso p = ¢ nos da la conocida acotacion de la proyecciéon de
Bergman de LP (D) sobre el espacio de Bergman AP, que se suele demostrar con dife-
rentes técnicas que no funcionan en nuestra situacion. Por otro lado, para los casos
en los que o min{p, ¢} =1 o bien max{p, ¢} = +oco demostramos que la proyeccion
de Bergman no envia L9 ([0,1) x [0,27)) en el espacio RM (p,q) (Teorema 3.2.8).

Los resultados de dualidad anteriores nos premiten simplificar el estudio de las
relaciones de contencion entre los espacios RM (p, ) y el caso particular de los espa-
cios de norma mixta H@PY/?_ esto es, el espacio de functiones holomorfas f sobre D

tal que

1/p

1 2m . do p/q
I f1l ramise = (/0 (/0 |f(7'e“9)\q 27T> dr> < +oo.

En la tdltima secciéon de este capitulo, presentamos una identificacion de forma
natural del bidual de RM (p,0) con RM (p, c0) siguiendo el esquema de la prueba de
K.-M. Perfekt en [54] para una situacion similar.

La altima parte de esta tesis esté dedicada a estudiar los operadores de integracion
que actian sobre la familia de espacios RM (p, q). Estos operadores se definen de la

siguiente manera. Sea X un espacio de Banach de funciones analiticas sobre el disco
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Introduccioén y conclusiones 5

unidad D. El operador de integracién T}, viene dado por

T,(f)(z) = /O T fw)g(w) dw, e X,

donde g : D — C es una funcién analitica.

En [55] Pommerenke probo6 que este operador esta acotado en el espacio de Hardy
H? si y sélo si g pertenece al espacio de funciones analiticas de oscilacién media
acotada BMOA. Ademés, su prueba puede ser adaptada para obtener que T, es
compacto si y solo si g pertenece al espacio de funciones analiticas de oscilacion
media evanescente VMOA. Posteriormente, Aleman y Siskakis extendieron estos
resultados a los espacios de Hardy H? con 1 < p < +oo [5]. Ademés, también
mostraron en [6] que el operador de integracion Ty esta acotado en el espacio Bergman
AP con1 < p < +o0, siy solosi g pertenece al espacio de Bloch. Ademaés, obtuvieron
un resultado similar para la compacidad de 7, pero en este caso la funcién g debe
pertenecer al espacio pequenio de Bloch By.

En 2014, Anderson, Jovovic y Smith [8] conjeturaron que este operador estd
acotado en H* si y sélo si el simbolo g pertenece al espacio BRV de funciones
holomorfas en el disco unidad de variacion radial acotada. En 2017, Smith, Stolyarov
y Volberg publicaron un articulo [63] en el que mostraban un contraejemplo a esta
conjetura. En la actualidad, la acotacion del operador de integracion T, : H* — H*
es un problema que sigue abierto y que contintia despertando el interés de un gran
namero de matematicos, como Volberg, Smith, Pelaez, Rattya, etc.

En el Capitulo 5 proporcionamos una caracterizacion de cuando el operador de
integracion T, esta acotado, compacto o débilmente compacto sobre los espacios de
integrabilidad radial media RM (p, ¢), para p < 4-00. Demostramos que Ty esta aco-
tado (respectivamente, compacto) sobre los espacios RM (p, q) si 'y solo si g pertenece
al espacio de Bloch B (respectivamente, espacio pequenio de Bloch By). Noétese que
si tomamos p = ¢ se recupera la caracterizacion de la acotacion y compacidad del
operador de integracion para los espacios de Bergman.

La cuestion principal en este capitulo es la compacidad débil del operador de in-
tegracion Ty : RM (p,q) — RM (p, q), por supuesto cuando RM (p, ¢) no es reflexivo.

En este contexto demostramos:
Teorema. Sea g € B. Entonces

(1) Si1 < p < 400, el operador Ty : RM(p,00) — RM(p,o0) es débilmente
compacto si y solo si Tg(RM(p,o0)) C RM(p,0) (Teorema 5.2.2).

(2) Sil < q < 400, el operador Ty : RM(1,q) — RM(1,q) es débilmente compacto
siy sdlo siTy: RM(1,q) = RM(1,1) es compacto y si y sélo si g pertenece al
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6 Introduccién y conclusiones

espacio débilmente pequenio de Bloch, esto es, g € B y

lim (1 — 72)|¢ (re?®)| = 0

r—1
para casi todo € € T (Proposicion 5.2.5 y Teorema 5.2.11).

(3) Sil <p < +oo, el operador Ty : RM (p,1) — RM (p,1) es débilmente compacto
siy sdlo st Ty : RM(p,1) — RM(p,1) es compacto y si y sdlo si g pertenece al
espacio pequenio de Bloch (Corolario 5.2.21).

El resultado analogo al enunciado (1) en el teorema anterior para p = +oo ya
habia sido demostrado en [23] por Contreras, Peldez, Pommerenke y Réttyd. Ellos
obtuvieron que el operador T, : H*® — H® es débilmente compacto si y solo si
Ty : H*® — A estd acotado, donde A es el algebra del disco, que resulta ser la
clausura de los polinomios en H*. La afirmacion (2) se basa en una caracterizacion
(Teorema 5.2.10) de la compacidad débil de un cierto operador en L*([0,1] x T) que
depende de un resultado clasico de Fefferman and Stein sobre la funcion maximal en
funciones con valores en (7.

También senalamos que la compacidad débil de los operadores de integracion esta
estrechamente relacionada con la propiedad de fijar una copia de algunos espacios
clasicos de sucesiones. En concreto, paral < ¢ < 400, T, : RM(1,q9) = RM(1,q) no
es débilmente compacto si y s6lo si fija una copia de ¢! (Proposicién 5.2.5) mientras
que para 1 < p < 400, Ty : RM(p,1) = RM(p,1) no es débilmente compacto si
y solo si su adjunto fija una copia de ¢y (Corolarios 5.2.20 y 5.2.21). Este tipo de
singularidad de #? ya se ha estudiado en el contexto de los operadores de integracion
en los espacios de Hardy (véase, por ejemplo, [49]).

Una herramienta importante para el estudio anterior del operador de integracion,
que presentamos en el Capitulo 4, son las desigualdades de tipo Littelwood-Paley.

Esta familia de estimaciones, para 1 < p < 400, 1 < ¢ < 400, es la siguiente:

Pra(f) <P ppa(f'(2)(1 = 12]) +1£(0)]

para [ € RM(p,q) (Proposicién 4.1.3). Para p = 400, estas desigualdades no se
satisfacen. También demostramos que la desigualdad inversa se cumple (Proposi-
cién 4.2.7) para los casos 1 < p,q¢ < 400, (1,¢) con 1 < ¢ < 400y (00,q) con
1<¢< +oo.

En el tdltimo capitulo de esta tesis, presentamos parte del trabajo sobre los es-
pacios tienda realizado en colaboracion con el Profesor P. Galanopoulos (véase [4]).
Esta colaboracion comenzd durante mi estancia de investigacion en la Universidad
Aristoteles de Tesalonica a principios de 2020. Analizamos la relacion entre los

espacios de integrabilidad radial media, los espacios tienda AT} (véanse las Defini-
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Introduccioén y conclusiones 7

ciones 6.1.1 y 6.1.4), medidas de tipo Carleson y operadores de integracion.

En la Seccion 6.2 demostramos que RM (p,q) = AT} cuando 1 < p,q < +00 0
1<g< +00yp=+4oo (Teoremas 6.2.1 y 6.2.3). Este es en realidad un resultado
(probablemente) conocido en la teoria de los espacios de Triebel-Lizorkin (véase [21,
p. 321-322|), pero no hemos podido encontrar una referencia para su demostracion.
Asi que hemos decidido incluirla.

En la Seccion 6.4 consideramos un problema de medidas de tipo Carleson. En [20]
Carleson caracterizo las medidas (p, H?)-Carleson, esto es, las medidas de Borel

positivas p en el disco unidad tales que existe una constante positiva C' que satisface

/D F@)P dys(w) < O I

para toda f € HP. Demostr6 que las medidas de (p, HP)-Carleson son descritas por

la condicion geométrica
S(I
sup MBI
er M|

donde el supremo se toma sobre todos los arcos I de T,

S’(I):{ZEID) 1|11 <z <1 andélel}
es el cuadrado de Carleson con base I e |I] es la longitud de arco de I.

En [48] Luecking considerd y resolvié una version del problema de Carleson en
el semiplano superior para espacios tienda de funciones analiticas y para la derivada
n-ésima de las funciones en esos espacios (Teorema 6.4.2). Su demostraciéon puede
adaptarse para el caso del disco unidad. Ademaés, plante6 el siguiente problema més

profundo:

Sea 0 < p,q,t,s < oo. Caracterizar las medidas de Borel positivas p en D

para las que existe una constante positiva C' tales que

s/t
/ (/ If(Z)Itdu(Z)> de] < Ol ®)
T \/T()

para todo f € ATy, donde I'(§) = {rée® : 0] <1—r, 0 <r <1}.

En este capitulo, proporcionamos una caracterizacion de aquellas medidas de
Borel positivas que satisfacen (B) (Teorema 6.4.1).
Como consecuencia de este resultado presentamos dos aplicaciones. Caracteri-

zamos la acotaciéon del operador de integraciéon

Ty : RM(p,q) = RM(t, s),
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8 Introduccién y conclusiones

para 1 < p,q,s,t < 400 (Teorema 6.5.1).

Una funcion f pertenece al espacio de Hardy HP si y so6lo si

p/2
/ 2
/T ( /F ) dm2<w>) de] < +oo

(véase [70]). Esta caracterizacion fue utilizada por Wu para estudiar los operadores
de integraciéon desde un espacio de Bergman a un espacio de Hardy [67]. Asi pues, es
natural preguntarse sobre la accién de T, desde RM (p, ¢) a H®. De hecho, concluimos
esta memoria proporcionando una respuesta es esta pregunta (Teorema 6.5.3).

A lo largo de la disertacion, hemos proporcionado una serie de ejemplos al lector
para comprender el alcance de nuestros resultados o la imposibilidad de extender
ciertos resultados a un rango diferente de valores. Ejemplos de la primera situacion
pueden verse en la Seccién 1.4. La segunda situacion puede ilustrarse con el Ejem-
plo 5.2.3 que muestra que el Teorema 5.2.11 no es valido para ¢ = +oo (véase
Observacion 5.2.14).

La mayoria de los resultados de esta tesis se recogen en los siguientes trabajos:

e T. Aguilar-Hernandez, M.D. Contreras, and L. Rodriguez-Piazza, Average ra-

dial integrability spaces of analytic functions. Preprint. ArXiv:2002.12264.

e T. Aguilar-Hernandez, M.D. Contreras, and L. Rodriguez-Piazza, Integration
operators in average radial integrability spaces of analytic functions, Mediterr.
J. Math. 18 (2021), Article number: 117.

e T. Aguilar-Hernandez and P. Galanopoulos, Average radial integrability spaces,

tent spaces and integration operators. Preprint. ArXiv:2105.10054.
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Introduction and conclusions 11

In 1923, the classical Hardy spaces HP were introduced by F. Riesz [58]. He
named those spaces after the article of G.H. Hardy [38]. Subsequently, the Bergman
spaces AP appeared around 1950 in a work of S. Bergman [14] focused on the spaces
of analytic functions that are square-integrable over a given domain with respect
to the Lebesgue area measure. Since then, great progress has been made in the
study of these and other spaces of analytic functions in the unit disc. In most of the
cases, the belonging of a function to the space is given in terms of boundedness (or
integrability) of a certain average of the function on circles centered at the origin
or in terms of the integrability with respect to the Lebesgue area measure, maybe
with a certain weight. There are many good books about these spaces, but we stand
out [27,34,40,43].

In other less studied cases, the belonging is determined by the average radial
integrability. Maybe the most well-known space in this situation is the space of
bounded radial variation BRV| a topic that goes back to Zygmund and where many
different authors have worked (see, i.e., the papers of Bourgain [17], Rudin [60], and
Zygmund [69]). The space BRV of analytic functions with bounded radial variation
consists of those holomorphic functions g € H(ID) such that

1
sup/ g (te?)| dt < oo.
6 Jo

Other different situation where the radial integrability plays an important role is

in the Féjer-Riesz theorem which says that if f belongs to the Hardy space HP then

sup ([ 1501 ) < 511 ™)

In Chapter 1 we introduce the family of spaces of average radial integrability,
RM (p, q) (Definition 1.2.1). These spaces are formed by the analytic functions such

that
1/q

</027r </01 Fre®) P dr)‘l/p da) i

for 0 < p,q < 0. If either p or ¢ is infinity, we change the integral by the essential
supremum, respectively. In addition, we show a range of examples of functions that
belong to this family of spaces. Among them, we point out Proposition 1.4.1 where
we characterize lacunary series belonging to RM(p,q). We analyse other proper-
ties such as boundedness of evaluation functional (Proposition 1.5.2), completeness
(Proposition 1.5.8) and separability (Proposition 1.5.12 and Theorem 1.5.18). We
show that RM (p, q) is separable if and only if ¢ < +00. Indeed, the space RM (p, c0)
always contains a subspace isomorphic to ¢>° (Theorem 1.5.18).

In Chapter 2 we provide a complete characterization of when one of such spaces
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12 Introduction and conclusions

is included in another one (Theorem 2.1.3) and, in such case, we characterize when
the inclusion mapping is compact (Theorem 2.2.3). As a consequence of such char-
acterization, we obtain that the converse of the inequality (A) does not hold, that

is, there are holomorphic functions f in I such that

1 _ 1/p
sup (/ |f(re)|P dr) < 400,
o \Jo

but they do not belong to H?.

In Chapter 3 we show the boundedness of the Bergman projection from
L) ([0,1) % [0,27)) onto our spaces RM (p, q) when 1 < p,q < 400 (Theorem 3.2.2).
This allows us to identify the dual space of RM(p,q) as the RM(p',¢') space, for
1 < p,q < 400 (Theorem 3.1.7). The techniques and tools employed in the proof
of the boundedness of the Bergman projection come from Harmonic Analysis. In
particular, we use a classical result of C. Fefferman and E. Stein (Theorem 3.2.7),
that provides the boundedness of the vector version of the maximal function. The
case p = ¢ gives the well-known boundedness of the Bergman projection from
LP(D) onto the Bergman space AP, which is usually proved with different tech-
niques not working in our situation. On the other hand, for the cases when either
min{p,q} = 1 or max{p,q} = 400 we prove that the Bergman projection does not
send LP9)(]0,1) x [0,27)) into the RM (p, q) space (Theorem 3.2.8).

The previous duality results allow us to simplify the study of the containment
relationship between the RM (p, q) spaces and the particular case of the mixed norm

spaces H%P'1/P_that is, the space of holomorphic functions f on I such that

1 o - p/q 1/p
s = [ ([T eee )" ) <00
0 0 s

In the last section of this chapter, we present an identification in a natural way
of the bidual of RM(p,0) with RM (p,c0) following the scheme of the proof in a
parallel situation by K.-M. Perfekt in [54].

The last part of this thesis is devoted to study the integration operators acting
on the family of spaces RM (p, q). These operators are defined in the following way.
Let X be a Banach space of analytic functions on the unit disc D. The integration

operator Ty is given by

T,(f)(2) = /0 fw)g(w) dw, feX,

where g : D — C is an analytic function.

In [55] Pommerenke proved that this operator is bounded on the Hardy space H>
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Introduction and conclusions 13

if and only if g belongs to the space of analytic functions of bounded mean oscillation
BMOA. Moreover, his proof can be adapted to obtain that Ty is compact if and
only if g belongs to the space of analytic functions of vanishing mean oscillation
VMOA. Later on, Aleman and Siskakis extended these results to Hardy spaces H?
with 1 < p < 400 [5]. Moreover, they also showed in [6] that the integration operator
T, is bounded on the Bergman space AP, with 1 < p < +oo0, if and only if g belongs
to the Bloch space. Additionally, they obtained a similar result for the compactness
of Ty but in this case the function g must belong to the little Bloch space Bp.

In 2014, Anderson, Jovovic, and Smith [8] conjectured that this operator is
bounded on H* if and only if the symbol g belongs to the space BRV of holomorphic
functions in the unit disc of bounded radial variation. In 2017, Smith, Stolyarov,
and Volberg published an article [63] in which they showed a counterexample to this
conjecture. At present, the boundedness of the integration operator T, : H* — H*
is a problem that is still open and which continues to arouse the interest of a large
number of mathematicians, such as Volberg, Smith, Peldez, Rattyé, etc.

In Chapter 5 we provide a characterization of when the integration operator 7,
is bounded, compact or weakly compact over the average radial integrability spaces
RM(p,q), for p < +o00. We show that T, is bounded (respectively, compact) over
the RM(p,q) spaces if and only if g belongs to the Bloch space B (respectively,
little Bloch space Bp). Notice that if we take p = ¢ then the characterization of
the boundedness and compactness of the integration operator for Bergman spaces is
recovered.

The main issue in this chapter is the weak compactness of the integration operator
Ty : RM(p,q) = RM(p, q), of course when RM (p, g) is not reflexive. In this setting

we prove:
Theorem. Let g € B. Then

(1) If 1 < p < +oo, the operator Ty : RM (p,00) — RM(p, 00) is weakly compact
if and only if Ty(RM (p,00)) C RM(p,0) (Theorem 5.2.2).

(2) If 1 < g < 400, the operator Ty : RM(1,q) — RM(1,q) is weakly compact if
and only if Ty : RM(1,q) = RM(1,1) is compact and if and only if g belongs
to the weakly little Bloch space, that is, g € B and

lim (1 — 72)|¢/(re®®)| = 0
r—1

for almost every € € T (Proposition 5.2.5 and Theorem 5.2.11).

(3) If 1 < p < +o0, the operator Ty : RM (p,1) — RM(p,1) is weakly compact if
and only if Ty : RM(p,1) = RM (p,1) is compact and if and only if g belongs
to the little Bloch space (Corollary 5.2.21).

AMBITO- PREFIJO CSV FECHA Y HORA DEL DOCUMENTO
GEISER GEISER-beee-fa0d-14a0-4131-95fa-6ec7-108e-02fb 19/07/2021 11:29:08 Horario peninsular
Ne registro DIRECCION DE VALIDACION Validez del documento
4s21N0000130 https://sede.administracionespublicas.gob.es/valida Copia
GEISER-beee-fa0d-14a0-4131-95fa-6ec7-108e-02fb


https://sede.administracionespublicas.gob.es/valida

Cadigo seguro de Verificacion : GEISER-beee-fa0d-14a0-4131-95fa-6ec7-108e-02fb | Puede verificar la integridad de este documento en la siguiente direccion : https://sede.administracionespublicas.gob.es/valida

14 Introduction and conclusions

The analogous result to the statement (1) in above theorem for p = +oo had
already been proved in [23] by Contreras, Pelaez, Pommerenke, and Réttyd. They
obtained that the operator Ty : H* — H® is weakly compact if and only if T :
H*> — A is bounded, where A is the disc algebra, that turns out to be the closure of
polynomials in H*°. The statement (2) relies on a characterization (Theorem 5.2.10)
of the weak compactness of a certain operator into L!([0,1] x T) that depend on a
classical result of Fefferman and Stein about the maximal function on ¢P-valued
functions.

We also point out that the weak compactness of integration operators is closely
related to the property of fixing copies of some classical spaces of sequences. Namely,
for 1 < ¢ < 400, Ty : RM(1,q) — RM(1,q) is not weakly compact if and only if
it fixes a copy of ¢! (Proposition 5.2.5) whereas for 1 < p < +oo, T, : RM(p,1) —
RM(p,1) is not weakly compact if and only if its adjoint fixes a copy of ¢y (Corol-
laries 5.2.20 and 5.2.21). This type of ¢P-singularity has been already studied in the
setting of integration operators on Hardy spaces (see, for instance, [49]).

An important tool for the above study of the integration operator, that we present
in Chapter 4, is Littlewood-Paley type inequalities. This family of estimates, for
1<p<+o00,1<g< +00, is the following:

Pra(f) Sp-ppa(f(2)(1 = 2])) + [ £(0)]

for f € RM(p,q) (Proposition 4.1.3). For p = +oo, these inequalities are not
satisfied. We also proved that the converse inequality holds (Proposition 4.2.7) for
the cases 1 < p,q < 400, (1,¢) with 1 < ¢ < 400 and (00, ¢) with 1 < ¢ < +oo.

In the last chapter of this dissertation, we present part of the work about tent
spaces carried out in collaboration with Prof. P. Galanopoulos (see [4]). This col-
laboration began during my research stay at the Aristotle University of Thessaloniki
at the beginning of 2020. We analyse the relationship between the spaces of average
radial integrability, the tent spaces of analytic functions AT} (Definitions 6.1.1 and
6.1.4), Carleson-type measures, and integration operators.

In Section 6.2 we prove that RM(p,q) = AT, when either 1 < p,q < +oc or
1 < g < 400 and p = 400 (Theorems 6.2.1 and 6.2.3). This is actually a (probably)
known result in the theory of the Triebel-Lizorkin spaces (see [21, p. 321-322]), but
we could not find a reference for its proof. So that we have decided to include it.

In Section 6.4 we consider a problem of Carleson-type measures. In [20] Carleson
characterized the (p, HP)-Carleson measures, that is, the positive Borel measures

on the unit disc such that there is a positive constant C' satisfying

/D PP dyu(w) < O I
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Introduction and conclusions 15

for all f € HP. He proved that the (p, HP)-Carleson measures are described by the
geometric condition

p(S(1))

sup

P2 < oo
rcr || 7

where the supremum is taken over all arcs I of T,

S(I):{zeID) Sl <) < 1 andfez}
z
is the Carleson square based on I, and |I| is the arc length of I.
In [48] Luecking considered and solved a version of the Carleson problem on the
upper half-plane for tent spaces of analytic functions and for the n-derivatives of the
functions in those spaces (Theorem 6.4.2). His proof can be adapted for the case of

the unit disc. Moreover, he posed the following deeper problem:

Let 0 < p,q,t,s < oco. Characterize the positive Borel measures 1 on D for

which there is a positive constant C' such that

s/t
/(/ vwﬁww) de] < Ol ®)
T \/T(€)

for all f € AT{, where T'(¢) = {rée® : |0 <1—r, 0<r < 1}.

In this chapter, we provide a characterization of those positive Borel measures
satisfying (B) (Theorem 6.4.1).
As a consequences of this result we present two applications. We characterize

boundedness of the integration operator
Tg : RM<pa Q) — RM(ta 8),

for 1 < p,q,s,t < +oo (Theorem 6.5.1).
A function f belongs to the Hardy space HP if and only if

p/2
/ 2
A(A@vwnmmwﬁ de] < +oo

(see [70]). This characterization was used by Wu to study integration operators from
a Bergman space to a Hardy space [67]. So that, it is natural to wonder about the
action of T, from RM (p,q) to H®. Indeed, we conclude this memoir by providing
an answer to this question (Theorem 6.5.3).

Throughout the dissertation, we have provided a number of examples in order to
help the reader to understand either the scope of our results or the impossibility to

extend certain results to a different range of values. Examples of the first situation
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16 Introduction and conclusions

can be seen in Section 1.4. The second situation can be illustrated with Example 5.2.3
which provides that Theorem 5.2.11 is not valid for ¢ = +00 (see Remark 5.2.14).

Most of the results of this thesis are contained in the following papers:

e T. Aguilar-Hernandez, M.D. Contreras, and L. Rodriguez-Piazza, Average ra-

dial integrability spaces of analytic functions. Preprint. ArXiv:2002.12264.

e T. Aguilar-Hernandez, M.D. Contreras, and L. Rodriguez-Piazza, Integration
operators in average radial integrability spaces of analytic functions, Mediterr.
J. Math. 18 (2021), Article number: 117.

e T. Aguilar-Hernandez and P. Galanopoulos, Average radial integrability spaces,

tent spaces and integration operators. Preprint. ArXiv:2105.10054.
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1.1. Classical spaces of analytic functions 19

1.1 Classical spaces of analytic functions

“Banach spaces of analytic functions” is a vast area of Analysis where ideas from
Complex Analysis, Functional Analysis, Harmonic Analysis, and Operator Theory
converge. Throughout this Phd Thesis, it will appear results from all these fields.
The complete list of interesting Banach spaces of analytic functions is too big to
be presented here. Below we introduce only those which will play a role hereinafter.
In this introductory section, we only mention the definitions, their properties and

their corresponding references will be given for the right moment they will be used.

Hardy spaces

The theory of Hardy spaces had its inception in Privalov’s study of the boundary
behavior of bounded holomorphic functions, some years before Hardy defined the
spaces which go under its name. It was at the beginning of the XXth century.
Mathematicians as Littlewood, F. and M. Riesz, Smirnov or Szegd appear associated
to the beginning of the study of properties of individual functions of the Hardy spaces.
Later on, Functional Analysis comes into play and Hardy spaces where studied as
linear spaces with results as Beurling’s theorem on invariant subspaces, extremal
problems, interpolation theory, ...

For many years Hardy spaces H? and operators acting on them were studied in
great depth, and an elegant and profound theory was developed.

Without further ado, we introduce the definition:

Definition 1.1.1. Let 0 < ¢ < +o0. The holomorphic function f on D is said to
belong to the Hardy space H? if || f||ga < +00, where

27 ) d@ 1/q
|l = sup (/ o ) i 0<q< oo,
0 27'('

0<r<1

[ £l = sup |f(2)].
zeD
When ¢ € [1,+400], H? is a Banach space, separable if ¢ < +00. Namely, poly-
nomials are dense in H?. The closure of the polynomials in H* is the disc algebra:

Definition 1.1.2. The disc algebra A is the set of holomorphic functions f : D — C

that extends to a continuous function on the closure of D.

A beautiful reference for the results we need on Hardy spaces is the classical

monograph of Duren [27].
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20 Chapter 1. Definition and first properties

Bergman spaces

Around 1950, Bergman developed an elegant theory of Hilbert spaces in planar do-
mains (and in higher-dimensions, but this is not our task) relying reproducing kernels
that become nowadays known as the Bergman kernel function. Bergman’s work fo-
cussed on spaces of analytic functions that are square-integrable over a given domain
with respect to the Lebesgue measure. When the order of integrability was changed
to LP, it was natural to call them Bergman spaces. It soon became apparent that
Bergman spaces are in many issues much more complicated than Hardy spaces. The
reason behind this problem could be that functions in Bergman spaces may have wild
boundary behavior and many natural tools in Hardy spaces —non-tangential limits,
“inner-outer” factorization,...— do not have their accompanying implement. Thus,

the theory of Bergman spaces had their own development.

Definition 1.1.3. For 0 < p < 400, the Bergman space AP is formed by all analytic

functions f on D such that

Il = ([ 150 dA(z))l/p < oo,

where dA(z) is the normalized area measure.

As in the case of Hardy spaces, the space AP is a separable Banach space whenever
1<p<+o0.

Two recent books about Bergman spaces are [28] and [40].

Bloch space

The Bloch space has been studied by many authors because of its intrinsic interest
and because it is the meeting place of several areas of analysis.

In 1924, Bloch proved that there is a universal constant B such that if f: D — C
is holomorphic, zg € D and f/(29) # 0, then there is a domain Q C D such that
f is one-to-one in Q and D(f(20), B|f'(20)|(1 — |20/?)) C f(©). The biggest value
of such number B is called the Bloch’s constant. The seek of the Bloch’s constant
has been one of the key problems in geometric function theory with contributions of
significant mathematicians. The expression |f’(z0)|(1 — |20/?) leads to the definition

of the Bloch space:

Definition 1.1.4. An analytic function f on D is said to belong to the Bloch space

B if the norm

£l = [£(0)] +§gg|f’(2)\(1 —I20)
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1.1. Classical spaces of analytic functions 21

is finite. The little Bloch space By is the closed subspace of the Bloch space formed
by the functions satisfying
i (£ 12D =

It is clear that the condition in the definition of B arises naturally when one
applies the Cauchy estimates to a bounded analytic function to bound its derivative.

B is a Banach space and it can be identified as the dual of the Bergman space
A'. Weirdly, Bloch space has no natural containment relationship with any of the
Bergman and Hardy spaces except for H*°. It is easily proved that H* C B but
it is larger. Moreover, by taking the closure of the polynomials in B we obtain the
little Bloch space By.

A standard reference for Banach space properties of the Bloch space is the paper

of Anderson, Clunie, and Pommerenke [7].

BMOA space

The notion of bounded mean oscillation goes back to the sixties where it was intro-
duced by John and Niremberg.

A notable breakthrough was Fefferman discovery, in 1971, that the dual of the real
Hardy space H' is the space BMO of functions having bounded mean oscillations.

In the setting of analytic functions, this space is given by:
Definition 1.1.5. A function f € H? is said to belong to the space of analytic

functions of bounded mean oscillation BMOA if the norm

IFlssion = O+ sup 7 [ IFGRO )4AG) < +oc

where I runs the arcs of D, |I| denotes its length, and R(I) is the Carleson rectangle

1]

RI)={re’ eD: 1—7<r<1,ei961}.
m

The space of analytic functions of vanishing mean oscillation is given by
VMOA:={f € BMOA: hm |I|/ (1 — |2|?) dA(z) = 0}.

The closure of all polynomials in BMOA is nothing but VM OA and both are
Banach spaces. The analytic counterpart of Fefferman’s theorem shows that the dual
of the (complex) Hardy space H' is BMOA. Girela’s paper [35] is a nice survey about

the properties of these spaces.
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22 Chapter 1. Definition and first properties

1.2 Definition of spaces of average radial integrability

We start with the definition of the spaces that will be the main subject of our memoir,
the spaces RM (p, q). They are formed by those holomorphic functions in I such that
taking the p-norm in every radius and then the ¢g-norm, the result is a finite number.

More rigorously we have the following definition.

Definition 1.2.1. Let 0 < p,q < +00. We define the spaces of analytic functions

RM(p,q) ={f € H(D) : ppq(f) < +oo}

where
1 2 , afp \ V1
Ppa(f) = (27r/0 </0 | f(re™)|P d’l’) dt) , ifp,g < +oo,
1 4 1/p
Pp.oo(f) = esssup (/ \f(re”)|p dr) , if p < +oo,
tefo,2r) \Jo
| o a \ Ya
Poog(f) = (277/0 (SEP)IJ”(W“)> dt) , ifg<+oo, and
rel0,1
Poc,oo(f) = || fllpree.

Remark 1.2.2. It is easy to check that p, 4 is a norm when p, ¢ > 1 and otherwise it

is a quasinorm.

Remark 1.2.3. In the definition of pj, o the essential supremum can be replaced by

the supremum. Let us check this fact. Fix 6 € [0,2r]. Since the set of ¢ € [0, 27] such
. 1/p

that (fol |f (ret)|P d?“) < ppoo(f) is dense in [0,27], we can extract a sequence

{t,} in this set such that t, — 0. Using Fatou’s lemma it follows that

1 _ 1/p 1 _ 1/p
( / |f(re?®)|P dr) < liminf ( / |f(retn)|P dr) < ppoolf)-
0 n 0

Remark 1.2.4. If in the radial integration of p,, we consider rdr instead of dr, we
obtain the same sets of analytic functions. This can be seen by decomposing an
analytic function f as the sum of functions with support in D(0,1/2) and functions
with support in D\ D(0,1/2):

[ =1IxDp©,1/2) + [XD\D(0,1/2)-

The term fxp(o,1/2) is bounded so that it is integrable with dr and rdr and in the
second term fxp\p(o,1/2) both integrals are equivalent. The fact that the expressions

for dr and rdr are equivalent on D follows from some facts that we will prove later.
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1.2. Definition of spaces of average radial integrability 23

For certain parameters p, g these spaces RM (p, q) are well known classical spaces.
Indeed, it is easy to see that RM (p,p) is nothing but the Bergman space AP, for
0<p<+oo.

Another classical spaces appear when p = +00, 0 < ¢ < 400. One can eas-
ily check that RM (oo, q) is contained in the Hardy space H?, because, for f €
RM (o,0),

2 ) 1/‘1 2w ) 1/(]
1flle = sup (/ If(re”)l"dt> <(/ sup If(re”)lth) — proal):
) \J0 0

ref0,1 ref0,1)
Thus RM (00,q) C HY. For the other inclusion we use the following result con-
cerning the nontangential maximal function.

Theorem 1.2.5. [61, Theorem 17.11(a), p. 340] Let 0 < ¢ < +o00 and f € HY.

Then for any C > 1, the nontangential mazimal function

Hy(e?) = sup |f(2)]
2€8¢(et?)

belongs to LY(T), where Sc(e) :={z €D : |z—¢?| < C(1—|z|)}. Moreover, there
is a constant v = v(C) such that |H||%q < | fl%a
Thus, by Theorem 1.2.5, there is a constant C' such that, if f € HY, then
2m ) 2T
| sw iseetpan < [T sw pGpa <O, 020
0 0

r€[0,1] z€S53(e?)

so that we get that RM (o0, q) = H? for all ¢ € (0, +00].

For the sake of clearness we will represent this biparametric family of spaces in
the first quadrant. The RM (p, q) space is represented as the point with coordinates
(1/p,1/q). Notice that in the diagonal of the quadrant we find Bergman spaces and

in the left vertical line we have Hardy spaces.

1

RM(co,q) = HY \ |~ RM(p,p) = A
1 |

= -—--— - —— - -

q

RM (p,q)

S e
—_

This picture will help us to clarify in several situations the scope of our results.
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24 Chapter 1. Definition and first properties

We are mainly interested in the cases p,q > 1, which are represented in the closed

unit square.

1.3 First examples

In this section we present some functions in RM (p, ¢) that we will use in what follows.

Example 1.3.1. For @« € R and 0 < p,q < 400 with either p or ¢ finite, the
function fo(z) = (1 — 2)™, where we are using the main branch of the logarithm
to define w™, belongs to RM(p, q) if and only if o < % + %. In the particular case
p=q =400, f, belongs to H* if and only if a < 0.

Proof. If @ < 0, then the function | f,| is bounded so that it belongs to RM (p, q) for
all p and ¢. Thus, in what follows we will only consider the case a > 0.
Assume now that 0 < p,q < co. Write I(t) = fol | fa(re)[P dr. Since I is even

and decreasing in [0, 7], we have

/4 - /4
/ I(H)Y/Pdt < pp o (fa) = 2/ It)9/P dt < 8/ I(£)9/7 dt.
0 0 0

In addition, for t € [0, 7/4], we have that 1 — cos(t) =< t?/2. Therefore,

/4T 1 1 qa/p
o= ||| ]

With a similar argument, we can reduce the integral in r to the interval [1/2, 1] and

using that, when r runs this interval, the function rt? is equivalent to ¢ we have

/4 1 1 q/p
Phqlfa) x/0 [/1/2 (EDEETE dv‘] dt. (1.3.1)

Ifa> %—l— %, and ¢ € [0,1/2], then

1 1 1
dr >
/1/2 (1= )2+ 2)oz ™" —/1 + ( +t2)ap/2

e 11
~ )i t 2t2 ap/2 2ap/2 tap—1°

Thus

w/4 | 1 1 a/p . 2p | qup
d dt > di —
/0 /1/2 (T— 2+ = 04/ /0 LQPJ e

and so, by (1.3.1), fa does not belong to RM (p, q).
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1.3. First examples 25

Assume now that a < 1% + %. If ap < 1, then

/1 L d </1 L dr < +
r ———dr 00,
12 (L=r)2+2)ep/2 0 7 fyy (L=7)oP

so that, by (1.3.1), fo € RM(p,q). If ap =1, then we obtain

1 1 1 1 1-t 1
/ ap dr S / —dr + / dr S In (E) .
1/2 ((1—T)2+t2)7 1-¢ b 1/2 1—7r 2t

Integrating with respect to t it follows

/4 1 a/p /4
[ —, Ly L P
0 12 (1=r)2412)2 0 2t

It remains to see what happensif 1 < ap <1+ g. In this case, if t € [0, 7/4], we

have

1 1 1-t 1 1 ap 1
< B —dr< .
/1/2 (1 —7)2 4 ¢2)ow/2 o= /1/2 (1—r)er o /H TR ap — Ltor—!

Therefore, by (1.3.1),

a/p pm/4
ap 1
i 5 (220)" [ gt <o

Summing up, the result holds if both p and ¢ are finite. For p = oo, since
RM (00, q) = HY, the result is well-known (see, i.c., [27, Page 13]).

For ¢ = oo, arguing as above we have

1 1 1 dr
= sup dr = / — < 400 1.3.2
Pﬁ,oo(fa) 0<t<n/2 /1/2 ((1 _ 1“)2 + t2)ap/2 1/2 (1 _ r)ap ( )

if and only if a < ]%.
Finally it is clear that if a > 0, the function f, does not belong to H*. O

Given o € D and 3 > 0 the function f(z) = (1 —az)™?, z € D, is bounded, so it
is clear that it belongs to RM (p, q) for all p,q. In the next proposition, we estimate

Pp,q for certain values of 8.

Proposition 1.3.2. Let 0 <p,q < +o0. Let a €D and 3 > 1% + % then
- 1,1
Pp.q((1 —2) B) < (L—laf)r"e 67

where we are using the main branch of the logarithm to define w=?. We underline

AMBITO- PREFIJO CSV FECHA Y HORA DEL DOCUMENTO
GEISER GEISER-beee-fa0d-14a0-4131-95fa-6ec7-108e-02fb 19/07/2021 11:29:08 Horario peninsular
Ne registro DIRECCION DE VALIDACION Validez del documento
4s21N0000130 https://sede.administracionespublicas.gob.es/valida Copia
GEISER-beee-fa0d-14a0-4131-95fa-6ec7-108e-02fb


https://sede.administracionespublicas.gob.es/valida

Cadigo seguro de Verificacion : GEISER-beee-fa0d-14a0-4131-95fa-6ec7-108e-02fb | Puede verificar la integridad de este documento en la siguiente direccion : https://sede.administracionespublicas.gob.es/valida

26 Chapter 1. Definition and first properties

that the equivalent constants depend on p,q and B, but not on «.

Proof. Let 0 < p,q < +00. We can assume without loss of generality that « € [0,1).
Moreover, we can assume that 1/2 < a < 1.

Let us estime the quantity |1 — are|? for points around 1. If 0 < < 1 — a and
1/2 <r <1, then |1 —are®|? < (1 —ra)? 1f1/2 > 6 > 1 — a, then

2 1—
\1—arei9|2x % 1>r273%
(1-ra)?, 1/2<r

irst of ¢ : see the —a)B) < (1—lal)pta P 11 U
First of all, let us see that ppq((1-a2)7") < (1—[af)» "« 7 if >+ . Using

the symmetry in 6 and the monotonicity in 6 and r, we have

2 1 a/p 1/2 1 a/p
/ / _dr N g < g2ralng / / / S R
0 o |L—are?Pp 0 1/2 |1 — arei|Pp
Therefore,

or 1 dr q/p
(] i) o
- 1 a/p 1/2 1 q/p
(L (L) e ([ ) o
0 1/2 |1 — are|Pp 1-a \J1/2 |1 — are?|Pp

[}

1-6 a/p o a/p
S[f(/;g;+[£<kﬁ®@> we [ ([;ﬂfZMJ v
1/2 q/p
fgﬂi1<0_§;;a)+am§—w><o£1‘<1—a2y@1>>/ v
’541a(aw;—1>Ql—;WVﬂ‘<1—aZWVﬂ>>Wpd9
SQW?%QW([f%;mM+u—JQMH)

<<m£pn)m<éﬁ5#1)“”HW5”

1,1
Now, we will show that p,,((1 —az)™?) > (1 - |04|)5+5_ﬁ if 8> % + %. Since
for 0 <@ <1—aand 0 <r < 1 one have that |1 — are®| < (1 — ar), we have
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1.3. First examples 27

2r 1 dr q/p -« 1 dr q/p
= > s
I (/0 1 —areww) w2 | (/0 (1—ar>ﬂp) v

1 l-a 1 q/p
> - R
~ (Bp —1)1/Paalp /0 <(1 — )1 1> do

M o — o) 1ta/p—Ba
> (i) e

If p or ¢ is oo, the proof follows similarly. O

Example 1.3.3. Let 0 < p,q < 0o, n > 1 and take a such that %+% = é The ppq

value of the holomorphic function

n 1o 1/a
B A B 1— zn+1
fn,a(Z) - (kz—o ’ ) - < 1 -z ) 7

where we are using the main branch of the logarithm to define w'/®, can be estimated
as
P 1/p
o) $ (22) o+ ) (133)
p—a
Proof. Clearly, fp o is well-defined. Since pp ¢(fn.a) = p;);z . /a( fn,1), it is not difficult

to see that the proof of (1.3.3) can be reduced to the case « = 1 and ;1) + % =1
Notice that, in this case, p > 1.

Since

™ 1 ‘ a/p ™ 1 a/p 3
n,1(re r < r = —47
f NP d do 4P d do 49

/4 \JO ' x/4 \Jo 4

we have

/4 1 _ a/p 3
27 pp,q(fn1)? < 2/ (/ |fn,1(7'ew)|p d7"> do + Z4q'
0 0

If1-60<r<1and#f€[0,7/4], arguing as in Example 1.3.1, we obtain

2 2 2

: )
wa(re?)] < < < < .
[ )|N\/(1—7“)24—7“92_9\/1—9_9\/1—% 0
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28 Chapter 1. Definition and first properties

Therefore, there is a constant C' > 2 such that

/4 1 _ a/p
/ ( / | fo1 (re®)|P dr) do =
-1 \Jo

n+1
/4 1-6 ' 1 ' a/p
= [ (e ars [ e i) an
0 1-0

n+1

w/4 1-6 9P 1 CP q/p
< s il
_/L </o A=y dr—|—/170 o dr) de

+1

<l / " (pe—p+1>q/p do = O <ﬁ>q/p (In(r/4) + In(n + 1))

1 p—l _

n+1

and

1
1

= 1 _ a/p
/ (/ | fna (re®)|P dr) do =
0 0
1 1

n+1 1- n+1 . 1 . q/p
B / / | faa(re) P dr + / [faa(re®)P dr | dp
0 0 1——2

T nl
1 11 1 a/p a/p
n n 1
§2q/ - / +17dr+/ (n+ 1) dr d9§2q<p ) .
0 0 (L—r)p -4 p—1
Putting altogether, we get the estimation of pp 4(fn.a)- O

1.4 Lacunary series and RM (p,q)

We say that a sequence of positive numbers {x}} is a lacunary sequence if there is
a constant A such that x;—:l > A > 1. Given {ni} a lacunary sequence of positive
integers, the function f(z) = ) ;7 agz™ is called a lacunary series (or Hadamard
gap series).

A classical result due to Paley (see [43, Theorem 6.2.2]) states that, given 1 <
q < 400, a lacunary series f(z) = Y., arz™ belongs to HY if and only if the
sequence of Taylor coefficientes {ay} belongs to £2. Moreover, Sidon showed that
f(2) = 352 arz™ belongs to H* if and only if {a)} belongs to ¢! (see [70, Vol. I,
p. 247]). The next result provides a characterization of lacunary series belonging to

RM(p, q) for p finite (that is, when the space RM (p, q) is not a Hardy space).

Proposition 1.4.1. Let {n;}32, be a lacunary sequence of positive integer numbers,
1<p<ooandl<q<oco. Then

f(z)= Z o2k
k=0
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1.4. Lacunary series and RM (p, q) 29

belongs to RM (p, q) if and only if

Moreover, it holds

o] |a |p 1/p
k
= (L) a1
Nk
k=0
Remark 1.4.2. Notice that the second part of the expression (1.4.1) does not depend

on q.

Proof. Notice that {nk + %}k>0 is also a lacunary sequence. The proof of this result
is based on a characterization of bases on LP[0,1] due to Gurarii and Macaev [37].
Namely they proved that, fixed p € [1,400), if a sequence {nj}x>o is lacunary then

there exist two positive constants A and B such that

00 1/p %) 1/p
A <Z Iﬂk") < <B (Z 6k|”> . (14.2)
k=0 pan)

for every {f;} € (7.
Take now f(z) = > 2, arz™ a holomorphic function in the unit disc. Fix
0 € [0,27] and write By := —~2k—e™ if k > 0. By (1.4.2),

¥/mj+1/p
N Rl S Lo )
A _— < oy, v e = / re" pdr)
St) <L = (f e

k=0
0 1/17
[P
<B _ .
- (Z ng+1/p

k=0

> Bk mi +1/pt™
k=0

P

Now, looking at the very definition of p, , we get the result. O

For Bergman spaces the above result is due to Buckley, Koskela, and Vukotic [19,
Proposition 2.1]. It is worth pointing out that their proof follows a completely
different argument.

Remark 1.4.3. The constants A and B in (1.4.2) can be chosen arbitrarily close
Nk+1
ng

to 1 provided that all the quotients are big enough. Namely, if the sequence

{ny} is super-lacunary (that is, limy_, 1 "Z:l = 400), the map sending {0} € P
to > ope o Be /i + 1/pt"™ is an almost isometric embedding of ¢ into LP[0, 1] [33,
Theorem 2.1, p. 3]. In the same way we will have an almost isometric embedding of

P into our space RM(p, q).
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30 Chapter 1. Definition and first properties

1.5 RM(p,q) as function spaces

In this section, we study RM (p, q) as (quasi)normed spaces. We analyse the evalu-

ating functionals, the completeness and the separability of these spaces.

1.5.1 Evaluating functionals

This subsection is devoted to the functionals f — f(2) and f + f'(z). We prove
that both of them are bounded and estimate their norms. We will need the following

inclusion.

Proposition 1.5.1. Let 0 < s < +o00. Then H® C RM(p, q) if and only if%—é— > 1

Proof. The result is clear for s = 400 since H* is a subspace of RM (p, q) for every
p,q. Thus, from now on we consider the case s < 400. Assume that H* C RM(p, q)
and suppose that é > % + %. Take % >a > % + %. Then the function f, defined in
Example 1.3.1 belongs to RM(0c0,s) = H*® and not to RM(p,q). A contradiction.
Thus % + é > %

To see the converse implication we claim that H® C RM (p1,q1) whenever 0 <
5 < 400 and p% + q% = % Assume for the moment that the claim holds. Fix p and
g such that 1% + % > % We consider p; > p and ¢q; > ¢ such as p% + qil = % By the
claim H®* C RM(p1,¢1). Moreover, it is easy to prove that RM (p1,¢1) C RM(p,q)
using Holder’s inequality twice (for p; > p and ¢1 > q).

Thus it remains to prove the claim. By Féjer-Riesz theorem [27, Theorem 3.13,
p. 46], we have that for each f € H® and 6,

1
: 1 ,
[ 1stenpar < Sl
0

1

notice that, 1n particular, this implies tha C $,00)). Now, since ——+-—- =
tice that, in particular, this implies that H* C RM Now, since -+ - = |

we can take A € [0,1] such that = = 2 and L = =2, Then
P1 S q1 s

2m 1 4 4 @/ &0 /a1
Pm<f>—</o (/O e ] ety dr> %)

21 4 1 4 aMs g Va
[ st (/ e dr) i
0 r 0 2m

<
2 . 1 ) ql)\/s da 1/(11
< ([ Tswiseenp ([ o) 5
0 r 0 27
\ 2 0 4o /a1 N N
) 1
S Nz / sup | f(re”)["-— = f s poo,s ()" S S Nl s
0 r 2
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1.5. RM(p,q) as function spaces 31

where in the last inequality we have used (1.2.1). Hence, we have proved the claim

and we are done. O

Proposition 1.5.2. Let 0 < p,q < 0o and z € D. The functional 6, : RM (p,q) — C
given by 3,(f) := f(2), for all f € RM(p,q), is continuous and

1

1621l (Rt ) e N W
=zl (RM(p,q)) (1- |z|)%+%

where the underlying constants depend on p and q.

Proof. Assume p,q < +00. Given py > 0, the subharmonicity of the function |f|P°
shows that for all z € D,

FEP < [ ) dAw)
T JD(z,r)
where r = 1 — |z|, D(z,r) is the disc centered at z with radius r and dA(w) means
integration with respect to the Lebesgue measure on the unit disc D.
Due to the rotational invariance of the space RM (p,q) we can assume that z
belongs to the interval [0,1). Take f € RM(p,q). Fix py > 0. To prove the result

we may assume that % <z < 1. Setr=1-|z|. Bearing in mind that

1—
arcsin < Z) <7(l-2)

z

for 2 <z < 1, we have |Arg(w)| < 77 for w € D(z,7) (see Figure 1.1).

0e Arg(w)

Figure 1.1

It follows

L 1o ,
2 Po < — 0\ |po .
2 /D(m) | f(w) P> dA(w) < —3 [WT </12T | £(pe™)] dp> do
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32 Chapter 1. Definition and first properties

If p,q > po, applying Holder’s inequality twice we get

=

0

1 mr 1 " 2 mr 1 ) o 1_70 do
= VP07, do < = 0yp q 2 —
([ st an) w5 [T ([ ete do) " e o

Po

N e ” A 2%
< ([ ([ eenpan)” &) < 2o,
r P —nr 1-2r u (1 _ ‘Z‘)p0(5+5>
So that
92~
[f(2)P < 75 Ppa(f)P (1.5.1)

0
1|7+

Hence 4, is continuous and ||d,] < 1/(1 — |z|)%+%

This argument can be adapted if p or ¢ is infinite.

To see the converse inequality, take s such that zla + % = % Assume s < +00. By
Proposition 1.5.1, RM (co,s) = H* C RM(p, q) and thus

1
10: 1l Rat(pa))* 2 11021l (RM(00,5))* =X 10zl 15y = AP

where we have used [43, Exercise 2, p. 86] or [34, Exercise 5, p. 85]. If s = +o0, the

result follows using constant functions. O

Corollary 1.5.3. Let 0 < p,q < +o0. Convergence in the pp o-(quasi)norm implies
uniform convergence on compact sets. Moreover, boundedness in RM (p,q) implies

uniform boundedness on compact sets.

Proof. Let {f.,} be a sequence that converges to f in RM(p,q). If we consider a

compact set K, it is clear that there is a constant v > 0 such that
d(K,0D) >~ > 0.

So, applying Proposition 1.5.2 it follows that

1

ul) = £ < L2 I it - )
(1= [

for all z € K. So, {fn} converges uniformly to f on compact sets. The same

argument works for bounded sequences. O

Lemma 1.5.4. Let 0 < p,q < +o00. Let {f,} be a bounded sequence in RM (p, q) that
converges uniformly on compacta to h € H(D). Then h € RM(p,q) and ppq(h) <

lim infy, pp,q(fn)-
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1.5. RM(p,q) as function spaces 33

Proof. Assume p,q < 4o00. Let {f,} and h as in the statement. Using Fatou’s

2 7 pl , 9P gp la
Pp.g(h) = / (/limfnrez pdr) —
palh) (0 Cimlfeetpar) 5
27 1 a/p la
; de
< . N
< (/0 hH}sz (/0 | fr(re™)] dr) 271->
o /ool a/p 1/a
; dé
< Tim; N
< hH}IlIlf (/0 (/0 [ fr(re®)] dr) 27T>

=liminf p, ¢(frn) < +00.

lemma twice

A similar argument works in the remaining cases, so that we are done. O

Another important consequence of the previous proposition is the boundedness
of the multiplication operator My : RM(p,q) — RM(p,q) defined, for a certain
analytic function g, as My(f) :=g - f for every f € RM(p,q).

Corollary 1.5.5. Let 1 < p,q < +oco. The operator My : RM(p,q) — RM(p,q) is
bounded if and only if g € H*. Moreover, ||Mgy|| = ||g| me-

Proof. Assume that My : RM(p,q) — RM(p,q) is bounded. Let z € D and
f € RM(p,q), then |f(2)g(2)| = |0:(fg)| = |0.(My(f))|. By Proposition 1.5.2 and
boundedness of My, it follows that

1f(2)9(2) < N10: 1l (rM(p.0)) Pr.a (Mo f) < 02l (Rar(p.g))- | Mgl op.a(f)-

Taking supremum over all functions f of Bryy(p.q), we have

1021l (Rt (p,a))* 19| < 11021l (Ra (p,)) = 1 M-

Therefore, |g(z)| < ||Mg]| for all z € D. So that, g € H*.
Conversely, assume that g € H*®. Let f € RM(p,q), then

1/q

27 1 ) ) a/p
pp.a(My(f)) = (/0 (/0 |f(re)g(re®)P dr> ;ﬁ) < ppa(F)llgl zree.

Hence, it follows that | M| < ||g]| froe- O
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34 Chapter 1. Definition and first properties

Proposition 1.5.6. Let 0 < p,q < o0 and z € D. The functional 8, : RM (p,q) — C
gwen by 0.(f) := f'(z), for all f € RM(p,q), is continuous and

1

H(S;H(R]V[(p?q))* (N U W
(1—1z])p "

where the underlying constants depend on p and q.

Proof. Again we assume that z € [0,1). Fix z € [0, 1) and denote by C the boundary
of the disc centered at z and with radius (1 — |z])/2. The Cauchy’s integral formula

and the estimate of the evaluation functional given in Proposition 1.5.2 show

2w > 1zu9 2T
\f ()|<7T/0 |f(z+ )| do < 1 )/0 : Ppa(f) _dh

l—z ~r(l-z 1—\z—l—%ei9|)%+5

optgtl
< ——— 1 Pealf)-
(1 _ Z) -‘r +1
To prove the converse inequality, we will use a similar argument to the one given in
Proposition 1.5.2. Using Proposition 1.5.1 we have that RM (0o, s) = H® C RM (p, q)

for 1 +1 =

1 .
st =5 So, it follows

H(SIH RM(p,q)) > ”(S/H RM (c0,s))* = Hle

On the one hand, if s < +oo, since for the Hardy space H® it is known that

0% ()= = ? [34, Exercise 5, p. 85|, we obtain

1
(1= |2+

On the other hand, if s = 400, take the function ¢(w) :=

1021l (RM (pg))* 2

w € D. Since ¢ is

1 zw’
an automorphism of the unit disc, we have that ||¢||ge = 1 and

1o 1
=22 7 2(1 = |2])°

102 ooy > 1/ (2)] =

And we end with a similar argument. O
Combining Propositions 1.5.2 and 1.5.6, the next corollary follows.

Corollary 1.5.7. Let 0 < p,q < +oo. If z € D, then

18] el mypg
RM (p,q))* 1—1|2]
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1.5. RM(p,q) as function spaces 35

1.5.2 Completeness
Proposition 1.5.8. Let 1 < p,q < +oo. Then RM(p,q) is a Banach space.

Proof. As we have already mentioned that p, 4 is a norm, let us check that RM (p, q)
is complete.

Let {f,} be a Cauchy sequence. Thus {f,} is bounded. Given ¢ > 0, there is
v > 0 such that ppq(fn — fm) < € for all m,n > v. Using Proposition 1.5.2 one
can see that {f,} is a uniformly Cauchy sequence on compact sets of D. Hence,
the sequence {f,} is uniformly convergent on compact sets of D to a holomorphic
function f. Using Lemma 1.5.4 one obtains that the function f belongs to RM (p, q).

Moreover, applying Fatou’s lemma twice we can see that {f,} is a convergent

sequence to f in RM(p,q): given n > v,

20 /1 A ‘ P g9 /g
Ppa(f = fn) = (/0 (/0 hr}ln |fm(7“620) — fn(?"ew)|p dr) 271->
™ a/p /g
o 1 4 4 P gp 1/q
imi 0y _ i0\|p oy
< hH}nmf (/0 (/0 | f(re’”) — fru(re?)] dr) 27r>

= lin}ninfpp,q(fn —fm)<e

Therefore, we conclude that RM (p, ¢) is a Banach space for p, ¢ < +00. A similar

argument works in the remaining cases, so that we are done. O

Remark 1.5.9. If p or ¢ is less than 1, then RM (p, q) is a quasi-Banach space, be-
cause ppq define a quasinorm and also one can check that RM (p,q) is a complete
quasinormed space.

1.5.3 Density of polynomials and separability

Next lemma is obvious if f is continuous on [0,1] (and then uniformly continuous)

and by density of such functions we extend to the whole space:

Lemma 1.5.10. Let 0 < p < 400 and f € LP([0,1]). Then

p—1

1
hm/0 |f(x) = f(px)|P dz = 0. (1.5.2)

Given a holomorphic function f in the unit disc and 0 < r < 1, we define
fr(2) :== f(rz), for all z € D.

Proposition 1.5.11. Let 0 < p,q < 4+o00. Then
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36 Chapter 1. Definition and first properties

(1) There is a constant C = C(p,q) such that ppq(fr) < Cppg(f) for all f €
RM(p,q) and forr € [0,1).

(2) If, in addition ¢ < +oo, then ppq(f — fr) = 0 when r — 17 for all f €
RM(p,q).

Proof. For Hardy spaces the statement (1) follows immediately and the second one
is known [27, Theorem 2.6, p. 21]. Therefore, we can assume that p is finite.
Fix f € RM(p, q). We consider

0. = ([ 1500 au) v

what it is well-defined for almost every 6.
First, let us check that (1) holds. If we take r > 1/2, then we have p,(fr) <
217, o(f), because

(0, fr)? / | f (rue'®) P du—/ |f(u (1.5.3)
Ry (0, f)" <2Ry(0, f)P.
For 0 < r < 1/2, the inequality ppq(fr) < ppq(f) follows by Proposition 1.5.2,
because
Pp,a(f 11
() < e s 229U <0y, ().
(1—r)pTa

So that, we have concluded the proof of the statement (7).
Now, we proceed by proving (2). Easily we can see that there is C, > 0 such
that

Rp(evf - f?") < Cp (Rp(evfr) + Rp(ea f))

Hence, using (1.5.3) we have that R,(6, f — f,) < (1+2YP)C,R,(0, f) for r > 1/2.
By Lemma 1.5.10, Ry(0, f — fr) = 0, when r — 1, for a.e. 6. Since the function
[0,27] 3 0 — (R,(0, f))? is integrable, using the dominated convergence theorem we
conclude the proof of (2) for p < +o0. O

Proposition 1.5.12. Let 0 < p < 400, 0 < ¢ < 4+00. Polynomials are dense in
RM(p,q). In particular, RM (p,q) is a separable space.

Proof. We will study the cases 0 < p, ¢ < oo since it is well-known that polynomials
are dense in Hardy spaces H? = RM (00, q) for 0 < ¢ < oo. Let f € RM(p,q). Let
us fix 7 < 1. The function f, is holomorphic on %]D). Since D C %]D) with r € (0,1),

the sequence of partial sums {P, },, of the Taylor expansion of f, converges uniformly
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1.5. RM(p,q) as function spaces 37

to f, in D. Therefore, polynomials {P,},, converges in the topology of RM (p,q) to
fr and together with Proposition 1.5.11 we obtain that polynomials are dense in

RM((p,q). This is enough to show the separability. O

It is well-known that H>® = RM (o0, 00) is a non-separable Banach space. In

order to study the non-separability of RM (p, 00), for p < +00, we introduce:

Definition 1.5.13. Let 0 < p < 400. We define the subspace RM (p, 0) of RM (p, o)

1 ) 1/p
RM (p,0) = {f e 1) tiyswp ([ Irtreyprar) = 0} |
P

Let us see that RM (p, 0) is a closed subspace of RM (p, 00), so that it is a Banach
space if p > 1 (and quasi-Banach if p < 1). Take C), = 271+1/P if p < 1 and Cp=1
if p > 1. Assume that the sequence {f,} converges to f with f,, € RM(p,0), for all
n and f € RM(p,00). Fix € > 0. There is n such that pp o (fn — f) < e/(2Cp). In
addition, there is py such that

1 _ 1/p
sup (/ | fo(re)|P dr) <e/(2Cy), for pg < p < 1.
0 p

Therefore,

1 1/p
0\ |p
sup ( / (e dr)

1 ) ) 1/p 1 . 1/p
= (Sup (/ [F(re””) = falre®)I? dr) o sup (/ [Fulre®)P dr> ><g.
) p 0 )

Thus, f € RM(p,0). In particular, RM(p,0) is a Banach space for p > 1. We will
show later on that RM (p,c0) # RM (p,0) (see Theorem 1.5.18).

Remark 1.5.14. Notice that every function f of H* belongs to RM(p,0). Indeed,
for p < 1, we have

1 . 1/p
sup ( [ ity du) < (- )P supf(2)] < (1 — )7 fllar~.
p

z€D

Thus

1 . 1/p
lim sup (/ | f (ue®) P du> =0.
p=1 9 p

Now, we can provide an analogous to Proposition 1.5.11 for ¢ = oc:
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38 Chapter 1. Definition and first properties

Proposition 1.5.15. Let 0 < p < 400 and f € RM(p,0). Then f. € RM(p,0).
Moreover, f € RM(p,0) if and only if

Ppoc(f = fr) =0 (1.5.4)
when r — 1.

Proof. Assume that f € RM(p,00). Since f, € H®, we have f, € RM(p,0). Since
RM(p,0) is closed in RM (p,00), we get f € RM(p,0) if (1.5.4) holds.

Assume now that f € RM(p,0), we have to see that p, (f — fr) = 0. Fixe > 0.
Then there is pg < 1 such that

1 , 1p
sup </ |f(se®)|P ds) <e (1.5.5)
0 P

for all py < p < 1. Take p = (po +1)/2 and r < 1 such that rp > pp. Since f,

converges to f uniformly on the pD, we have

P . .
lim sup/ |f(se%) — fr(se®)|P ds = 0.
0

r—=1 ¢

Bearing in mind (1.5.5), for each 6, we have

(/ e — s ds)w <o s tpas) "o (/ o as) "

C r 0; 1/p C
SCE‘FW(/Tpf(Se )|pd8> SCE‘Fm&
where C is a constant that depends on p (being 1 if p > 1). This implies that
limsup, _,; pp.oo(f — fr) < 2Ce. Thus lim, 1 ppoo(f — fr) = 0. O
A density argument similar to the one used in Proposition 1.5.12 shows that:

Corollary 1.5.16. Let 0 < p < 4o00. Polynomials are dense in RM(p,0). In
particular, RM (p,0) is a separable space.

Corollary 1.5.17. Let 0 < p < +00. If z € D, then

10Nl (Raa(p0))* = 110:ll(Rat ooy and (1211 (Rar(p,0))* = 10211 (R (p,00))* -
In particular,

. _ 180l rarp0y)
1621 (R (p,0))+ = TP
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1.5. RM(p,q) as function spaces 39

Proof. Since RM (p,0) C RM (p,00), we have that |5, [|(rar(p,0))* < 10zl (RM(p,00))*
and (|97 | rar(p,0))+ < 921 (RAL(p,00))

Let us see that [0:(l(rm@po) = 0:I(rM@poc)y and [|0](RMpo): =
021l (RM(pooyys- If f € RM(p,00) with p,(f) = 1, by Proposition 1.5.15, f. €
RM (p, )and

1 ) 1/p r ) d 1/p 1
gt =suw ([ 15rue) au) = sup ([ 1sep %) < Saatr)

Moreover, it is easy to see that &,(f,) — d,(f) and 6L(f.) — 0.(f), when r — 1~ for
a fixed z € D.
Fixing € > 0, there exists f € RM (p,00) with p, (f) = 1 such that
162 > 11621l (ra (p,o0)) — €
In addition, we know that

0:(N)I = [f(2)] = lim | £(r2)]

192 Il (R p,0))+

< lim —— 7 = l0:llrarp0y)--

Therefore, it is satisfied, for all € > 0,

102l (Rat(psoo)) < N0zl (RM@,0)) + &

that is, [|0:([(ra(peo))s < 110zll(Ra(p,0))=- The proof for &, can be done in a similar
way. O

The non-separability of RM (p, o) is an easy consequence of the following much

deepest result.

Theorem 1.5.18. Let 0 < p < oo. Then RM (p,>0) has a subspace isomorphic to
£%°. Namely, there is a sequence {fi} of functions in RM (p,0) such that for every
{ar} € £ the series Y 37 o fie converges uniformly on compact subsets of D and

the operator
T:0° — RM(p,c0) defined by T({ax}): Z o fx

establishes an isomorphism between (> and T (¢>°). Moreover, T({ay}) € RM (p,0)
if and only if {ag} € co. In particular, 72 fr € RM(p,00) \ RM(p,0).

Proof. Take C,, = 27 1%1/P if p < 1 and C, = 1if p > 1. For each k = 0,1,2,...,
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40 Chapter 1. Definition and first properties

take rp = 2~ (D g =14 14= ¢+ and

1

&k = 2k+1(7k+1 _ 1)’

It is clear that Y ;7 7 = 1, there is N such that

7‘]% - 7ht1l _q —\6 Tk+1
k=N k=N k=N

N+1

P 1

' _(2/7)
() emmeg et

and

1
€k 1 1>
— _dr=¢er|——— ] =1. 1.5.6
/ jax — 112 ’“((«zkl) " (1.5.6)

In addition we can find a sequence {6} such that the discs D(aze%?, r},) are pairwise
disjoint. Indeed, we can consider
k-1
0y, = arcsin(ry,) + 2 Z arcsin (ry,) .

n=0

It is easy to see that D(ape™*,r) N D(app1e%+1,7,1) = 0, because
O+1 — O = arcsin (rr41) + arcsin (1) .

Moreover, it is also obtained that

k-1 k
T
|0k] < Erk—l—WZrn < ’/TZTn < .
n=0 n=0
El/p
Finally, take gx(z) := — %557, 2 € D, where we use the main branch of the

(akfzefigk )2/p ’

logarithm to define w?/?. Since g is bounded in D, it belongs to RM(p,0). In
addition, we have that |gg(2)| < % if z ¢ D(ape®,ry).

The functions we are looking 7f2)r are fr = gr+nN-

Since Y 2y (i—’%) v < 00, it is easy to see that, given a bounded sequence

{ai}, the sequence {Zﬁzo Qp gntN(2) i converges uniformly on compacta of D to
T({ar}) == > 52 Ok getnN, so that T({ay}) is holomorphic in D.

Let us see that g = T({ax}) € RM(p,o0). By construction, every radius Ly =
{te? : t € [0,1)} cuts at most one of the open discs D(age’, ;). On the one hand,
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1.5. RM(p,q) as function spaces 41

if 6 € [0,27] is such that there is ko with Ly N D(akoewk(),rko) # (). Then,

1 4 /p 1/p 1/p
(/ g(re?)P dr) < Cylas, m(/ 1o (r) P dr) e Zm(;)
j=N i

< Gyl e} e (( / (el ) " 1>
< Cyll{anHle ( ( / 1 T dr) . 1)

< Cp(1+27) {ey e

On the other hand, if 6 € [0, 27] is such that ¢ ¢ D(age'®,r}.) for all k, then
1 ; 1/p 2 e\ P
([ et ar) " < ekl Y- (35) < Mo,
0 k=N 'k

That is, ¢ = T({ax}) € RM(p,00) and, in particular, T : ¢ — RM(p,o0) is
bounded.

Let us see that T is open from £°° to T'(£*°) so that it establishes an isomorphism
between £*° and T'(£>°). For each n, using (1.5.6), it follows

otttz ([ mctospeemra) 2 (1w a)”
> |an N| ~ e}l (i (i;) I/P) (1 ap 4 1) /7

J=N

[e%s) 1/P
> |06n N| H{O(k}“[oo (Z (ié) ) .
j=N J

1/p
Therefore, % < |[{agHles (Z;’;N <i§> ) + pp.oo(T({ar})) and taking supre-
3

mum in n we obtain

00 ]-/P
ppoe(T({or}) > (01 -y (2> ) o}l

p j=N

1/p
Since ZJOC: N ijz) < C%,’ we get that T' establishes an isomorphism between £*°
and T'(£>).
To end the proof, we show that T'({ax}) € RM(p,0) if and only if {ay} € co.
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42 Chapter 1. Definition and first properties

Let T ({ax}) € RM(p,0). Then, for each n,

su (| (o) e dr)l/p = (/ (e e i) "

(4 n—"n n—"Tn

|a | 00 . 1/p
> Z’—N _ ||{ak}”[<>o Z <;) (1 — an + Tn)l/P.
D r

j=N \'J

Since 1 — ap + 1, = 0 and T ({ag}) € RM(p,0), it follows that {ay} € co.
Conversely, let @ = {ay }r, € ¢ and let us prove that T'(a) € RM (p,0). Since g €
RM (p,0), then ") a gkrn € RM (p,0) for alln € N. Moreover, Y ) ag gr+n —

T(a) because T is continuous and (an,...,@n+n,0,0,...) — « in £*°. Finally,
T(a) € RM(p,0) since RM (p,0) is a closed subspace of RM (p, o). O
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2.1. Inclusions 45

After introducing this biparametric family of spaces RM (p, q) and studying their
main properties in Chapter 1, it is natural to wonder about the containment rela-
tionships between them.

Therefore, this chapter is dedicated to provide a characterization of the inclu-
sions between the RM (p,q) spaces and later on to study the compactness of such

inclusions.

2.1 Inclusions

In this section we give a characterization for the containment relationships between
our spaces. To do this, we recall the notion of the Marcinkiewicz spaces LP*°, also

called the weak LP spaces.

Definition 2.1.1. Let 0 < p < oco. We define the weak LP space of measurable

functions
L™ = {f : X — C measurable : || f|jp.0c == supt/\}/p(t) < oo}
>0
where

A(t) =p({ze X :|f(x)]>1}).

A simple change of variable allows us to use the function Ay to estimate the norm
of a function of LP. Namely (see [36, Proposition 1.1.4, p. 4]), given a measurable

function f,

112 =p / P dt (2.1.1)

Obtaining an equality that we will use throughout the text. In particular, we get
LP C LP®™ (see [36, Proposition 1.1.6, p. 5]). As usual, we will also define L>** as
L®°. In order to facilitate the reading, we have included the following well-known

result.

Lemma 2.1.2. [36, Proposition 1.1.14, p. 8] Let f € LP>> N LP1*> with py # p1.
Then f € LP for% = lp_—o’\ + p%, A € (0,1). Moreover, there exists a constant
C(po,p1,A) > 0 such that

1£1lp < C (2o, prs VI F gm0 /11, 0
for A € (0,1).

Proof. Without loss of generality, we consider 0 < pg < p; < 400. Assume firstly
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46 Chapter 2. Containment relationships

that p; < +oco. We know that

Af(t) <m {'f””;” ”f!;’l* } for all ¢ > 0. (2.1.2)

Set

T > 5
A= (Ifllpo, ‘ (21.3)

By (2.1.1), (2.1.2), and (2.1.3), we estimate the L? norm of f:

Hf”g :pA tp_l)\f(t) dt < p/o tp—l min { ||f||P07 , Hf“Pl, } dt

Po P
B ) +o0 )
= [ e [
Since p — pg > 0 and p — p; < 0, the above integrals converge, so that
115 < _— —— B f 50,00 T 5” PR o0
p —Po
- ( £ ) % P

P—Po DP1—

Moreover, if % = 1;—0’\ + p% for A € (0,1), it can be written as follows:

P < Apo + ( )p1 p
171 < (oS 2 U121 e

The case p; = +oo follows in a similar way. Since Af(t) = 0 for t > || f||oc, we
only use the inequality

f( ) HfHP(h

tpo

for t < ||flleo- So, we can estimate the LP norm of f as follows:

o £l 1
1l =p / PN () dt < p / P e
Ll el = 5 S A

1 1-)
where = = =2,
P Po O

Now we are ready to state the main theorem.

Theorem 2.1.3. Let 0 < pg, qop < oo and set

Alpo,an) = {(9.6) € Orboc] x (0. 400]: 2> Lt ozl
P q Po Qo
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2.1. Inclusions 47

1. If po,qo < +00, then RM (po,qo) C RM (p,q) if and only if (p,q) € A(po,qo) \

{(B,0)}, where f = plgtfg()»

2. If either py or qo are +oo, then RM (po,qo) C RM(p,q) if and only if (p,q) €
A(po, q0)-

Before proving the result, it is worth showing a picture of the set A(po, qo). If
Do, qo < +oo then the set {(%, %) . (p,q) € A(po, qo)} is the grey region (including
its boundary) in Figure 2.1a while if either py or gy are +oo, the set {(%, é) 2 (p,q) €
A(po,qo)} is the grey region (including its boundary) in Figure 2.1b or Figure 2.1c,

respectively.

(a) po,qo < +o0 (b) po = 40 (€) go = +o0

Figure 2.1

Proof. Bearing in mind that H® = RM (oo, qo), Proposition 1.5.1 is nothing but the
case pp = +00. Therefore, from now on, we will assume that pg < +o00. To clarify
the exposition, we split the proof in several steps.

Step 1. If po, o < +oo (Figure 2.1a) and (p, ¢) is such that (1/p, 1/q) belongs to
the open segment with end points (1/po, 1/qo) and (pi0 + in,O), then RM (po, qo) C
RM(p,q).

Write (%,%) = /\(p%’q%) +(1- )\)(p% + q%,O) for some A € (0,1). Take f €
RM (po, qo) With ppg.q(f) < 1. For each 6, define fo(r) := f(re®). Let us see that
fo € LPo>°([0,1])NL**°([0, 1]) for almost every 8 € [0, 27|, where pio_‘_qlo =1 Since
f € RM(po,qo), by the very definition, we have that fy € LP([0, 1)) for almost every
6 and || follpo,00 < || follpo- Moreover, by Proposition 1.5.2, there is a constant C' > 0
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48 Chapter 2. Containment relationships

such that |f(2)| < C L forall z, and thus

(1-[2[2)P0 "0
folla,oo = supt mi({r € [0,1) : [fo(r)] > t})!/®

a 1/«
<supt my ({re[O,l):l—rgc}) = supmin{t,C} < C,
>0 te >0

so that fy € L**([0,1]) for all 6. Hence, applying Lemma 2.1.2 we have
Iolly < C(po,: ) - foloo - folle:
Thus
2T 1/q
) < Clomea ) [ 1ol 17 a0)

2w 1/(1 2w
<C<po,a,A)c“</0 |f9||;3d9) c<po,a,A>c“</o ||f9||§2d9)

= C(p07 «, )‘) Cl_)\ppo,qo(f))\ S C(p07 «, )\) Cl_)\'

1/q

Step 2. If % > pio + q%, then RM (po, qo) C RM (p, o).
Take f € RM (po, qo). By Proposition 1.5.2, there is C' > 0 such that

1 4 1/p
ppoo(f) = esssup ( [ ey dr)

0€(0,2m)

1/p
1 P
< Cesssup / %Efl dr < 400.
0€[0,2m) 0 (1 N r)(*+*>17

Step 3. If pg > p and gy > ¢ then RM (po, qo) C RM(p,q).

This inclusion is a direct consequence of Holder’s inequality

o 1 ' a/p a0 1/q
Ppalf) = (/0 (/0 |f(re®)P dr) 27r>
2 1 _ a/v g 1/q
< (/0 (/0 | f (rei®)|Po dr) 27T> < Ppo.go (f)-

Denote by B(po, q0) = {(p,q) € RT x R : py > p, qo > ¢} and (px,¢)) the cou-

ple such that (i, i) - (pio, qio) F(1-N) (pio n qio,o). Since

A(po, q0) \ { (poqo 00)} = Uxe(o,yB(Pr, 1) U {(p,OO) 11 + 1},

po+qo P p0
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2.1. Inclusions 49

Steps 1, 2 and 3 give that if pg,q0 < 400 and (p,q) € A(po, o) {(p’;ofgo )}
then RM (po,qo) C RM(p,q). Clearly, Step 3 implies that if (p,q) € A(po, o0) then
RM (po, 00) C RM(p, q).
Step 4. If RM (po,q0) C RM (p,q) then py > p.

By the closed graph theorem (see Theorem A.1.2 and Theorem A.1.3) there is
a constant C' > 0 such that p,¢(f) < Cppy.g(f) for all f € RM(po,qo). Taking

fn(z) = 2™, a simple calculation shows that

1 1/p L
ppalfa) = ( [ dr) -

so that

1

(1 + np)_% = pp.,q(fn) < Cppo-,qo (fn) = 0(1 + npo)iﬁ

and this inequality holds for all n if and only if pg > p.
Step 5. If p% + q% > p% + q% then RM (po, q0) € RM (p1,q1)

We consider a function f, of Example 1.3.1 such that pil + qil <a< pio + q%'
Hence, we have a function f, such that f, € RM(po,qo) \ RM (p1,q1)-
Step 6. If py, go < +00, then RM (po, qo) € RM (8, 0), where 3 = p};Oqu[J'

Assume that RM (po, qo) C RM(f3,00). By the closed graph theorem (see The-
orem A.1.2 and Theorem A.1.3) there is a positive constant C' > 0 such that
p8,00(f) < Cppy,go(f). For each n, consider the function f, 3 introduced in Ex-

ample 1.3.3. Then

[li n 1 B 1
k = — | >In? 1
PB,00 fnﬂ (/ Zor dT) (k k+1> (TL-l- )

Thus, Example 1.3.3 would imply

o 1/po
m'/fm+1)<C () In'/% (n + 1),
po—p

what is not possible if n is large enough. So RM (po, q0) € RM (8, 0).

Clearly, Steps 4, 5 and 6 imply that if RM (po,q) C RM(p,q) then (p,q) €
A(po,qo) \ {(B,00)}. In addition, Steps 4 and 5 give that if RM (pg,00) C RM(p,q)
then (p, q) € A(po,00). Therefore, statements (1) and (2) are proved. O

A simple argument shows that if ¢ < 400, the density of the polynomials in
RM(p, q) (see Proposition 1.5.12) implies the following result.

Proposition 2.1.4. Let 0 < p < 400, 0 < pg,q < 4+00. Then RM(p,q) C
RM (py, o) if and only if RM (p,q) C RM (p,0).
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50 Chapter 2. Containment relationships

The analysis of when RM (py,0) is contained in RM (p,q) is not so immediate.

To characterize it, we need the following lemma.

Lemma 2.1.5. Let 0 < p,q < +oo. If {f,} is a bounded sequence in RM (p, q) that
converges uniformly on compact subsets of the unit disc to f. Then f € RM(p,q).

Proof. Clearly the function f is holomorphic. Assume that p,q < +o0o. By Fatou’s

Lemma, for each 8 we have
1 .
[ 15tetpdr < g(6) = tmint ,(0),
0 n

where, for each n, g,(0) := fol | fu(re?)|P dr. Repeating again the argument, we have

1 27 1 27
7 < 4P g9 < 1im i a/p
a0 < 5 [ @) do < timint o= [ (6177 ap

= limninf Pha(fn) < sgp Ppq(fn) < +o00.
Assume now that p = +oo. Taking supremum, we have that

sup \f(reie)\q: sup liminf|fn(rei9)|q < liminf sup |fn(rei9)|q.
rel0,1) reo,l) " n relo,l)

By Fatou’s lemma, it follows that

27 27
PealD) = [ s el < [ mint sup |5 (e )15
' 0 0 a

r€l0,1) m m relo,1) 2

2m

i0v 1040

< liminf/ sup | fn(re?)|1— < liminf p, (fn) < suppf (fn) < +o0.
o Joo reo,) 2m n ’ no

A similar argument works in the remaining cases, so that we are done. O

Proposition 2.1.6. Let 0 < pg < +oo. Then RM (pg,00) C RM(p,q) if and only
if RM(po,0) € RM(p,q).

Proof. Assume that RM (pg,0) C RM(p,q). Take f € RM(pg, ). For each r < 1,
the function f, belongs to RM (pg,0) and then to RM(p,q). Since {f, : r < 1} is
bounded in RM (py,0) (see the proof of Proposition 1.5.15), it is also bounded in
RM(p,q). Since f, converges uniformly on compact subset of D to f, Lemma 2.1.5
guarantees that f € RM(p, q). O

2.2 Compactness of the inclusions

Once the containment relationships of these spaces have been determined, we study

when such inclusions are compact. For this research, we will only consider the case
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2.2. Compactness of the inclusions 51

when RM (p, q) is a Banach space, that is, when 1 < p,¢ < +o0.

A standard argument shows the following characterization of compactness. The
idea behind the argument in the proof of the next lemma will appear later on in a

more general setting. For the sake of clearness, we include here this weak version.

Lemma 2.2.1. Let 1 < pg,q0 < 400 and 1 < p,q < +0o. Then i : RM(po,qo) —
RM(p,q) is compact if and only if every bounded sequence {fn,} in RM (po,qo)

that converges to zero uniformly on compact subsets of the unit disc satisfies that

limy, ppq(fn) = 0.

Proof. Suppose that i : RM(po,q0) — RM(p,q) is a compact operator and as-
sume that there is a constant v > 0 and a bounded sequence {f,} in RM (po,qo)
that converges to zero uniformly on compact subsets of the unit disc such that
limy, ppq(fn) > v > 0. By the compactness of the inclusion, we have that there are a
holomorphic function f on D and a subsequence {fy, } such that pp(i(frn,) — f) =
Pp.g(fn, —f) = 0 when k — oo. Since {f,, } converges to zero uniformly on compact
subsets of the unit disc, we have that f = 0 by Fatou’s lemma. But, we obtain a
contradiction because pp ¢(fn,) = 0 when k& — oco.

Conversely, assume that every bounded sequence {f,} in RM(po,qo) that con-
verges to zero uniformly on compact subsets of D satisfies limy, pp4(fn) = 0. By
Corollary 1.5.3, {f,} is uniformly bounded on each compact subset of D. Therefore,
Montel’s theorem gives us that there are a holomorphic function f on D and a sub-
sequence {fp, } of holomorphic functions that converges uniformly to f on compact

sets. Moreover, it is easy to see that pp ¢ (f) < Sup,, Ppo.q(fn) by Fatou’s lemma.

Thus, the sequence {h;} := f"’{f is a bounded sequence in RM (pg, qo) that
converges to zero uniformly on compact subsets of I. So that f,, converge to f in
RM (p, q). Hence, i : RM (po, q0) — RM (p, q) is compact. O

We will use this lemma several times in the proof of the next theorem. We also

need the following result.

Proposition 2.2.2. Let 1 < p < 400, f € RM(p,), and o € dD. Then for the

non-tangential limit we have Z lim f(2)(1 —72)'/? = 0.
z—0

Proof. Without loss of generality we assume that o = 1. Suppose that pp o (f) <1
and consider the holomorphic function h(z) = f(2)(1 — 2)/P. Fix R > 1 and the
Stolz region Sr(1) = {z € D: |1 —z| < R(1 — |z|)}. Looking at (1.5.1) in the proof

of Proposition 1.5.2, we see that there is a constant C' such that

|h(2)| < RYPIf(2)|(1 = |27 < CRYP, = € Sp(1).
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52 Chapter 2. Containment relationships

That is, the function h is bounded on Sgr(1). Therefore, by Lindelof’s theorem (see
Appendix A) | it is enough to prove that lim,_,;— |f(r)|(1 — 7)Y/ = 0.

Assume by contradiction that there is a constant ¢; > 0 and a sequence {ry}
where 7, — 17 such that ¢; < |f(rg)|(1 = |rg|)Y/? for all k. Write &, := 1 — 4. By
Proposition 1.5.6, there is a constant C such that |f/(z)| < ﬁ for all z € (0,1).

Choose € < g&. Then, for 1 — (1+¢)d <z < 1—d,

1 1 Ce C1
If(x) = f(re)| < Cla — rk|W < CE@CW = 5}17 25;/17.
Thus
c1 C1 1
x)| > Tk)| — x) = f(re)| 2 B -
@12 ol =11 = 1001 2 757 = 2175 = 3517
and

1/p
o 1/p
J I I
1—(14€)dx 26k/p 9

Notice that this lower bound does not depend on k. But, this is impossible because
f01 |f(2)]P dx < +00 (see Remark 1.2.3). O

Theorem 2.2.3. Let 1 < pg,qo < 400 and 1 < p,q < 4o00. Theni: RM(po,q0) —

1

RM (p, q) is compact if and only if ;1) + % > o5t L and p < po.

0 q0

As we can see in the Figure 2.2, the grey region, removing this time the dot-
ted lines, represents the spaces RM (p,q) such that i : RM(pg,q0) — RM(p,q) is
compact when pg < 400 in Figure 2.2a and when py = 400 in Figure 2.2b.

—_
rz sz I RENN]
—_

1 111 0 11
PO PO + o) q0
(a) po < +o0 (b) po = 400
Figure 2.2
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2.2. Compactness of the inclusions 53

Proof. Bearing in mind Theorem 2.1.3, we have to prove that the inclusion is compact
e 1 1 1 1 slos e . 1 1 _ 1 1
1f5+5 > p—o—l—q—oandp<p0 and it is not compact 1feltherp—|—q =05 T or
P = Dpo.

Let us start by showing that it is not compact if p = pg. For each n, consider the
function f,(2) = (npo + 1)1/P02", 2 € D. One can see that

1 1/po
Prosgo(fa) = (mpp + 1)1/ ( /0 dr) _

and that the sequence {f,} converges uniformly to zero on compact subsets of the
unit disc. Assume that i : RM (po, qo) — RM (po, q) is compact, then there exists a
subsequence { f,, } such that pp, 4(fn,) must go to 0 as k goes to co. But this is not
possible because pp, 4(frn) =1 for all n.

Now take p and ¢ such that % + % = p% + q%' Assume that i : RM (po, q0) —
RM(p,q) is compact. Then i* : (RM(p,q))* — (RM(po,qo))* is also a compact
operator.

Assume firstly that ¢ < +oo. Let us see that w*-converges to 0

I P
1621l R (p,q))*
when

z| — 1. Taking p a polynomial we obtain

192 (p)]

1,1 1,1
e < [p(2)|(1 = 217 < plloo(1 — |27,
1921l Rt (.0

which clearly goes to 0 when |z| — 1. Since ¢ < 400, by Proposition 1.5.12, polyno-

mials are dense in RM (p, q) and then | w*-converges to 0 when |z| — 1.

62
192l (Rt (p,))*
Therefore, the compactness of i* gives

i dz
102l Rar(p,a))*

However, this is impossible because such norm must be greater than a certain positive

=0.
(RM (po,q0))*

lim
|z|—=1

constant. Indeed, since i*(d,) = 0., by Proposition 1.5.2,

i d,
102l (Rar(p,q))*

For the case ¢ = 400, since the identity is not compact then we have the case

> = 1.
e 1Ollrmay

(RM (po,qo

po = q¢ = +oo. It follows in a similar way. Assume by contradiction that ¢ :
RM (00, qp) — RM(p,c0) is compact, then i : RM (0o, qo) — RM(p,0) is compact
bearing in mind Proposition 2.1.4. But, using the previous argument one can show
that the inclusion i : RM (00, go) — RM (p,0) is not compact.

Assume now that p% > p% + lo and take a sequence {f,} in RM (po, go) such that

q
Ppo.qo(fn) < 1 for all n and it converges to zero uniformly on compact subsets of D.
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54 Chapter 2. Containment relationships

We claim that limy, pp, oo (fn) = 0. Otherwise, there is e > 0 and a subsequence (that
we denote equal) such that p,, oo(fn) > € for all n. Thus, we find {6,} such that

/ | fo(ren)[Prdr > €Pt, (2.2.1)

for all n € N. For each n, we write g,(r) := f,(re®), r € [0,1). Since Pro,go(fn) <1,
by Proposition 1.5.2 there is a constant C' > 0 such that

) C
|gn ()] = | fu(re™)| < ————.

(1—7r2)r0 a0

Since the map r — belongs to LP1([0,1]) and {g,} converges pointwise

1 1
(1-r2)P0 "%

to zero, we get that it converges to zero in the norm of LP*([0,1]) which contradicts

(2.2.1). So that the claim holds.
Take now p,q such that there is A € (0,1) with (%7%) = A (p%’q%) +(1—
A) (p%, 0)~ Then, for each f € RM(p, q), applying Holder’s inequality we have
1 . 1 . 4
[ isenypar = [Cren )0 dr
0 0

Ap/po (1-N)p/p1
< ([ e ar) " (/ o)

Ppa(f) < Ppo,qo(f))\Ppl,oo(f)l_A-

This inequality, the above claim and Lemma 2.2.1 show that i: RM(po,q) —

So that

RM (p, q) is compact whenever 1 —|— > 170 + qio and qo < q.

Take now p, q such that 11) —I— g > . L q—o, p < po and qop > q. Fix ¢ < ¢ such that
p% + % < % + é By the above argument, the inclusion map ¢ from RM (pg,§) into
RM (p, q) is compact. Since i : RM (po, o) — RM (p, q) factorizes through 7, we get

that ¢ is compact. O

Remark 2.2.4. The argument of the case % + % =

adapted for the case pg = ¢ = 0o. However, we must consider a sequence {z,} in the

1 1
p—o—l—q—OW1thq<—|—oocanbc

Stolz region such that |z,| — 1. In this way, we obtain the w*-convergence bearing

in mind Proposition 2.2.2.

Remark 2.2.5. Bearing in mind Propositions 2.1.4 and 2.1.6, one can see that the
inclusion ¢ : RM(po,q0) — RM(p,0) is compact if and only if i : RM(po,qo) —
RM (p, c0) is compact and the inclusion i : RM (py,0) — RM (p, q) is compact if and
only if i : RM (pg,c0) — RM (p,q) is compact, respectively.
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Bergman projection and duality
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3.1. Duality o7

This chapter is dedicated to showing several results linked to the duality of the
RM (p, q) spaces. The main result of the chapter is the characterization of the bound-
edness of the Bergman projection in terms of p and q. We provide a characterization
of the dual of RM(p,q), for 1 < p,q < 400, applying the boundedness of the
Bergman projection. Then we differentiate between our spaces RM (p,q) and the
classical mixed norm spaces: our study of the duality allows us to cover some cases.
Finally, we study the bidual space of RM(p,0), for 1 < p < +oo, following the

argument of K.-M. Perfekt for some related spaces in [54].

3.1 Duality

In the theory of Banach spaces of analytic functions, a useful integral operator is the

Bergman projection

P(f)(z) := /DK(z,w)f(w) dA(w), =zeD,
with kernel
K(z,w):=(1-2w)"% zweD, (3.1.1)

which is called the Bergman kernel. Such function is the reproducing kernel for the

Bergman space A2
Proposition 3.1.1. [28, p. 82; Theorem 5, p. 34/

1. The Bergman projection is well-defined on L'(D), mapping each function of
LY(D) to an analytic function and mapping each function of the Bergman space
A into itself.

2. For 1 < p < oo, the Bergman projection P is a bounded operator from LP(D)

onto AP.

These properties allow to describe the dual of Bergman spaces AP. We give the
proof of the following theorem to introduce the method that we will use in the study
of the duality of RM (p, q).

Theorem 3.1.2. [28, Theorem 6, p. 35] For 1 < p < 400, the dual space of AP can
be identified with AP | where p’ is the conjugated index, that is, % + Z% = 1. Namely,

every functional ¢ € (AP)* has a unique representation

o(f) = dy(f) = /D f(w)g(w) dA(w), fe 4,
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58 Chapter 3. Bergman projection and duality

for some g € AP'. Conversely, for every g € A?', the map

fo /D £ (w)g(w) dA(w)

is an element of (AP)". Moreover, ||¢gll(ary- < gl 4o -

Proof. One part of the proof follows immediately. Indeed, applying the Holder’s
inequality, one has that the functional defined by

/f 9(2) dA(z), feAP, ge AP,

is bounded and ¢yl (ary+ < llgllyy. The map g +— ¢, is antilinear and injective, since

¢g(2") = 5, where ay, is the n-th Taylor coefficient of g.
Now, let ¢ be a functional in (AP)*. We have to show that there exists g € A”'
such that

)= /Df(z)@ dA(z), forevery f e AP.

Using the Hahn-Banach theorem, this functional can be extended to a certain
® € (LP(D))* such that [|¢[| a4y« = [|®[|(zr)«. Now, by Riesz representation theorem

there is a function h € L?' such that
= / f(2)h(z) dA(z), for every feLP
D

and ||| ar)« = [[Allp-

Let g = Ph, where P is the Bergman projection, and notice that, using Propo-
sition 3.1.1(2), g € AY . So, by Fubini’s theorem and Proposition 3.1.1(1) we have,
for f € AP,

= o) = [ s aae) = [ ([ 1 dawin) daae

= [ ) [ 25 date) datw) = [ f)PRG) daw)

Also, we obtain that ||g[l, < C|[hlly = C||¢gll(ar)+ by Proposition 3.1.1(2), so that
lgllp = lI#gll car)=- O

Replacing the Proposition 3.1.1(2) in above argument by the deeper related result
in RM (p, ¢) and mimicking this proof for Bergman spaces, in this section we describe
the dual of RM (p,q), where 1 < p, ¢ < oo.
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3.1. Duality 99

This related result is the boundedness of the Bergman projection from Z,, or

Y, 4 (see the definition below) onto RM (p, ¢), that we will prove in the next section.

Definition 3.1.3. Let (X, A, u) and (Y, B,v) be o-finite measure spaces and 1 <
p,q < +00. We define the spaces L9 (X x Y) as those formed by (the class
of) measurable functions in the product space (X x Y, 4 ® B, x v) such that

||f||L(P«1)(X><y) < 400, where

a/p 1/q
|f|L(p,q)(X><Y):</Y (/X|f(xyy)p du(@) dV(:l/)) , i p,q < o0,

1/p
|f|L<p,m><ny>=ess5up(/X |f<x,y>|f’du<x>> L ifp < too,

q 1/q
|f|L<oo,q)<Xxy>=(/y (ess;up|f(x,y>|> du(y)) . g < 400,

£l oo (x vy = I F [l poe (v -

Notation 3.1.4. With the aim of simplifying the notation to facilitate the reading,
we denote by Y, 4 the space formed by (the class of) measurable functions in the
product space ([0, 1) x [0,27), By ® By, dr %) such that

1 11¥p.e = 1f |l 0 0,1y x[0,2m)) < 00

where B; (and Bs) is the Borel o-algebra of [0,1) (and [0, 27) respectively). Analo-
gously, we also define by Z,, , the space formed by (the class of) measurable functions
in the product space ([0,1) x [0,27), B; ® By, rdr %) such that

1£11 2.0 = Hf“L(znq)([oJ)X[ojgﬂ)) < H00.

Notice that the identification (r,8)  re' allows us to consider RM (p,q) as a
subspace of Y, 4. Recall that if f € RM(p,q), then p,,(f) = [|flly,, and pp4(f) =<
Il fllz,, So that we can also consider RM(p,q) as a closed subspace of Z,,.

To study the duality of RM (p, q) spaces, the following theorem will be important
because it provides a characterization of the dual space of L9 (X x Y), for 1 <

P, q < +00.

Theorem 3.1.5. [13, Theorem 1, p. 303-304] Let 1 < p,q < +oc.
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60 Chapter 3. Bergman projection and duality

1. If1 <p,q < +oo and f € LPD(X xY), then

/ F,y)g(e,y) du(z) dv(y)
XxY

HfHL(p,q)(XxY) = sup
9EBLw ) (xxy)

- / @ )oe,w)] du(z) dv(y),
XxY

IEBLG ) (x v

where BL(p/‘qr)(XXy) denotes the unit ball of L(p/’q/)(X xY). If1<p,q<+c0
and f € L®9 (X xY), then there exists g € BL(p/.q/)(XXy) such that

s = [ Famalen) dute) dviy
= [ 1@t duto) dvly)
XxY

2. Let 1 < p,g < +00. ¢ is a continuous functional on the normed space
L9 (X xY) if and only if it can be represented by

o) = /X ) fa) duto) dv(y

where h is a uniquely determined (class of ) function(s) in L¥9)(X x Y) and

also [|6] = 1Al Lo (x xv):

In order to show clearly the proof of the duality of RM(p,q) spaces, we will

devote the Section 3.2 to study the boundedness of the Bergman projection.

Theorem 3.1.6 (See Theorem 3.2.2). Let 1 < p,q < +oo. The Bergman projection
P is bounded from the space Yy 4 (and Zy ) onto RM (p, q).

Now we can state and prove the main result of this section.

Theorem 3.1.7. Let 1 < p,q < co. Then (RM(p,q))* = RM(p,q’), where %4—1% =

1 and %—f—% = 1. The antiisomorphism between RM (p',q') and (RM (p,q))* is given
by the operator
g Ag

where \g is defined by

/f 9(2) dA(z), | € RM(p,q).

Proof. Applying the Hélder’s inequality, one has that the functional defined by

/ [(:)9() dAG), | € RM(p,q), g € RM(Y,q),
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3.2. The Bergman projection 61

is bounded and [|Agll(rar(p.g)) < 20p'(9)- The map g +— ), is antilinear and

an
n+17

Now, let A be a functional in (RM(p,q))*. We have to show that there exists
g € RM(p',q') such that

injective, since Ay(z") = where a,, is the n-th Taylor coefficient of g.

Af) = /Df(z)@ dA(z) for every f € RM(p,q).

Using the Hahn-Banach theorem, this functional can be extended to a certain
A € (Z,,4)" such that [|All(gas(p.q))« = [[All(z,.,)+- Now, by means of Theorem 3.1.5(2)

there is a function h € Z,y o such that

A(f) = /Df(z)% dA(z) forevery fe€Z,,

and [[All(z, )+ = [z, -
Let ¢ = Ph, where P is the Bergman projection, and notice that, using Theo-
rem 3.1.6, g € RM(p',¢'). So, by Fubini’s theorem we have, for f € RM(p, q),

1—zw)

NI =AU =[£G aa) = [ ( | dA(w)h(z)) 4A(2)

= w & z w) = w w w
- [ 5 >/D( 1A(z) dA(w) /Df( \Ph{w) dA(w)

1—2w)?

Also, we obtain that ppq(9) < Cllhllz, , = ClAgll(rr1(p.g))+ Py Theorem 3.1.6, so
that pp.q(9) = 1Al (rRM(p.0))*- O

3.2 The Bergman projection

Once the duality of the RM (p, q) spaces has been studied in the previous section,
we proceed with the proof of Theorem 3.1.6 that we had left pending for the sake of

clearness.

Proposition 3.2.1. Let 1 < p,q < +00. The Bergman projection P from the space
Y, q onto RM (p, q) is bounded if and only if the Bergman projection P from the space
Zpq onto RM(p,q) is bounded.

Proof. As we have seen the norms || -z, ,

functions. For the proof of this proposition, we decompose the space Yy, (or Z, 4

and || - ||y, are equivalent for analytic

respectively) as the sum of functions with support in D(0,1/2) and functions with

support in D\ D(0,1/2). Since in the first space the Bergman projection is bounded
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62 Chapter 3. Bergman projection and duality

into H* C RM(p, ¢) and in the second space the norms of Y, ; and Z,, , are equiva-

lent, we conclude the result. O

Theorem 3.2.2. Let 1 < p,q < +oc0. The Bergman projection P is bounded from
the space Yy, 4 (and Z,4) onto RM(p, q).

Bearing in mind Proposition 3.1.1 and Proposition 3.2.1, since the restriction of
P to RM(p,q) is the identity (because RM(p,q) C A') and Pf is analytic for all
f € Y,, (because Yy, C LY(D)), in order to prove above theorem it is enough to
show that P is bounded from Y}, ; into itself.

Before going into the proof of this result, we introduce some necessary terminol-
ogy. In general, given a measurable function M : D x D — C we can define the

integral operator

) 2m r1 ) ) . dpdyp
Toar(f)(re?) :/ M (re', pe'®) f(pe'?) - TE [0,1), 6 € [0,27],
0o Jo T
whenever such integral exists. Observe that the Bergman projection P coincide with
the case )
0 ipy _ 0 ioy _ P
M(re®, pe'®) = 2pK (re", pe'?) T rpelTa)

Notice that if M is a bounded functions, then Ty is bounded. Moreover, if T}y,
is bounded then so is T}y.

From now on, with a little abuse of notation, |6 — ¢| will denote the distance
between 6 and ¢ in the quotient group R/27Z, that is, mingez |0 — ¢ + 2kn|. No-
tice also that in order to prove the boundedness of P, it is sufficient to check the
boundedness of Tz, where

o P 2
K(Tevae“p) = lK(r6w7 peup)‘X{wap\Sl} = }1 - Tewpe“p X{|6—p|<1}s

because |K| — K = | K |X{j9—p|>1} i a bounded function.
It will be very convenient for us to consider the product [0,27)? x [0,1)%. More-

over, by showing that T : Y}, 4 — Y, 4 is bounded, where

2m 1
To($0.0) = [ [ D6.gro) o) GE, relon). o€ .2m)

i
™

with
0, if 10—¢>1,
D(H,SO,T’,/)): “P*19|2’ lf 12‘9*@'21*7’[}7
1 .

L if |0—p] <1-rp,
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3.2. The Bergman projection 63

we obtain the boundedness of P :Y), , — Y}, since
i i -1
(K (re”, pe®)[xqo-p1<1y = (1 = 1p)® + 2rp(1 — cos(0 — ) x{jo—g/<1}
-1
2 (2(1 Tp) +Tp|€_¢|2) X{‘9—50|§1} < 4D(€7<)07Ta p)

Bearing in mind the change of variables = 1 —r, y = 1 — p, which preserves

the measure, it follows that

Jii 5
©.0,2,9) <D0, 1 —x,1-y) <H(0,¢,2y), =y€el01],

with

0 if 10—¢|>1
H(0,p,2,y) = =7 if 1>10—¢| > max{z,y},

(max{lz,y})27 if max{x, y} 2 |9 - QO‘,

because max{z,y} <1—rp < 2max{z,y}.
Finally, Lemma 3.2.4 shows that the boundedness of T : Y, ; — Y} 4 is equivalent
to the boundedness of Ty : Yy 4 = Y4, where

0, if |[p—0>1 or max{z,y}>|p—0|
Oezy)=9 |
ooy i 12 | — 6] > max{z,y}.
A preliminary lemma is needed.
Lemma 3.2.3. Let 1 < p,q < 400 and a,b € (0,1]. If we have the following relation
J(O,p,2,y) = M(0,p,ax,by) between the kernels J and M, then

1p

1Tally, .-

b
||TJHqu — b 1/p

Proof. Tt is sufficient to prove the result for the two particular cases: a =1, b < 1
anda <1,b=1.
Set f €Y,y Ifb=1,a<1,itis clear that Ty f(6,2) = Ta f(6,ax). Hence, by

a change of variable it follows

o 1 qa/p 1/q
HTJfHYp,q = (/0 </ |TMf(9,aI)‘p dx> ;f_)
2 d q/p do 1/q
(/ </ T f(8,2)]” ;) %)

<a 7| Tog |1 £lly, -
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64 Chapter 3. Bergman projection and duality

Ifa=1,b<1and f €Y, we consider the function
: feg), if y<b,
floy) = ’
0, it b<y<1,

which satisfies that

T q/p 1/q
|J;||Y1[,‘,,=</02 (/Ob|f(%?;>|pdy)/ ?;)

1/q

2 1 q/p dp
=b1/p(/ ([ 1 a) 2) =5,
0 0 T

Moreover, using also a change of variable it holds that

2 1 d
TJf(9>:r)=/0 /OM(G,so,z,by)f(w,y) dy%

27 rb
_ Y d _ ~
=b 1/0 /O ]\/1(97 %m,y)f (‘Py 5) dy% =b IT]Mf(Q,I)

for (0, z) € [0,27) x [0,1). Then
_ Pt _ ~ 1 4
ITsfllv,, = b 1T fllv,, <O Tl flly,, = b7 1 T0ll1f v, -

Combining the two cases we obtain the general case. O

Lemma 3.2.4. Let 1 <p,q < +oo. Then Ty : Y, = Y, 4 is bounded if and only if
the operator Ty : Yy q — Yy 4 is bounded.

Proof. Clearly, the boundedness of T'; implies the boundedness of Ty because 0 <
H < H. Now, we show the converse implication. First of all, we define the dilated
kernels H, (6, p,z,y) := 272"H(0, p,2 2,27 "y). Using Lemma 3.2.3 and denoting

by || - || the operator norm from Y, 4 into itself, we have
[ Trr, | < 27" T (3.2.1)
Recall
0, it 10—¢|>1,
E[(97997xay) = ‘9_1%2’ it 1> ‘9_90| > max{x,y},
m7 if max{z,y} >10— |
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3.2. The Bergman projection 65

Let us prove that for 8 # ¢
5 oo
H(6‘7§07I7y) S SZHH(97S‘Q7I7?J)' (322)
n=0

Clearly we can assume 1 > |6 — | > 0. We take
N =min{n >0 : |0 —p| > max{27"z,27"y}}.

If N =0, then 1 > |0 — | > max{z, y}. Moreover, one has that

1

0,p,x
H(0,0,2,y) = =

and

1

Hn(97 ()07 :L‘, y) = 272“
0 — ¢?

for all n > 0. In particular, I:I(H, o, x,y) = Ho(0, p,x,y) and we get (3.2.2) in case
N =0.

If N > 1, it is clear that 2V~1|§ — | < max{z,y} and |§—¢| > max{2 "z, 2 "y}
for all n > N. In particular

_ 1
H =
and
—2n 1
Hy(0,0,2,y) =2 =P

for all n > N. Thus, it follows that

o0
1 4 972N 1 1
9 O, T, Y —2n__ i
2 i) > 5 WZ 30— ¢P ~ 3@ 10— P
1 1

1
S _H( .
3 (max{z,y})2 3 (0 ,2.9)

Notice that {(00,gpo,x0,y0) € 0,272 x (0,1]% : 6y = <p0} is set of measure zero.
Therefore, by (3.2.2) and (3.2.1), we conclude

1Tl <3 1T, |l < 3% 27" Tl < 6| Tull,

n=0 n=0
and we are done. O
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66 Chapter 3. Bergman projection and duality

The following two results will be important in the proof of Theorem 3.2.2.

Lemma 3.2.5. Let f, g be positive measurable functions on [0,1) x [0,27). Then
2w prl 2w 2w
| @un g dsas< [7] Rie.1o - o0Ratente -0 ab .

SUD > 1>y % fotf(ﬁ,u) du, ifz <1,
0, if x> 1.

where Rf(0,x) =

Proof. Using the definition of the kernel H and grouping terms, it follows

21 1

/0 /0 Tuf(6,x) g(6,z) dv db
- /027f/0'27r/01/01 H(O, 0,2,9)f (0, y)g(0, ) de dy —- de
: ////<x Y<li—ol<1 ﬁf(%y)g(e,x) dz dy dy df

//MI<1<|9 %0'/9% e )(9 sa/w o x) v

27 r2m
S/o /0 Rf(¢,le = 0)Rg(9, | — 6]) b dyp.

Remark 3.2.6. Let 1 < p < oo. Notice that if 0 < x < 27 < 1 then Rf(6,z) >
Rf(0,21). Moreover, for ¥ € T fixed we define fy(z) := f(#,2). Therefore, since
Rf(8,z) < M fy(x), where M is the Hardy-Littlewood maximal function, there is a
constant Cp, > 0 such that ||Rf(0,-)||ze0,1) < Cpllfollzrjo,1) (see [61, Theorem 8.18,
p. 173)).

The last result we need to study the boundedness of the Bergman projection is

the next theorem due to Fefferman and Stein.

Theorem 3.2.7. [29, Theorem 1, p. 107] Let 1 < p,q < +o00. There is a constant
Cpq > 0 such that if { fr}x is a sequence of measurable functions on R™, then

oo 1/p 0 1/p
(Z(Mfk(-»”) < Cpg (Z |fk<->|1’>

k=0 La®n) k=0 La®n)

Proof of Theorem 3.2.2. Bearing in mind the notation of the previous lemma, for
f € Yyqand g € Yy o such that [|flly,, < 1 and [glly, , < 1 we consider the
functions F' = R|f| and G = R|g|. Moreover, we define the following sequences of
functions fi(¢) = F(¢,27%) and gx(¢) = G(¢,27%), p € T and k € NU {0}. Notice
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3.2. The Bergman projection 67

that for all z € I, = [27%,27F1) we have that f,_1(p) < F(p,z) < fe(p) and
gr—-1(¢) < G(p,x) < gr(p). Thus, it follows

ka1 e)xi, (x <ka e)xr, (x
ng1 exn, () < Glo,x ng )X1, ().

Using Remark 3.2.6 and these inequalities, we obtain

on [ a/p o 1 a/p
/ (Zf£_1<<p> 2*) dp < / (/ |F(p, )P dx) dp < 2mC
0 =1 0 0

and therefore

on [ o0 q/p ,
_ 1494
/0 (Z f(p)2 ’“) dp <2 rrCL (3.2.3)
Following the same argument, we obtain the inequality
271- 0 / q//p/ q/ !
/ (Z i (90)2’“> dp < 2" nCY. (3.2.4)
0 \k=0

Hence, by Lemma 3.2.5 we have

27 r1 27 27
/ / (Tuf) g de o < / / F(6.|p — 6)Glp, [ — 0]) df do

< (ka ) [ oo o d )d@

2m 0 1 427 +1
S/O > fr(0) 227F (2“/0 k() ds@) df

k=1 —2mhH
2m
<[5 50 2 aagule) o
0 k=1
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68 Chapter 3. Bergman projection and duality

Applying Holder’s inequality it follows
27 1

| [ @ure.) ot6.0) s as
0o Jo

or [ o© /P / o 1/p’
<4 / So et (g e) 2| s
0 k=1

k=1

or [ o a/p la on [ 00 / a/ ld
34( /0 (; 17(0) 2—k> d@) ( /0 (Z(Mgk)p(@) 2—k) de) .

k=1

Hence, by Theorem 3.2.7 and the inequalities (3.2.3) and (3.2.4), we get

21 1
/ / (Tu f(0,%)) g(0,x) dx db
0 JO
orly1 2r [ X " v
<2 trtagl/a Cp Ap/7q/ /0 Zgi (0) 27" df < 167 Cp Cp/ Ap/7q,.
k=1

Finally, we conclude the proof of the boundedness of the Bergman projection
using Theorem 3.1.5(1). O

For the cases not covered by Theorem 3.1.6, we have

Theorem 3.2.8. Let 1 < p,q < +oo. If max{p,q} = +oco or min{p,q} = 1, then
the Bergman projection P does not send Y, 4 (nor Zy ;) into RM (p, q).

Before starting with the proof of the theorem, we state the following elementary

lemma.
Lemma 3.2.9. If z,w € Q:={re?? : 0<0<1/2,0<r <1-20}, then
1.1 =2 < 1—|7,
2. ’Arg(f:j})
2
3. Re {(}w) } >3

Proof. The first identity follows immediately using the triangle inequality and the
definition of the set :

< arctan (%) <7

1—2 2
1—w

1—r<|l—re® = /(1 =r)2+2r(1 —cos(0)) < /(1 —7r)2+62< \/E(l—r).

To prove the second one it is enough to show that tan(Arg(1—72)) < £ for z € , be-
cause we have that Arg(1—%) € (0,arctan(1/2)) and Arg(1—=z) € (— arctan(1/2),0).
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3.2. The Bergman projection 69

Clearly, one can see, for re € Q, that

_ 7sin(6) (1 —20)sin(0)
tan(Arg(l - %)) = < )
an(Arg(1 - 7)) 1—rcos(d) — 1—(1—20)cos(9)

. X (1—20) sin(6) 1 .
To finish the proof of (2), we have to show that T30 cos(e) < - But this is
clear because the function f(0) = $(1—(1—26) cos(6)) — (1 —26) sin(6) for € [0,1)
satisfies that f(0) = 0 and f'(6) = 26 cos(6) + 3(5 — 26) sin(d) > 0 for 6 € (0, ).

The last inequality follows from (2), since for ‘Arg (11:; < arctan (%) < 7 we

have that
2
-z
- Klw)]— 2Arg (172 )) > cos [ 2arctan | -
‘1;2 = cos rg T > cos | 2arctan 5
1

z
—w

1 —tan*(arctan(1/2))
1+ tan?(arctan(1/2))

3
-
O

Proof of Theorem 3.2.8. Bearing in mind Proposition 3.2.1 it is enough to show the

result for Y, 4 (or Z,4).

The case p = +00. Let us recall that the Bergman projection P is a bounded oper-
ator from L (D) onto the Bloch space B (see [28, p. 47, Theorem 7] or [68, p. 102,
Theorem 5.2]). Moreover, using lacunary sequences, it is possible to find functions
in B whose Taylor coefficients do not go to zero (see |7, Lemma 2.1]). Therefore,
B¢ HI, 1< q< +00. Thus, since L*°(D) C Y4, the Bergman projection P is not
bounded from Y. 4 to RM (00, q) = HY.

The case ¢ = +00, 1 < p < 400. We show that there exists a function f € Y}, «
such that

IP(F)(@)| 2 (1- )7, for every a € (j 1) |

so that P(f) ¢ RM(p, o) (see Remark 1.2.3). To prove this, take the set

Q:{rew : O<9<1/270<r<1—29}.
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70 Chapter 3. Bergman projection and duality

Given a € R, consider the function

) 0, re? ¢ Q,
fre) = s
oK (1 —0,re”?), re? eq,

where, as usual, K is the Bergman kernel. Taking a = 2 — % =1+ 1%7 we have
f €Y, 00. Indeed, for 0 < 6 < 1/2,

1 y 1-26 Y 1 dr
0P dr = gre K(1—0re )P dr<oro | — 2
/O\f<re )P dr / K(L—6,re )P dr < /0(1,(1,9)T)2p

1-2
= o ol < 2 gro+i=2r — 2 < 400.
2p—1 1-6 ~—2p-1 2p—1

Now let us see that this function f satisfies that |P(f)(a)| > (1—a)~'/ for every
a€ (%, 1). We have that the Bergman projection of the function f, for a € (0,1), is

roe= [ ([ et arn) @

B /1/2 go /129 1—(1—0@)re® 2 rdr "
 Jo 0 1—are= [1—(1—0)re-?)* ’

By Lemma 3.2.9 (applying first (3) and then (1)), we obtain

= // a (/9 - ar)?(fdfu - ew) @
1—a 1-20 rdr l1—a 1-20 r
VA e </1/4 <1—dar>4)d9

1 1—a
=124 ),

0% (1 —a(l—20))"% - (1 —a/4)"?%) db.

Using that < 1 —a and 3/4 < a < 1 we deduce (1 —a(1 —260))7% - (1 —a/4)™3 >
(1—a(l—26))"3/2 and 1 — a(1 — 26) < 3(1 — a). Hence

1 1—-a

T2 |, 0% (1 —a(l—20))"%— (1—a/4)"%)do

1 l1—a N 5 1 1 1 1—a N
> [ el —a(1-20) 0> ———— | g7dp
24a Jo 24027 (1 —a)3 J,

=(1—-a)*2=(1-a)"'/r.
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3.3. Mixed norm spaces 71

Thus, for a > 3/4, we have |P(f)(a)| = (1 — a)~"/? and the function P(f) does not
belong to RM (p, c0).

The remaining cases. For the remaining cases, we use the fact that if the Bergman
projection P : Zy o — RM(p',¢') is bounded then P : Z, , — RM(p,q) is bounded

since, for f € Zp 4,
2
do
[ [ e g
T
sup

2
/ / 1( ret? )(1“629) rdr‘
gEsz,’q,

12, sup P9Iz, , < Cllflz,,-

g€sz,1q,

1Pz, = Josup

Z//

IN

where C' is the norm of the operator P : Z, o — RM(p',¢’) and, as usual, Bz, .,
denotes the unit ball of Z 4. O

3.3 Mixed norm spaces

In this section we present the containment relationship between the RM (p, q) spaces
and a particular case of the mixed norm spaces, which we will define below. In some

cases we will use the duality result of the first section of this chapter.

Definition 3.3.1. Let 0 < p,q¢ < +00, 0 < a < +00. We define the mixed norm

spaces
HOP = {f € H(D) : ||f[lzare < +oo}

where

1 2 e\ 1/p
flione = { [ <1r>m1(/ T ) o), ifpg<+oo.
0 0 s

Although these integral expressions appeared firstly in the Hardy and Little-
wood’s paper on properties of the integral mean [39], these spaces were defined
explicitly by Flett in [30,31]. Since then, these spaces have been studied by many
authors (see [43]).

Notice that for a = 1/p,

1 27 ) do p/q 1/p
HfHHq‘PJ/P = (/0 </O |f(r619)|q 271.) dr)
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72 Chapter 3. Bergman projection and duality

and, by Fubini’s theorem, it is clear that

1l grpware = ppp(f)-

Thus, it is a natural question to analyse what happens when p # ¢. This is the aim
of this section.

Bearing in mind the standard argument of Theorem 3.1.7, one can prove the
following duality result for the mixed norm spaces by means of the boundedness of

the weighted Bergman projection:

Proposition 3.3.2. [43, Corollary 7.3.4, p. 153] Let 1 < p,q < 400 and 0 < a <
~+ 1. Then the operator

— 1wl f(w
ny(z):(wl)/w

p (1 —zw)*ty dA(w)

is a bounded projection mapping LYP* onto HTP where LYP is the corresponding
space of equivalence classes of measurable functions. In particular (v = 0), we have

the Bergman projection P maps LIPY? onto HEPL/P | when 1 < p < 400.

In order to study the duality of H @P:1/P_ it will be useful to define the space
Wop.q, that is, the space formed by the measurable functions in the product space
([0,27) x [0,1), By @ By, % rdr), where B; (and Bs) is the Borel o-algebra of [0, 27)
(and [0, 1) respectively), such that || f[lw,, = [fll @ o.20)x[0,1)) < +0© (see Defini-
tion 3.1.3).

The proofs of the next two results follow the same scheme as for the spaces
RM(p,q).

Proposition 3.3.3. Let 1 < p,q < +00. The Bergman projection P from the space
LeP/P onto HIPA/P s bounded if and only if the Bergman projection P from the

space W4 onto HOPYP s bounded.

Proposition 3.3.4. Let 1 < p,q < +oo. Then (HIPYP)* = HIPYV  yhere
;1] + 1% =1 and % + % = 1. The antiisomorphism between HT VP qnd (HIP1/P)*
is given by the operator

g Ag

where \g is defined by

Ag(f) = /Df(z)fz) dA(z), fe HWPP,

The main result of this section shows the containment relationships between the

RM (p, q) spaces and the mixed norm spaces HEP/P for 1 < p,q < 400.
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3.3. Mixed norm spaces 73

Theorem 3.3.5. Let 1 < p,q < +00.
a) If p > q, then RM(p,q) ¢ HP1/P,
b) If ¢ > p, then H4P'/P ¢ RM(p, q).

Proof. a) If p > q then RM(p,q) C H%P1/P | because using Minkowski’s integral

inequality we have

</01 </Ozﬂ|f(reie)|q ji)p/q dr> 1/p . </02ﬂ (/01 Flrep dr)l]/p ;lfr)l/q'

Let us see that RM(p, q) G HIPYP if p > q.

Consider the functions

B
ug(z) = ———————, 2€D,
(1+06—2)Frta

where 0 < § < 1/2. One can see that |[us|| gap1/e <X ppq(us) < 1, because, for a € D,

1

||(1 — 52’)_ L HHq,p,l/p = (1 - |O‘|)_1

(see [9, Proposition 2, p. 947]) and

pra(1—a2) 75 77) = (1= [af)™

(see Proposition 1.3.2).
Let {6,} be a sequence of positive numbers such that n?d, < % for all n > 1,
S/ > (n+ 1)5714_21 for all n > 1, and 3772, j28; < 2. Define the sets
A, = {rew 10— 0n] <06, , e[l —ndt21— 5n/n2p]} ,

where #1 = 61 and 0, — 0,1 = % + (n = 1)20,_1 4+ n%8,, for n > 2. Observe that
Ay ={re? . rel,, 6¢cJ,} where the sets {I,} are pairwise disjoint and so are
the sets {J,,}.

Let us check that pp,q(itgn(ze_i‘g”))(@\ 4,(2)) S # Firstly, notice that

_.071
Pp,q (u(;n(ze ! )X{O<|w\<1—n61/2}(z)) (331)

n

12 a/p 1/q

27 1-nd V4
n 5 o
N / / e
0 0 |1+5n_rei9|1’(1+;+a> m

AMBITO- PREFIJO CSV FECHA Y HORA DEL DOCUMENTO
GEISER GEISER-beee-fa0d-14a0-4131-95fa-6ec7-108e-02fb 19/07/2021 11:29:08 Horario peninsular
Ne registro DIRECCION DE VALIDACION Validez del documento
4s21N0000130 https://sede.administracionespublicas.gob.es/valida Copia
GEISER-beee-fa0d-14a0-4131-95fa-6ec7-108e-02fb


https://sede.administracionespublicas.gob.es/valida

Cadigo seguro de Verificacion : GEISER-beee-fa0d-14a0-4131-95fa-6ec7-108e-02fb | Puede verificar la integridad de este documento en la siguiente direccion : https://sede.administracionespublicas.gob.es/valida

74 Chapter 3. Bergman projection and duality

1
lfné,ll/z 5]9 /2 )
< / N | ST
0 (140, — r)p(1+5+5) (ndy/ = +d,) e
1) 1
= 1 ;L TS
(néy/*)*a
In the next inequalities we use that, for |§] <1 and r > 1 — n571/2
02 2 2 r6?
146, —re”|* =148, —7) 4+ 2r(1 +6,)(1 —cos(9)) > (1 + 6, — 1) —|—7
62 2
> (1+5n—r)2+(1—n5,1/2)5 > (1+5n—r)2+z.
Thus, it follows
q —i0n
pp,q (U[;n <Ze )X{Tem : 17n671l/2<r<1, \9*9n|>n25n}(z))
. » q/p
T 0 de
= 2/ / 12 n P d’f’ 27
n24, 1—néy |1 + 6, — Tei9|p(1+5+a> m
2 1 1 P al
T — n4d, 1) db
§2(1 25n>/ foo prcrrn i =
— N“0p n28y, 1-nd, |1 + 61’1, _ rei0|p<1+;+a) ™
since the inner integral is a decreasing function in 6. Therefore,
—i0p
P (uﬁn(ze ' )X{mie C1-ndl?<r<t, |9—0n\>n2(5n}(z)) (3.3.2)
n25,+ndy 2 146,06 oP
< ghatl / / " dr
- 1/2 1,1
n26, 1—nd, (1 4 671 _ T)p(1+p+q>
1 5 a/p
s ) W
1+6,—0 917(14‘;4‘5)
‘ 1 1 5 a/p
+ 2%t / ; / ———dr| df
n26,4nsy/® \J1-nsl/? pp(1+3+7)
126, +nds/? 1 5P 5P e
< 3t / o+ — e
- 25, 1) p(142 p(1+1
n p(1+q)9( q) 9( ‘1>
1 7+
i 23q+1/ G PnilP "
26,48y ga(1+5+7)
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n? §n+n6}l/2 1

1
1
§23q+12q/175q/ 7+23q+15q/ 1 m
" s, ge(1+3) " Jnzs,anslf? ga(1+3)
1
< 23q+1+%52/ ; do < 23q+1+%257% < 23q+2i2.
n2d, 9Q(1+%) (’I’L §n)q n?4
Similarly, we obtain
—i0n
pg#] (u‘s"(ze ‘ )X{rew : l—anp<r<1, |9—0n\<n26n}(‘2)) (333)
n2d, 1 (sp a/p do
:2/ / n — dr 27
0 177167"1) ‘1 +6n _ reig‘P(1+;+E) ™
s 1 » a/p
" 5 do
< 2/ / i — dr 3
0 175;? (146, — r)p(1+5+5> T

+ 201 / a / A
O 1-2p ep(1+%+§) 2w

2
< 2§ 57" ‘1/P/5n 1 ﬁ+23q+16q 6i Q/P/n ” 1 %
-\ n% 0 §q(1+%+%> 2m "\ n2p on gq(1+%+é) 27
n

ga+1 S NP q gat+1l 1
< (%) o
o n2 (5q(1+%) 21 n2a

n

Using inequalities (3.3.1), (3.3.2), and (3.3.3) we deduce

1

[|ws,, (zeiwn )XD\An ()l gawan < ,Op,q(uén (zeimn)XD\An (2)) S 2°

n

Now, by the very definition of A,, the sets {A,} are pairwise disjoint. Define
the functions g, (z) = ugn(ze_w”)XD\An(z) and f,,(2) = us, (2¢7%n)xa, (2) such that
us, (2¢7%) = fu(2) + gn(z). As we have scen, we have that pyq(gn) < 7 and
lgnll gamre S # for n € N. In addition, one can see that pp¢(fn) =< || full gapim <1
because pp q(us, (z2e70)) < |lug, (2¢7) || grapase =< 1.

Given a measure space (£, 4, ). We have that for any sequence of measurable

functions h,, : 2 — C whose supports are pairwise disjoint, it holds that

for all s > 0. Then, using this fact twice (one in each variable, first with s = ¢ and

Cduw) = 3 [ ) daw)
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76 Chapter 3. Bergman projection and duality

then with s = p/q), we obtain

IS0~ ([ S ([
= (ZlnPlfallr) " = (S laal) ™"

By the same reason,

27 1
Ppyq (Zanfn) = (/ Z |cen|? </
0 0
1/q 1/q
= (X lanttet (1) = (k) .
Hence, if we consider the function Fy,(z) := 3" | uén(ze%n) we obtain that
m m m 1
Pra(Fin) < Ppg (Z fn) + Ppg (Z gn) Smli4y
n=1 n=1 n—1

2 2
Sml/q-l—%é <1+7T6) mt/

/q 1/p
i0\[7 49 "
fu(re™) 27T> dr)

and

Pp.g(Fm) = ppg (Z fn> ~ Ppa (Z gn) 2 m!/1

n=1 n=1

for m big enough. So that p,,(F,) < m9. In the same way for the norm in
HOPA/P it follows that ||Fyp | gepase < m'/P using the same argument.

Therefore, if it were true that RM (p, ¢) = H4P'/P_ then we would have Ppg(Fm) <
1 Fonll grapasp- But if p > ¢ this is imposible, because this implies that ml/P =< ml/a

for all m € N. Thus, we conclude a).

b) If ¢ > p then HP'/P © RM(p,q), using Minkowski’s integral inequality we

have

(/0% (/01 |f(re®)|P dr)q/p ;ﬁ) " < (/01 </027T 1 (re)|® ;li)p/q dr> 1/p.

Let us see that HP'/P £ RM(p,q) for ¢ > p. Assume that H9PY? = RM(p, q)
then (H%P1/P)* = (RM(p,q))*. By Theorem 3.1.7 and Proposition 3.3.4, we have
that H7P"1/?" = RM(p/,¢') for p' > ¢/. But this contradicts a). So b) holds and we

are done. O
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3.4. On the bidual of RM (p,0) 7

3.4 On the bidual of RM (p,0)

In this section, we identify in a natural way the bidual of RM (p,0) with RM (p, 00).
It is clear that RM (p,00) is a subspace of the Bergman space A? = RM(p,p) (see
Theorem 2.1.3). Throughout this section, we denote by I the inclusion map from
RM (p,0) into AP. We follow the scheme of the proof of K.-M. Perfekt in [54], but it

is worth mentioning we can not use his results directly.

Lemma 3.4.1. Let 1 < p < +o00. Then I*((AP)*) is dense (in the norm topology)
in (RM(p,0))*.

Proof. To simplify the notation in this proof we just write ||-|| to denote ||||(gas(p,0))«-
Given A € (RM(p,0))*, consider the following family of bounded linear functionals
Ar(f) = A(fr), 0 <7 < 1 (see page 35 for the definition of f,). We will prove that
Ar € (AP)* and lim,_; [T*(A;) — A = 0. It is clear that I*()\,) acts as A, over
RM(p,0). So that, as customary, with a slight abuse of notation, we will write A,
instead of I*(\;).

Given f € AP, using Proposition 1.5.2, we have

A
M= < D) < 1AL s 17001 (%)

Therefore, A, € (AP)*.

Assume that lim, 1 [|[I*(\;) — A|| is not 0. Then there exists € > 0, a sequence
{rn} in (0,1), with r, — 1, and a sequence {h,} in the unit ball of RM(p,0) such
that

€ < [A(hn) = Ar, (hn) [ = [A(hn = (ha) )| < (A £p,oo (n = (i)

for all n. By Proposition 1.5.11(2), ppeo((An)r,) < 2, thus writing g, = hy —

(hn)r,, we have a bounded sequence {g,} in RM(p,0) that goes to zero uniformly

on compacta of D, and by Corollary 1.5.3, such that H€T|| < Pp,so(gn) < 3 for all n.
Fix a sequence of positive numbers {e,} € /# and p; € (0,1). There exists ny

such that sup{|gn, (z)| : |2| < p1} < €1. Since g,, € RM(p,0), we can choose pa > p1

so that
1 ‘ 1/p
sup </ |gn, (7€) P dr) < €.
6 P2

With the same argument, we obtain ng and ps > ps such that sup{|gn,(2)| : |z] <
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78 Chapter 3. Bergman projection and duality

p2} < g9 and

1 ) 1/p
sup ( |gn2 (T610)|p dT) < €9.
0 p3

By induction, we build a sequence {gy, }, an increasing sequence of numbers {py}

that converges to 1, such that sup{|gn, (2)| : |2| < pr} < ek and

1 1/]7
sup / |gnk(7“ew)\p dr < Ek.
0 Pk+1

Given {a} € 7, we have that Y " aggn, € RM(p,0). Indeed, the sequence
{hn}n == {Dp—0 ¥Gn, },, is a Cauchy sequence, since {oy,} €  and pp, o (hp—hm) <
(3+ 2| {ex} ) (S0, ok [P)/? due to the fact that

00
Pp,oo (Z akgnk>
k=1
1
= sup /
0 0
1 o) P 1/13
< sup (/ (me) dr>
0 0

p 1/p
dr)

Y kg (re”) (X100 () + Xl ) (F) + Xpprpr 1) (7))
k=1

k=1
1/ P 1/p
+ sup ( / (Zaklgnk(reze)IX[pk,pM)(T)) d?“)
0 0 \i5
1/ o p 1/p
+sup (/O (Zak|gnk(rew)|X[pk+1,1)(T)> d?‘)
k=1

o) Pkt ) 1/1’
< o Hler [{er o +sup (Z/ |k Plgn, (re) P dr)
k=1°Pk

1

oo 1/p
+ Z || sup / |G, (re)|P dr
k=1 6 Pk+1

< {antller [{ex g + 3l{antler + [{an}Hler [{ex} o
= (3+2l{etllp) I{awHler-

Therefore, there exists a bounded linear operator T' : ¥ — RM (p,0) such that
T(ex) = gn,, for all k.

Now, if we consider the composition of the operators A and T it follows that
AoT : ? — C is a bounded linear functional, that is, Ao T' € (£2)* = ¢¥". So, it
satisfies that (AoT')(ex) — 0, k — oo, but this is impossible because |(AoT)(ex)| > €
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3.4. On the bidual of RM (p,0) 79

for all k € N. Therefore, I*((AP)*) is dense in (RM (p,0))*. O

Lemma 3.4.2. For all f € RM (p, 00) there exists a sequence {fn,} C RM(p,0) such
that fr, = f in AP and limsup,, pp oo(fr) < Pp.oo(f)-

Proof. Fix f € RM(p,c0) and for each r € (0,1) consider f.(z) := f(rz), z € D.
The function f, belongs to RM (p,0) for all » < 1 (see Proposition 1.5.11(2)).

Since RM (p,00) C AP, by Proposition 1.5.11, pp»(fr — f) — 0 when r — 1.
Moreover, since fol |fr(se?)|P ds < %fol |f(se)|P ds, for all 6 € [0,27], we have that
lim sup,_,1 pp,oo(fr) < Ppoc(f)- O

Theorem 3.4.3. Let 1 < p < 400 and the inclusion I : RM(p,0) — AP. Then

I'*: (RM(p,0))** — AP is a continuous and injective inclusion. Moreover
(1) I'*((RM(p,0))™) = RM(p, ),
(2) I** : (RM(p,0))™ — RM(p,00) is an isometry.

If {xn} is a bounded sequence in (RM(p,0))™ that converges to 0 in the weak-*
topology, then {I**(x,)} converges to 0 uniformly on compact subsets of the unit

disc.

Proof. Since the set of all polynomials is dense both in RM(p,0) and AP then
RM (p,0) is dense in AP. Therefore, it follows that I* : (AP)* — (RM(p,0))* is
continuous and injective.

Since I*((AP)*) is dense in (RM(p,0))* (see Lemma 3.4.1), we obtain that

I 2 (RM(p,0))™ — (AP)™ = AP

is continuous and injective. Moreover, it is easy to see that I** acts as the identity
on RM(p,0).

Let us show that RM(p,00) C I**((RM(p,0))**). Given ¢ € RM(p,0), by
Lemma 3.4.2, there exists a sequence {1, } C RM(p,0) such that ¢, — 1 in AP and
lim sup,, pp,oc (¥n) < Pp.oo(¥))-

Assume that {2*(¢,,)} is not a convergent sequence. Then it has two convergent
subsequences to a and ( respectively, where o # 3. We take ¢ < @ and z} €
I*((AP)*) such that [|z* — z%[[(rar(p,0))+ < € (remember that I*((AP)*) is dense in
(RM(p,0))*). Since ¢, — ¢ in AP, we know that 2%(¢,) — 2%(¢p). Therefore, it
follows that |« —zk(¢)| < € and |8 —z%(¥)| < e. By means of the triangle inequality,
we obtain the following contradiction: |a — 3| < 2e < |a — f|. Thus, we can define
) € (RM(p,0))* of the following form

¥(z*) == lim x*(¥y,)

n—oo
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80 Chapter 3. Bergman projection and duality

for z* € (RM(p,0))*. It is clear that ¢, — ¢ in o((RM(p,0))*, (RM (p,0))*).
Hence, I**(1h,) — I** (1)) in (AP, w*).
Moreover, as ¢, — 1 on AP we have that i, = I"*(¢,) = ¢ in (AP, w). From

this and the reflexivity of AP, we conclude that I**(¢)) = 1. Moreover,
||1[)H(R]W(p,0))** < limsup Pp,OO(1/)n) < PP,OO(¢)' (3'4-1)

We turn our attention to show the inclusion I**((RM (p,0))**) C RM(p, 00). Let
m € (RM(p,0))™ and ¢ = I**(m) € AP. Using [24, Proposition 4.1, Chapter V]
we have that the unit ball of RM (p,0) is w*-dense in the unit ball of (RM(p,0))**.
Moreover, the weak*-topology of (RM (p, 0))** is metrizable in the unit ball, because
(RM(p,0))* is separable due to Lemma 3.4.1 and the fact that (AP)* is separable. We
choose a sequence {¢,} C RM (p,0) with sup,, pp.oc(¥n) < ||m| such that 1, Y m.
Therefore, it follows that @*(¢,) — z*(¢) for all 2* € (AP)*. Bearing in mind that
d, € (AP)* for all z € D, we have that 1,(z) — ¥(z) for all z € D. Using Fatou’s

lemma we obtain that

pp,oo(w) < limninf pp,oo("/]n) < ”mH(RJW(p,O))*' (3'4'2)

From (3.4.1) and (3.4.2) we obtain (2).
Moreover, if {z,} € (RM(p,0))** C (AP)** = AP that converges to 0 in the
weak-* topology, then {I**(x,)} C AP converges pointwise to 0, and this implies

that {I**(xy)} converges to 0 uniformly on compact subsets of the unit disc. O
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Chapter 4

Littlewood-Paley type inequalities
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4.1. Littlewood-Paley type inequalities 83

In this chapter we provide the Littlewood-Paley type inequalities associated to
RM (p, q) and their converses for certain cases. Beyond its intrinsic interest, such
results will be an important tool in the study of the integration operator in Chapter 5.
These inequalities will have a great importance in the proof of the fact that the
belonging of g to the Bloch space is a sufficient condition for the boundedness of the

integration operator T, acting on RM (p, q).

4.1 Littlewood-Paley type inequalities

An important result to prove the Littlewood-Paley type inequalities is the Hardy’s

inequality whose proof has been added for sake of completeness.

Lemma 4.1.1. [27, Hardy’s inequality, p. 234] Let 1 <p < 4+o0. If f € LP((0,0)),

then the function
1 €T
F(ac)z;/ f(t) dt, 0<z <+
0

belongs to LP((0,00)). Moreover, it holds that || F|l, < JE7[|fllp-

Proof. Fix a > 0. Since

Fao)= [ 1 (t) i,

using Minkowski’s integral inequality we have
xt
(%)
a

([mar )™ <3 [ (]

By means of the change of variable u = %7 it follows that

a 1/ 1 a a 1/
(/0 |F(x)P dw) ! < aifl/o /P </0 |f(w)P du) ’ dt

a 1/p
=L ([rwpad) T < L,

Now, taking a — +o0o we obtain the Hardy’s inequality. O

P 1/p
dm) dt.

Lemma 4.1.2. Let 1 <p < +oo. If f € C}([0,1)) N LP([0,1]), then it satisfies that

([ r dw)l/p <o([ 17wra ey dx)l/p L1
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84 Chapter 4. Littlewood-Paley type inequalities

Proof. Without lost of generality we can assume that f(0) = 0. To prove this
inequality we need study first the case p = 1. We have that

/Olf(x)dx: ’ /t)dt‘ dxg/ol/omf/(t)dtdm

Applying Fubini’s theorem it follows that

/01|f(9€) dx < /01 | ()] (/tl dm) dt:/o1 IF'()](1 - 1) dt.

To prove such inequality for p > 1, we show that the operator

gHRg(x):/Oz&dt

1-t¢

is bounded in LP([0,1]). Let Ch(t) := 1= tjt ) dz for an integrable function h.
For any g € LP([0,1]) and h € Ll([O7 1]), we have

(Rg,hy = /01 (/Oxlg(_t)t dt) h(z) dx = /Olg(t) (11—t /tl h(x) dx) = (g,Ch).

Using Lemma 4.1.1 with the function h(1 —t)x(o,1)(f), t € (0,00), we have that
1 1 z P 1/ 00 P 1/
/ 7/ h(l—t)dt| dx < / dx
0 0 0

x
< thHLP/([()J])'
Doing a change of variable, we have that \|Ch||Lp/([O ) < thHLp/([O 1)) and there-
fore, by duality, [|Rg||r»(0,17) < pllgllze(o,1)- Taking g(z) = f'(z)(1 - z), x € [0,1],

we conclude

1 T
1 /0 B(1— t)xo(t) dt

X

I £llze o) < PIF (@) (1 = )| Lo (o,

We are ready to state the first result of this section.

Proposition 4.1.3. Let 1 <p < 400, 1 < g < +oo. If f € RM(p,q) then we have

Pra(F) <P ppg(f'(2) (1 = [2) +[£(O)]- (4.1.1)
Proof. The result follows using Lemma 4.1.2 and taking the L?([0, 27])-norm. O

Remark 4.1.4. Notice that Littlewood-Paley type inequalities do not hold for the

cases where p = oo, that is, for Hardy spaces. This can be seen through lacunary
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4.1. Littlewood-Paley type inequalities 85

series. Assume that peo ¢(f) S Poog(f'(2)(1—]z])) +f(0)] for any f € RM(c0,q) =

H4Y. Taking the lacunary series

f) =3
k=0

we would have

1£llzz2 < poc.q(f) S poog(F(2)(1 = [2]) < [I£lls.

But, this is impossible since f belongs to the Bloch space B but not to Hardy space
HY (see [27, p. 241]).

Next, we will show the version of the Littlewood-Paley type inequalities for the
spaces RM (p,0). We need a preliminary result that will be used to show a sufficient
condition on the functions of RM (p, o) to belong to the subspace RM (p,0).

Lemma 4.1.5. Let 1 <p < 4oo. If f € H(D) we have

(/ e ir) " e (/ e Py ir) 1= )

for all p €[0,1) and all § € [0, 27].

Proof. Fix p € [0,1) and 6 € [0, 27]. Consider the function g(r) = f((r+(1—7r)p)e'?)
and apply Lemma 4.1.2,

( / G+ (= D) dr) "
<r (/0 -+ =)= pr - ar) e

Using the change of variable u = r + (1 — r)p we obtain

</pl [/ (ue)P 1d—up> : =P </pl £ (w1 —u)? d—up> " + £ (pe™).

1
Therefore, we have concluded the proof. O

Proposition 4.1.6. Let 1 < p < +oco. If f € H(D) and satisfies

1 1/p
lim sup (/ |f/(re®)P(1 — )P dr) =0 (4.1.2)
p—=17 gef0,2n] p
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86 Chapter 4. Littlewood-Paley type inequalities

then liI{I supg (1 —p)'/?|f(pe®)| =0 and f € RM(p,0).
p—1-

Proof. If f € H(D) and satisfies (4.1.2), then we clearly obtain that

1 4 1/p
sup (/0 \f’(rew)\p(l —r)P dr) < +o0.

0€[0,27]

Using Proposition 4.1.3 it follows that pp o (f) < +o0, that is, f € RM(p,0). So,
without loss of generality we assume that f(0) = 0 and p,(f) = 1. We observe

that
/ F(te'?)e'? dt‘ 1/1’/ |f(te')| dt.
(4.1.3)

(1= ) 715 (pe)] = (1= )7

Let us see that lim supy(1 — p)/? JO1f (te®)|dt = 0. Fix 0 < p; < p. Us-
p—1-
ing that |f/(2)] < #H% for all z and for some constant C' = C(p) > 0 (see

(1=l2l)
Proposition 1.5.6) we obtain that

P ) _\/p o, 1/p p
/ |f’(t619)|(1 _p)l/p dt < C (1-p) / (1—p1) dt—l—/ f( te’9 )l/p dt
0 0 ( p

(1 — pl)l/p t)1+* 1
)/p P (1- )1/17
< C ! t 19
= p1_p11/p+/mf N5~

On the one hand, if p =1

[ireenia-pa <=L [Mpeeia - a

1 p1

1—p ! 14 06
<ol [ipeenia - a
L=p1 p1

On the other hand, using Hélder’s inequality for 1 < p < 400, we obtain

/ "1 F )1 = )P db
0

<c (1—p)l/p WP 1P dt P ( P/p 0 4
<crf=Os (/|f<e P -1 ) [

/p
(1 _p)l/p 11,10 ' 1
< D1 — )P .

Now, taking supremum with respect to 6 in the previous inequalities and consid-
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4.2. Converse Littlewood-Paley type inequalities 87

ering p1 =1 —+/1 — p, we obtain that

p )
lim sup/ ' (te?)|(1 = p)'/P dt = 0.
1= ¢ Jo

Therefore, bearing in mind (4.1.3) it follows that lim sup, (1 — p)Y/?|f(pe®)| = 0

p—1-

and by means of Lemma 4.1.5 we conclude that f € RM (p,0). O

4.2 Converse Littlewood-Paley type inequalities

Now, we tackle the converse Littlewood-Paley inequality for the cases 1 < p, ¢ < 400,
(1,q) with 1 < g < 400, and (00, q) with 1 < g < +00. However, this result will be
extended for all (p,1) with 1 < p < 400 in Chapter 6. Firstly, we recall the Luecking

regions and their expanded regions.

Definition 4.2.1. Given a non-negative integer n, set

1 1

We define the Luecking regions Ry, ; as follows

25 2mw(j+1 .
Rn,jZ{zan:arg(Z)e[%, (2n ))} j=0,1,...,2" — 1.

In the next picture we show some Luecking regions.

Figure 4.1

The expanded Luecking region Rn’j is the union of R, ; and all Luecking regions
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88 Chapter 4. Littlewood-Paley type inequalities

contiguous with it. That is,

Rn,j = U Rm,k~
8Rn,jmaRm,,k:7£@

Now, we state some properties of these regions that will be useful for the estima-

tion of the norm of certain maximal operators over these regions.

Lemma 4.2.2. Let z € Ry, j, then D (z, 1_2|Z|) C Ry

Proof. Let z € Ry, ;. We will study the regions for n > 1 since this fact is easy to
check for Ro = D(0,3/4). Indeed, for 0 < |2| < § we have that

Ll | A+ @l

3
0< AT AR 2
= 2 = 2 4

for 0 <A< 1and @ € 0,2n].
Let R, ; be a region as in Figure 4.1. Firstly, we see that for every z € R, ;, it
holds that

1 |z 1 1

We have that every point of such disc is of the form £ = z + A%Meie with A € [0,1)
and 6 € [0,27]. It follows that

1-|z| 1—|z| 14z 14 (1—2"0+D) 1
< A = =1- —
|€‘ = ‘Z‘—'— 2 < |Z‘+ 2 2 < 9 2n+2’
T—lz] 4N (1=5)-A A+2 3 1
[l =[] = A 92 z 2 =1- on+1 > 1= on+1 >1- on—1"

With this we see that the discs are contained in the union of the three levels n — 1,
n and n + 1.
For % < z < 1, consider the disc D (z, 1_79”) Take w = u + ‘v, the point of

11—z

oD (x, T) with the biggest argument. Such point satisfies that (u,v) L (u — z,v).

Figure 4.2
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4.2. Converse Littlewood-Paley type inequalities 89

From Picture 4.2, one conclude that

( ) . 1—x
arg(w) = arcsin .
& 2x

Consider the function h(z) = n(1 — z) — arcsm( ) for z € [1/2,1). Then

, R (0 — M
W) = T ) = e

Since 1" (z) < 0 for @ € [1/2,1), we have h'(z) < B(1/2) = 83T < 0. Thus, h
decreases in [1/2,1) so that h(z) > lim,_,;- h(s) =0 for all z € [1/2 1). This means
that for any z € D (z, 15%), it holds that arg(z) < (1 — |2|).

Now, take z € Ry, ; and w € D (z Iz‘) Then |arg(w) — arg(z)| < (1 — |z|).

Therefore
org() < axg(2) +7(1 — o) < Ty 2
and
arg(w) > arg(z) — w(1 — |2|) > 22% _ 23}7;.
Hence, w € ij. .

Lemma 4.2.3. Denote by NC(Ry, ;) the number of regions Ry, i, such that OR, ; N
OR, i # 0. Then,

e NC(Roo) =3;

o NO(Ri;)=7,5=0,1;

o Ifn>2, then NC(R,;)=9,j=0,..., 2" — 1.
In particular, NC(R, ;) <9.

Proof. 1t is clear that NC(Rpo) = 3 because Ro,o = RooUR1oUR;1. The case
n =1, where NC(Ry ;) =7 for j € {0, 1}, follows from the fact that

1 3
RI,O = R171 = Roo U (U RlJ) U (U RQJ) ,  (see Figure 4.1).

=0 j=0

The remaining cases (n > 2) comes from
1
Rno= (Rn—10UR,_190-11) U (anl U U Rn,k)

k=0
3
U (Rn+1‘,2n+1—1 U U Rn+1,k) ,

k=0
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90 Chapter 4. Littlewood-Paley type inequalities

~ 2 J+1
Rn,j U Rnfl,k U U Rnk
k=|151] k=j—1
2j+2
U U Rtk for j=1,...,2" =2
k=2j—1

on_1
Rpon_1=(Ryp_19U R, 1on-1_1) U (Rn,o u U Rn,k>

k=27—2
2n+171
@] Rn+110 U U Rn+1,k
k=2n+1-3
Hence, we have that NC(R,, ;) =9 forn>2and j=0,...,2" — 1. O

Lemma 4.2.4. Let n be a non-negative integer. Then

ma(Ry j) < ma(Ry ;) < 47"
forj=0,1,...,2" — 1.
Proof. The case n = 0 is trivial, because
ma(Ro0) = ma(D(0,1/2)) = % = gmg(D(O73/4)) = %mz(ﬁio’o).

If n > 1, then it is easy to see that

1 3 1
malfng) = 5 (2 - 2+1> =

for j =0,...,2" — 1. Using this estimate together with Lemma 4.2.3, it follows that

mg(Rn,]‘)Xﬁl_" for j=0,...,2" — 1. O

From now on, given a measurable set A C D of positive measure we will denote
the mean mfAf dmgy by f, f dmy for f € L(A).

Definition 4.2.5. For every locally integrable function f on D we set:

L Mpf:=Y,; (fRnyj il dm2) XRo 3

2' M[%f = Zn,] (fﬁin,] |f| de) XRn,];
3. Mpf(z) = fD(z 1—7\2\) |f| dmg, for all z € D.
T2
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4.2. Converse Littlewood-Paley type inequalities 91

Now, we estimate these sublinear operators in the following proposition.
Proposition 4.2.6. Let f be a locally integrable function on D.

1. If1 < p < q < +oo, there is a constant C(p,q) > 0 such that pp(Mprf) <
C(p, Q)Pp,q(f)'

2. If1<p<g<+4o00orl<q<p<+oo, there is a constant C(p,q) > 0 such
that ppg(Mpf) < C(p.q)pp,q(f)-

3. If1<p<g<+4o00orl<q<p<+oo, there is a constant C(p,q) > 0 such
that ppq(Mpf) < C(p,q)pp,e(f).

Proof. (1) Since 1 < p < g < co we have that r = % >1. So

b (Mg f) = (/027r (/01 | M f(re®)|P dr>r ;Zi)l/r

2m 1 ) o de
= s M OyP g ) iy
s / ( [ nstoe) r>5<e 2

LT(T)
£20

Fix £ € B (T) with { > 0. Bearing in mind that the regions R, ; are pairwise

disjoint we have that

/0 ; ( /0 Mg dr) e =Y /R iy (| |) dma ()

Now, using Jensen’s inequality and the fact that Mpgf is constant in each region

R, ;, we obtain that

/ " (/ Mg f(re?)p ir) (e
<Z<][ NP dinaz )) A 5(;') dma(2)
st (f,

where I,, ; = {619 0 e 27”, %(gjl)

that my (I, ;) < 27" and then mo (R ;) < (m1(1,;))?. Using the Hardy-Littlewood

If(2)[P dm2(3)> m1(]n,j)/ f(elp) dmq(6)

n,J 7,7

)} Taking into account Lemma 4.2.4, observe
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92 Chapter 4. Littlewood-Paley type inequalities

maximal operator M we have

/ (/ | Mpf(re®)? dr) i d9<2/ AP it MEE®) dma(z)

ePiel, ;

< / e () amate) = [[1spae () dmac)
< [ meen / WP ar) 2 < Mel iy )

Finally, since ||M¢E||; (m < Co €]l 7 1 (ry we conclude the proof of statement (1).

(2) The proof of the case 1 <p<g< +oo follows the same argument we have
used in statement (1), but using Lemma 4.2.3, Lemma 4.2.4 and the projection of
the regions ];En,ﬁ n €N, je{01,...,2" — 1} over T instead of arcs I, ;. Since
1§p§q<oowohavcthatr:%21, So

27 1 . r d@ 1/7.
Poa(Mpf) = ( /0 ( / | M f(re®)|P dr> 27r>
= o 10 i0 do
_fezulj / (/ |Mp f(re)[P dr) (e )%.

Lr'(m
€0

Fix £ € B (1) with ¢ > 0. Bearing in mind that the regions R, ; are pairwise

disjoint we have that

/(/ Maf )P i) )5 Z/ e () ame)

Now, using Jensen’s inequality and the fact that Mpf is constant in each region

R, j, we obtain that

/ i ( / | Maf(re)p dr) e

where in,j is the projection of the region én,j over T. Bearing in mind Lemma 4.2.4,
observe that mi (I, ;) < 27" and then ma(R, ;) < (my(I,;))?. Using the Hardy-
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4.2. Converse Littlewood-Paley type inequalities 93

Littlewood maximal operator M and Lemma 4.2.3, we have

/27r (/ M f( rel?)|P dr> ) do <Z/ AP it ME(E®) dma(z)

ediel, g

<Z/ P (1) amat <9/‘f 'W( i) dme
< [ aee) ([ e ar) < imel sr)

Finally, since [ ME]|,/py < Cw|[€]| v (p) we conclude that there is a constant
C(p,q) > 0 such that p,(Mpzf) < C(p,q) ppg(f) for 1 <p < g < +oo. In fact, it

can be shown that the linear operator

Mf= Z(][ f(2) dma( )) XR;

is bounded on the space of measurable functions on D where the p, ,-norm is finite.
Now, we assume that 1 < ¢ < p < 400. Let us describe the adjoint of the

operator M. Given g, we have

/Hjj(]fff(z)> 9(z) dma(z < i f ) dma( )) (/mg(z) dmg(z)>
— Z (/ f(w) dma( )) :Zg:j; (Jiw 9(2) de(z))
- [ ) S (f

m2(Bn,;)
mZ(Rn,J)

adjoint operator is

2) dm(z >> X, () | dmaw)

R

where 3, = (notice that this quotient does not depend on j). Hence, the

M*f = %:m (Jé{w_ f(2) dm2(2)) Xf

We know that there is a constant C(p,q) > 0 such that py (M f) < C(p,q)py ¢ (f)-
Thus, ppq(M*f) < C(p,q)ppq(f) (see Theorem 3.1.5). Moreover, we claim that
M f =< M*f for positive functions. Therefore, it follows

Pp,q(Mﬁgf) = Pp,q(M|f|) = pp,q(M*|fD < C(p7 Q)Pp,q(f)~

To proof the claim take a positive function f. Bearing in mind Lemma 4.2.4, we
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94 Chapter 4. Littlewood-Paley type inequalities

have
iy = Zm(f £(2) dma )) o,

:Zﬁn (][ f(z) dma( )) XRop 1

n,j AR, JmaRm k70

1
o Z Z 77”) (/Rn’j f(z) dm2(2)> XRo e

m,k OR,, JﬂdRm k 75@

=Y (][ F(z) dma(z )) X, = M.

m,k

(3) Let z € D and take R, ; such that z € R, ;. Hence, using Lemma 4.2.2, we
have D (z 1=l |> C Rn] Also, it can be proved that mQ(Rn_j) = Mo (D (z, 1;|Z|)).
Therefore, the result follows because Mp f(z) S My f(z) for every z € D.

Using these results we obtain the converse Littlewood-Paley inequality for certain
cases. These inequalities will be important in the subsequent study of the weak
compactness of the operator T, : RM(1,q) — RM(1,q) in the Chapter 5.

Proposition 4.2.7. Assume (p,q) are in one of the following three cases: 1 < p,q <
+00, (1,q) with 1 < g < 400, or (00,q) with 1 < ¢ < +oo. Then, there is a constant
C =C(p,q) >0 such that

pra(f'(2)L = |2)) < Cppg(f),  f € RM(p,q).

Proof. By means of Cauchy’s integral formula over dD(z,r) for 0 < r < !
have that

2mr?| f(z)] < T/QW |f(z+ rei9)| dé.

fe=l

. . . 1—|z|
Integrating with respect to r over 0 < r < 3

1 !
F0-lDIFG < f (g VO (6) =M (2,

Assume that 1 < p < g< +4ooorl < q<p< +oo. Taking RM(p, q)-norm and

using the statement (3) of Proposition 4.2.6 we conclude

Pp,q(f/(z)(l —z]) < 3Pp,q(MDf) < Cp,qpp.,q(f)-
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4.2. Converse Littlewood-Paley type inequalities 95

It remains to show the case p = +00, ¢ = 1. Fix € € 0D and r € (0,1). From
(1 —7)|f/(re)| < 3Mpf(re”) and taking a certain Stolz region S¢: (e?) such that
D (rew, 1%7) C S (ew)7 it follows that

(L=r)f'(ré")| <3 sup |f(w)] = 3Hs(e").
wGSC(e”’)

Moreover, if we take supremum with respect to r, it follows that SuPre[O,l)(l —
r)|f(re’)] < 3Hy(e”).
Therefore, taking L!(T)-norm and using Theorem 1.2.5, we obtain

poog((1=12)f'(2) < B Hllr(ry < 3C| fllmn < 3Cpoon (). (4.2.1)
O

To finish this section, we mention that the converse Littlewood-Paley type in-
equality holds for the cases (p,1) with 1 < p < 400 (see Chapter 6). We point out
that we do not know if the converse Littlewood-Paley type inequality holds in the

cases (p,00), with 1 < p < +o0.
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5.1. Boundedness and compactness of the integration operator Ty 99

In this chapter we study integration operators acting on the RM(p,q) spaces.
In particular, we obtain a characterization of the boundedness, compactness and
weak compactness of such operators. Moreover, one may wonder about the integra-
tion operators acting between different RM (p, q) spaces, but this will be studied in

Chapter 6, where the boundedness will be characterized.

5.1 Boundedness and compactness of the integration op-

erator Tg

In this section we begin to study the operators of the form

T,(f)(2) = /0 TFOG () de.,

where g € H(D), in the spaces RM (p, q).
Lemma 5.1.1. Let 1 < p < +oo and B the Bloch space. Then B C RM(p,0).

Proof. Let g € B. Then, by [28, Proposition 1, p. 43], there are M, C > 0 such that
1
) +C, zeD, (5.1.1)
z

and we have

1 . 1/p 1 1 P 1/p
([ )< ([ (sm( 1) <) )
0 p p 1-—35
1 1 1/p
<M (/ In? <> ds) +C1-ptr =0
P 1-s

when p — 1, since In? (%_s) is integrable. Therefore, B C RM (p,0). O

By Corollary 1.5.3, every bounded sequence in RM (p, q) is uniformly bounded
on each compact set of the unit disc and then it is a normal family. Thus a standard

argument shows that:

Lemma 5.1.2. Let 1 < p,q < 400 and let T : RM(p,q) — X be a linear and

bounded operator, where X is a Banach space.

1. If for every bounded sequence {fn,} C RM(p,q) uniformly convergent on com-
pact sets to 0 it holds that ||T(f,)|| — 0, then the operator T is compact.

2. Assuming that T = T, for some holomorphic function g and X = RM (p,q),
then T is compact in RM(p,q) if and only if for every bounded sequence
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100 Chapter 5. Integration operators

{fn} € RM(p,q) uniformly convergent on compact sets to 0 it holds that
Pp.a(Ty(fn)) = 0.

Proof. (1) To prove that T is compact in RM (p, q) we need to see that for all sequence
{hn} in Bras(p,q), the sequence {T'(h,)} has a convergent subsequence in RM (p, q).
Take a sequence {h} in Bras(pq). {hn} is locally bounded since ppq4(hn) < 1 for
every n € N (see Corollary 1.5.3). Using Montel’s theorem we obtain that {h,}
is normal, that is, there exists a subsequence {h,,} that converges uniformly on
every compact set of D. Therefore, there is a function h € H(D) such that h, — h
uniformly on compact set of D. By Fatou’s lemma, one can see that p, 4(h) <1 (see
Lemma 1.5.4). Taking the sequence {fi} := {w
on compact sets of D and pp 4(fx) < 1, we obtain that

(T<h>2—T<h> ) = 2 ppalT ()~ T(R) 0,

} that converges uniformly to 0

Ppg 9

that is, T'(hy, ) = T'(h) in RM (p, ¢)-norm. Thus, T is compact in RM (p, q).

(2) One of the implications was proven in statement (1) in a more general set-
ting. Let us continue with the proof of the other implication. Suppose that T} is
compact in RM(p,q) and assume that there are a constant v > 0 and a bounded
sequence {f,} in RM(p,q) that converges uniformly to zero on compact sets of D
such that ppq(T4(fn)) > v > 0. From the definition of T, we have that T(fn)(2)
converges uniformly to 0 on compact sets of D. By the compactness of T}, there
are a subsequence {fy, } and h € RM (p, q) such that ppq (T4(fn,) —h) — 0. Since
Ty(fn)(2) converges uniformly to 0 on compact sets of D, we have that h = 0. But,

we obtain a contradiction because pp ¢(T4(fn,)) — 0 when k& — oo. O

It is well-known that, for 1 < p < 400, the operator T, is bounded (resp.
compact) over the Hardy spaces HP if and only if g € BMOA (resp. VMOA) [5,55],
and the operator T, : A? — AP is bounded (resp. compact) if and only if g belongs
to the Bloch space B (resp. the little Bloch space By) [6]. Next result completes
these characterizations to RM (p, q) whenever (p, q) # (400, 4+00).

Theorem 5.1.3. Let 1 <p < +o00, 1 <q<+o00. Then
1. The operator Ty : RM (p,q) = RM(p, q) is bounded if and only if g € B.
2. The operator Ty : RM (p,0) — RM (p,0) is bounded if and only if g € B.
3. The operator Ty : RM (p,q) = RM (p, q) is compact if and only if g € By.

4. The operator Tg : RM(p,0) — RM (p,0) is compact if and only if g € By.
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5.1. Boundedness and compactness of the integration operator Ty 101

Proof. (1) Assume that g € B. If ¢ < 400, by Proposition 4.1.3, there is a constant
Cjp such that

/
0 s

27
0

%4Mqu/

2 1 y ur gy
<ol [ ([ et ar) 5 = colalinats

getting the boundedness of T} if ¢ < +00. A similar argument works if ¢ = +o0.
Conversely, assume that T, is bounded on RM(p,q). Fix z € D. By Corol-
lary 1.5.7, there is C' > 0 such that if f € Bryy(p,q), then

9" )= Ty(£) (2)] < Poa(Ty(FDNN (Rrt (.01

1
< Tyl Lpg (IO rar(p.)y < CNTyll ppg(FNE=N (RA1 ()

1— |z

We can choose f € RM(p,q), with pp4(f) < 1, such that |3, [ (rarp,q)+ < 2[f(2)]-

Therefore,

102l (R (pq))*
—— e < 20Tl
) %1

19 ()11 = [2*) < CIT|l pp.a(f)
so that g € B and (1) holds.
(2) Assume that g € B. By (1) we know that T}, is bounded from RM (p,0) into
RM(p,00). If f is a polynomial and z € D, then

(1= [=PNT () (2)] < llglsllflloo-

That is T,(f) € B and, by Lemma 5.1.1, Ty(f) € RM(p,0). The density of the

polynomials in RM(p,0) (see Corollary 1.5.16) and the boundedness of Tj; from

RM (p,0) into RM (p, 00) (by (1)) implies that To(RM (p,0)) C RM (p,0).
Conversely, if Ty, is bounded on RM (p, 0) we can argue as in the proof of statement

(1) using Corollary 1.5.17 instead of Corollary 1.5.7.

(3) and (4) We start by proving that if T, is compact in RM (p, ¢), with ¢ < 400,

then g € By. Take f € RM(p,q), then

(f.T5(0)) = (Ty(f),0%) = g'(2) f(2) = g (2)(f. 82),

multiplying by 1\\%? we obtain

(BO=EDY i e
13 (B ) =00 - 1 o
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102 Chapter 5. Integration operators

Hence, it follows that

N D {7 1577)] < )|

5 (M)

(RM(p.g))*

Taking supremum in f € Brys(p,q), we have
(1 — |z])
- 1eD < 5 (= .
1011 /Wl rar oy
We claim that (H “‘ 2D 5 0 in the weak-* topology, when |z| — 1. Assuming the

claim holds, the compactness of T implies that

(M)

as |z| — 1, so that g € By.

— 0,
(RM(p,q))*

Let us see the claim. Take f a polynomial. Then

0 (NIA = 12) _ IF(2)I( - IZ\l) <11 = D3 S0

o=l " @z

as |z| — 1. The density of the polynomials in RM(p,q) and WA‘\‘(;WZ\) < 1 (see
Corollary 1.5.7) show that W Y0 as |z] = 1. So that the claim holds.

The same argument shows that if T, : RM(p,0) — RM (p,0) is compact, then
g € Bp.

Assume now that ¢ = +o0o. The compactness of Ty : RM (p,00) — RM (p, co)
implies g € B so that T, : RM(p,0) — RM (p,0) is bounded and, clearly compact.
Thus g € Bp.

Let us see that if g € By, then the operator T, is compact. Assume for the
moment that g is a polynomial. Take {f;} a sequence in the unit ball of RM (p, q)
uniformly convergent to 0 on compact sets. Let ¢ > 0. There is N € N such that
|fr(2)] <eforall |z| <p:=1-¢cand k > N. Fix z = re?. If r < p, then

Tufutre™)] < 'l [ 1fuloe™)] ds <

while, if r > p, then

r 1 1/p
7] <19 [ Vitoc) ds < o ([ 100060 a5)
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5.1. Boundedness and compactness of the integration operator Ty 103

Therefore

([ mmeeor dr)l/p <19/l (apw w0 ([ e o) l/p) |

Hence, for all k > N,

poa(Ty(11) < 191200 + 11 l0(1 ~ ) Pog( i)
<119 ool + (1= 9)7) = g ol + V).

Therefore limy, pp o(Ty(fr)) = 0. By Proposition 5.1.2, Ty is compact on RM (p, q).

If g € By, there is a sequence of polynomials {g,} such that lim,, ||g — gn|[g =0
(see |28, p. 45-46]). Moreover, there is a constant C' = C(p) (see the proof of
statement (1)) such that

HTg - T n

= ”Tg—gn

< Gyllg = gnlls = 0.

Since Ty, is compact for all n, then so is Tj,.

The same argument works in RM (p,0) so that we are done. O

Remark 5.1.4. Let 1 < p < 4o00. If g € By then Ty(RM (p,00)) C RM(p,0). Indeed,
if f € RM(p,00) and h is a polynomial, then for all r € (0,1) we have that

T3 f (re)| < (11l pp.oo(f)-

That is, T, f € H* C RM(p,0). Hence, using density of polynomials in By (see [28,
p. 45-46]) and the estimate ||T,|| < Cp|lg||5 (see the proof of statement (1) in above
theorem), we can prove that if g € By then T, (RM (p,00)) C RM(p,0), because
RM((p,0) is closed in RM (p,o0) and

1Ty = Th, | = [Ty | < Cpllg = Palls = 0,

where hy, are polynomials such that ||g — h,|/g — 0.

However, the reverse implication does not hold as the next example shows. That
is, the compactness cannot be characterized by the property of sending the big-O
space into the little-o space, despite what happens in other spaces of holomorphic
functions (see, i.e., [10] for mixed norm spaces, [12] for weighted Banach spaces,
and [16] for the Bloch space and BMOA).

Example 5.1.5. Let 1 < p < 400 and g(z) = —log(1 — 2z). Then g € B\ By and
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104 Chapter 5. Integration operators

Proof. Since |¢(z)| = |1 — 2|7}, it is easy to see that g € B\ By. Fix f € RM(p, o)
such that pp~(f) < 1. By Proposition 4.1.6, in order to prove that Ty(f) €

RM(p,0), it is enough to show

1 . _ 1/p
lim sup </ |f(re®)g (re®)P(1 — 7P dr) =0.
p—=17 9 p

Suppose by contradiction that there are a constant ¢ > 0 and sequences {pg} — 1
and {6} in (—7, x| such that

1/
( |f(7“ele’€)|p7(l — r')p dr) ’ > c.
Pk

[1 — reife|p

Notice that the sequence {f;} must converge to 0. Indeed, using that |1 —e®| <
2|1 — re'%| and that pg — 1 we have

(1 r)l/p

[1 — reife|p

1/p
60 p ) (1 _ pk)

<2(/ [f(re™) | ,9k|p 7”) <2|1_e¢6k|
so that it holds that 6, — 0.
Claim 1. There is § > 0 such that if # € [, 7] \ {0} and 1 > r > 1 — §|¢], then
‘1 7‘619 < C/4
Proof of Claim 1. Notice § < 1_9020/550) < 1for 0 € [—m/4,7/4] \ {0}. Therefore if
r>1—4|6], then

1
c< ( )P

: (1-r)? 1
T A2+ 2r(1—cos(0) =

—| =
(o)
[

<
—0
]- + 262

k]
—_
(=)

1—re?

‘ 1—r

if § is small enough and Claim 1 holds.
By Claim 1 and the fact that p, o (f) <1 we have

1 1/17
sy (L= 1)
f(retr)p L dr <
(/15|9k F(re™)l 1 — retxp

=0

Therefore,

1 1
, 1—7r)P , 1—7)P P 3
|f(7"ew’“)|p7|1(_ g 5 dr = / T e S Y
Pk 16104 | rett|

so that 1 — 4]0 > p.
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5.1. Boundedness and compactness of the integration operator Ty 105

Now, it is obtained that

6|0k 00| _
/1 uwmwm>/l sretop LTS g, (512)
p

N or |1 — reie|p

= ' |f(rei9k)‘pu dr — /1 ‘f(reiekﬂpu dr > %Cp.
1

or |1 — reife|p 60| [1 — reife|p 4

Claim 2. There is M > § and ko such that, if pp, <1 — M|6g|, then

1-M |6y ‘ 1/p c
/ |f(rew’€)|pdr < =
Pk 3
for k > ko.

Proof of Claim 2. By Proposition 1.5.6, there is a constant Cy such that |f/(w)| <
1

Ci(1 = |w))™" 7, for all w € D. Take M > max {6,%} and k € N such that

M|9k‘ < 1. Then

1- M|y _ 1/p
([; |fv>—fvé%npm>

1—M |0y 4 1/p
([ e s (fwpar
0

we[r,retk)]

_ 1— M0, dr 1/p |1 —ei| 1 C
by s prel - e
=an=e (/o (1—T)P+1> SO e S ST

By the integrability of |f(r)[P on the interval [0,1) (see Remark 1.2.3) and the fact
that pr — 17, there exists kg such that for all k£ > ko we have

1-Mley| e
/ Fre®)P dr
Pk

1- M|, _ 1/p 1- M|, 1/p e ¢ e
<([ e - swpar) ([ o) <5<t
o o 171353

and Claim 2 holds.
If pr, <1 — M|0y|, by (5.1.2) and Claim 2, it follows

sl 1-dlo 1-Mley|
/‘ |ﬂw%wm=/“ Iﬂw%wm—/ Fre®)P dr
1

—M|0| Pk P
3 P 3 1 5cP
>-P——=L--=|>—.
4 3P 4 3 12
AMBITO- PREFIJO CSV FECHA Y HORA DEL DOCUMENTO
GEISER GEISER-beee-fa0d-14a0-4131-95fa-6ec7-108e-02fb 19/07/2021 11:29:08 Horario peninsular
Ne registro DIRECCION DE VALIDACION Validez del documento
4s21N0000130 https://sede.administracionespublicas.gob.es/valida Copia
GEISER-beee-fa0d-14a0-4131-95fa-6ec7-108e-02fb


https://sede.administracionespublicas.gob.es/valida

Cadigo seguro de Verificacion : GEISER-beee-fa0d-14a0-4131-95fa-6ec7-108e-02fb | Puede verificar la integridad de este documento en la siguiente direccion : https://sede.administracionespublicas.gob.es/valida

106 Chapter 5. Integration operators

If pr, > 1 — M|0y|, by (5.1.2), we obtain

16|06 _ 1-6]6k| , 3P BP
/ \f(rewk)|p dr > / |f(7"ezgk)\p dr > o > i.
1—M|6y| ok 4 12

Therefore, there exists ri € (1 — M|0|, 1 — §|0k|) such that

" 1-0]64] ., 5P
e PO ol 2 [ sty dr > 5
1—M|0y| 12
Thus, as rp < 1 — 0|6 it follows that
51/p§1/pe

i0 . i0x\1/p i0 _ N/ 97"
Fe ™)1 =) 7] 2 f e ™I =)' >

what contradicts Proposition 2.2.2, because 7,e% tends nontangentially to 1 since
rp € (1 — M|6k|,1 —6|6k|) and 0] — 0. [l

5.2 Weak compactness of the integration operator T

It is well-known that any weakly compact integration operator on the Hardy space
H'(= RM(c0,1)) is compact (see [45]). Since the Bergman space A'(= RM(1,1))
is isomorphic to ¢1 (see [65, p. 89]) and then it has the Schur property, it also holds
that if T} is weakly compact on A" then it is compact. In this section, we will show
that this happens in other spaces of average radial integrability but not in all of
them. When the weak compactness does not coincide with the compactness we will
provide different characterizations.

Since RM(p,q) is reflexive if either 1 < p,q¢ < +oo (see Theorem 3.1.7) or
p =400 and 1 < ¢ < 400 (see [27, Theorem 7.3, p. 113]), the problem we are

dealing with in this section is only interesting in the next three cases:
e 1 <p< +ooand qg=+0o0;
e p=1and 1< q< +o0;
o 1 <p<+4ooandqg=1.

There is a useful characterization of the weak compactness of Ty in terms of the

norm convergence of certain convex combinations.
Lemma 5.2.1. Let 1 <p,q,p,q < +oo and X a Banach space.

1. Let T : RM(p,q) — X be a linear and bounded operator. Assume that every
sequence { frn } in the unit ball of RM (p, q) convergent to 0 uniformly on compact
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5.2. Weak compactness of the integration operator T} 107

sets of D satisfies that there exists a sequence {g}, with g, € co{fx, ft+1,---}
for all k, such that ||Tgx|| — 0 when k — co. Then T is weakly compact.

2. Assume that Ty : RM(p,q) — RM(p,q) is bounded. Then T, : RM(p,q) —
RM(p,q) is weakly compact if and only if every sequence {fn} in the unit
ball of RM (p,q) convergent to 0 uniformly on compact sets of D satisfies that
there exists a sequence {gr}, with g, € co{fg, fix1,...} for all k, such that
05.5(Tggr) — 0 when k — oo.

Proof. Let us begin with (1). Assume by contradiction that T is not weakly compact.
Then there is a bounded sequence {f,,} such that {Tf,,} does not have weakly con-
vergent subsequences. Applying Montel’s theorem, there are a holomorphic function
f and a subsequence {fy,,} such that it converges uniformly to f on compact sets
of D. By Lemma 1.5.4, it holds that f € RM(p, q). Consider the bounded sequence
{h} :== {fn, — f}. Clearly it converges uniformly to 0 on compact sets of D. Since
{Thy} does not converge weakly to zero, there are A € X*, § > 0, and a subsequence
{Thy,} such that
Re (A (Thy,)) > 6 > 0.

By our assumption, there exist g; € co{hg,, hy;,,, .. } such that | T'g;||x — 0. Then,
9j = o2 aujhy, for certain coefficients 0 < oy j < 1, with 3222, oy j = 1, and, for

each k, the set {j > k: oy ; # 0} is finite. Therefore,

o
ReA(Tgj) = > ayReA(Thy,) > 6 >0,
I=j

and we obtain a contradiction because
0 <0 <ReA(Tg;) < [MTgj)| < [[AIl Tl x-

Let us prove (2). By (1), we just have to check one implication. Assume that
Ty : RM(p,q) — RM(p,q) is weakly compact. Let {f,} C Bras(p,q) be a sequence
that converges uniformly to 0 on compact sets of D. By the very definition of
integration operator, we also have that 7} f, converges to 0 uniformly on compact
sets of the unit disc. By the weak compactness of Ty, there exists a subsequence
{Tyfn,} that converges weakly to some h € RM(p,§). Since the convergence in
the weak topology implies pointwise convergence, we have that h = 0. Therefore

{Tyfn,} converges weakly to 0. By Theorem A.2.1, we obtain that there exist g, €

cof fups frgyas -+ -} C co{fus frs1,- .- } such that psg(Tygr) — 0. O
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108 Chapter 5. Integration operators

5.2.1 The case ¢ = +00

Unlike what happens in other spaces of holomorphic functions, Example 5.1.5 shows
that the compactness cannot be characterized by the property of sending the big-
O space into the little-o space. Nevertheless, this property characterizes the weak

compactness in the spaces RM (p, c0) for 1 < p < +o0.

Theorem 5.2.2. Let 1 < p < 400 and g € B. The following are equivalent:
(1) Ty(RM(p,00)) C RM(p,0).
(2) Ty : RM(p,0) - RM(p,0) is weakly compact.
(3) Ty : RM(p,00) — RM(p,c0) is weakly compact.

Proof. Let us recall that given a Banach space X and a bounded operator T : X — X
it holds that T is weakly compact if and only if 7** : X** — X is bounded (see
Theorem A.2.2) if and only if 7% : X** — X** is weakly compact.

Let us consider the bounded operator T, : RM(p,0) — RM(p,0). A standard
argument using Theorem 3.4.3 gives that the next diagram is commutative:

(RM(p,0))* L (RM (p,0))*

RM(p, 50) — = RM (p, )

Since I** is an isomorphism, above general results give the theorem. O

A similar result to above theorem for p = 400 was obtained in [23]. Namely,
they proved that T is weakly compact on H* if and only if it is weakly compact on
the disc algebra and if and only if T, sends H> into the disc algebra. Let us recall
that the disc algebra is the closure of the polynomials in H* in an analogous way
to the couple RM (p,0) and RM (p, c0).

Next example shows that Theorem 5.2.2 does not hold for p = 1.

Example 5.2.3. Let g(z) = —log(1—2) € B\By. Then T, : RM(1,00) = RM(1,0)
fixes a copy of ¢! (see Definition A.3.1). In particular, T, : RM(1,00) — RM(1,0)

is not weakly compact.

Proof. By Example 5.1.5, Ty : RM(1,00) — RM(1,0) is a bounded operator. Take
£ > 2 a natural number and write § := %% Notice that the sequence {T,(5"2%")}

converges to zero uniformly on compact subsets of . Consider the sequence of
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5.2. Weak compactness of the integration operator T} 109

functions f, : [0,1) — C given by f,,(r) := T,(8"2"")(r) for r € [0,1). Notice that

1 Lopr B
n Bn - n U

/ ‘Tg(ﬁ z )(r) drf | /0 I6} lfudUdr
/ 571 dr du| = : fnﬁn > 25

for all n € N. That is, 1 > || full1 > 36/2 for n € N. Since all the functions f, are
integrable in [0,1) and goes to zero uniformly on compacta of such interval we can
choose r1 € [0,1) and ny > ny := 1 such that

1 5 - 5
/ ‘f?‘n‘ dr < 5 and / |fn2| dr < Z
1 0

Repeating the argument we choose 13 € (r1,1) and n3 > ny such that such that

1 ) T2 )
/ |fno| dr < = and / | frg| dr < —.
T2 4 0 4

Continuing inductively we obtain a subsequence {f,,} and a sequence of disjoint

intervals {I} = {(rx—1, %)}, setting ro = 0, such that

0
/ |fnel dr >0 and / | fo] dr < =
T Ujzklj 2

Now, we consider the operator © : £ — RM (1, 00) given by O({ay}) = S50, ap S 27",
By Proposition 1.4.1,

mammm>pm(zpwwﬂﬂx<§¥ﬁfw<uwﬂﬂ

k=1

Therefore, the boundedness of T}, implies that 7,0 © : ¢! — RM (1,0) is continuous.
On the other hand,

o0 1] o
P1,00 (Z akTg(BnkZBnk)> > Z O‘k’fnk;(r)
k=1 k=1

zzémmm—ZmMm|m

itk

w2m|2wz/m|wMme§}m 2 Il

Jj=1 k#j

Hence, we have that T, : RM(1,00) — RM(1,0) fixes a copy of ¢! and we are

done. O
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110 Chapter 5. Integration operators

5.2.2 The case p=1

We start with a characterization of the weak compactness of the operator T} :
RM(1,q) — RM(1,q) in terms of non-fixing copies of /. We need the following
lemma which probably is well-known by specialist but we could not find any refer-

ence so that we include the proof for the sake of completeness.

Lemma 5.2.4. Let X be a Banach space and p a positive and finite measure on Q.
If T : X — LY(p) is bounded and not weakly compact, then it fizes a copy of £*.

Proof. Since T'(By) is not relatively weakly compact, by Theorem A.2.5, there exists
a sequence {f,} in T(Bx) which is equivalent to the basis of £'. That is, there is a

positive constant § such that

| Zanfnu 2 52 |an|

for all sequences {ay,} of complex numbers. Take z,, € Bx such that T(x,) = fy.

Then ) s
S lonl > 1Y anall > il S anfull > 170 S el
— ~ 17" < 1T <

for all sequences {a;,} of complex numbers and we are done. O

Proposition 5.2.5. Let 1 < ¢ < +o00 and g € B. The following assertions are

equivalent:
1. Ty RM(1,q) = RM(1,q) is weakly compact.
2. Ty RM(1,q) = RM(1,1) is compact.
3. Ty RM(1,q) — RM(1,1) is weakly compact.
4. Ty, RM(1,q) — RM(1,1) does not fix a copy of £*.
5. T,: RM(1,q) — RM(1,q) does not fiz a copy of (*.

Proof. 1t is obvious that (1) implies (5). Bearing in mind the following commutative
diagram
T,
RM(1,q) —> RM(1,q)~ RM(1,1)

\_/

Ty

it is clear that (5) implies (4) (see Theorem A.3.2). Notice that RM(1,1) = Al C
LY(D). By Lemma 5.2.4, if T, : RM(1,q) — RM(1,1) does not fix a copy of !, it is
weakly compact. In addition, since RM (1,1) is isomorphic to ¢! (see [65, Theorem
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5.2. Weak compactness of the integration operator T} 111

11, p. 89]), it has the Schur property and it must be compact. Thus, (4) implies (3)
and (3) implies (2). Therefore, it remains to show that (2) implies (1).

Assume that Ty : RM(1,q) — RM(1,1) is compact. Let {fn} C Bray(1,q) be ase-
quence that converges uniformly to 0 on compact sets of . Then, by Lemma 5.1.2(2),
the compactness implies that p1 1(Tyfn) — 0.

The value Hy,(9) := fol |T, fn(re®)| dr is finite for almost every 6. Since g € B,
by Theorem 5.1.3, there is a constant C' > 0 such that || Hy|| ety = p1,4(Ty(f)) < C.
Moreover, limy, || Hy |11y = 0. Therefore, we obtain a subsequence { Hy, } such that
Hy,, — 0 weakly in LI(T). Hence, there is Fy € co{Hy,, Hy,,,,...} such that
| FkllLa¢r) — O (see Theorem A.2.1). Write

o0
Fy = Z ag,jHn;,
=k

where oy, j > 0, Z;’ik ayj =1, and, for each k, the set {j > k : aj; # 0} is finite.

The functions

gk = Zak,jfnj7
=k
belong to RM(1,¢) and
1 ) ']
[ Tantre dr <3 st = i),
0 =k
It follows that p14(T,9x) — 0, as k — oco. Using Lemma 5.2.1 we conclude that

Ty: RM(1,q9) = RM(1,q) is weakly compact. O

The main result of this section provides a characterization of the weak compact-
ness of the operator T, : RM(1,q) = RM(1,q) in terms of the symbol g. For this

purpose, we introduce a pointwise version of the little Bloch space.

Definition 5.2.6. The weakly little Bloch space, denoted by By, is the subspace

of B consisting of analytic functions f € B with
lim(1 —r2)| f'(re')| = 0,
r—1

for almost every e’ € T.

Remark 5.2.7. Let us see that the weakly little Bloch space By, is a closed subspace
of the Bloch space B. Let {f,} be a sequence in By, that converges in B, that is,
there is f € B such that || f, — f||g — 0 when n — oo.
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112 Chapter 5. Integration operators

Considering the sequence of subsets { A} of T such that each subset A4,, satisfies
that m;(A,) = 0 and

lim \g;(rew)\(l -r)=0
r—1-

for every 6 € T\ Ay, define the set A := Up>14,,. Clearly, A is a set of measure zero.
Fix € > 0. There is N such that || f — fx|ls < &. For each r € [0,1) and § € T\ 4,

[F1(re™)(1 =) < |f/(re®) = fiy(re®) (1 —r) + [ f(re™)|(1 =)
< v = Fls+ I (re®)(1 =) <e+ | fy(re™)|(L - ).

Therefore, limsup | f/(re®)|(1 —r) < ¢ for all § € T\ A, because fx € By The
r—1-
arbitrariness of ¢ gives that f € Bp.,.

Remark 5.2.8. By [56, Proposition 4.8], if g € H(D) and Im g has a finite angular
limit at e®, then (2 — ei)g’(z) has angular limit 0 at e. This result implies that
if g € B and Img has a finite angular limit at e for almost every e € T, then
g € Bow. In particular, H” N B C By,. This last inclusion was firstly noticed by
Pavlovi¢ [51, Corollary, 2.1]. As far as we know this is the first paper where the space

Bo,.w was considered.

We are going to prove that Ty: RM(1,q) — RM(1,q) is weakly compact if and
only g € By,,. Next theorem provides one of the implications. A preliminary lemma

is needed.

Lemma 5.2.9. Given B, ¢ > 0 there exists § € (0,1/2) such that for g € B satisfying
lg'(2)|(1 —|z]) < B, for all z € D, (5.2.1)

n € (0,1/2) and € € T satisfying
19 (1 =m)e)n > 2e, (5.2.2)

we have

; c
g/ (re)| >
n

whenever |r — (1 —n)| < on and |0 — a| < 07.

Proof. 1t is not difflcult to show (see for instance the proof of [27, Theorem 5.5]) that
if g € B satisfies (5.2.1) for B > 0, then it also satisfies

4B
"
2| < — for all z € D. 5.2.3

9G] S T (5.2.3)
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5.2. Weak compactness of the integration operator T} 113

Assume now that € (0,1/2) and €@ € T satisfy (5.2.2), and pick any § € (0,1/2).
If |r — (1 —n)| < dn and |§ — a| < on, then |re? — (1 —n)e™| < 2nd and every point
w in the segment joining re® and (1 — 7)e’® has module |w| < (1 — ) + 67. Hence,
for all these w, we have

" 4B
o) < = 5

and, by the mean value inequality,

8Bnd < 3286 < ¢
(=0~ n ~n

if § < ¢/32B. The lemma follows since, by (5.2.2),

19/ (1=m)e™®) —g'(re”)] <

10000 1 ia c_2c-c_c
gre”)>1lg(1—n)e*)——-> =-.
lg'(re™)[ = 1g'((1 —n)e™)] 0 T

Theorem 5.2.10. Let 1 < g < +o00 and g € B\ By.. Then the operator
R, : RM(1,q) — L*([0,1) x T)
defined by
Rg(f)(r, %) = f(re®)g' (re?) (1 — 1), rel0,1), €?eT,

is not weakly compact.

Proof. We will denote by my both the Lebesgue measure on [0,1) and the arc length
measure on T, and by mg the product measure ms = mj x m; on [0,1) x T. In order
to prove that Ry is not weakly compact, and using the Dunford-Pettis Theorem
(see Theorem A.2.4), we need to show that the image by R4 of the unit ball of
RM(1,q) is not uniformly integrable (see Definition A.2.3). This will be done if we
show the existence of two constants C', a > 0 such that, for every € > 0, there exits
f € RM(1,q) and a measurable set D C [0,1) x T such that

@ mD)<e ) paNC and (@ [ |By(D)]dma>a.
D
(5.2.4)
The condition g € B\ By, yields the existence of two constants B, ¢ > 0 and a

measurable set A C T of positive measure such that

lg'(2)[(L—|z) < B,  forallz€eD,
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114 Chapter 5. Integration operators

and
limsup |g'(re®)|(1 =) > 2, for every e € A. (5.2.5)

r—1-

Fix mi(A4) > 8 > 0. Finally take M > 1 big enough (to be determined later).
In order to get the conditions in (5.2.4), fix e € (0,1). For every ei® € A, there
exists g, € (0,e/4m) such that

19/ (1 = 4)e™)|eq > 2c. (5.2.6)
Recall that M > 1 is big enough and consider, for every ¢ € A, the open arc
Jo={e":t € (a— Meg,a+ Me,)}.

The family of all these arcs is a covering of A. So passing first through a compact
set K C A with my(K) > f8 in order to get a finite covering and then using Hardy-

Littlewood covering lemma (see for instance [61, Lemma 7.3]) there exist N € N and

ai, g, ..., ay such that {Jo, : k=1,2,..., N} is a family of pairwise disjoint arcs
with
N
> m(Ja) > B/3. (5.2.7)
k=1

To simplify the notation we put €; and Ji instead of &4, and J,, respectively.
From (5.2.7) we get

= 8
> e > AR (5.2.8)
k=1
We will also consider the arcs
Ly = {e" . t € [ay, — Oep, a + 0cp]},

where § is the one in Lemma 5.2.9, and the subsets of [0,1) x T,
N
Dy:=[l—cp—0cp 1 —ep+0ex] x Ly, D= | Dy
k=1

Observe that D is a compact subset of (1 —e/2m,1) x T and therefore

3

mo(D) < —27 =¢.
2(D) 27
This yields (5.2.4)(a).
AMBITO- PREFIJO CSV FECHA Y HORA DEL DOCUMENTO
GEISER GEISER-beee-fa0d-14a0-4131-95fa-6ec7-108e-02fb 19/07/2021 11:29:08 Horario peninsular
Ne registro DIRECCION DE VALIDACION Validez del documento
4s21N0000130 https://sede.administracionespublicas.gob.es/valida Copia
GEISER-beee-fa0d-14a0-4131-95fa-6ec7-108e-02fb


https://sede.administracionespublicas.gob.es/valida

Cadigo seguro de Verificacion : GEISER-beee-fa0d-14a0-4131-95fa-6ec7-108e-02fb | Puede verificar la integridad de este documento en la siguiente direccion : https://sede.administracionespublicas.gob.es/valida

5.2. Weak compactness of the integration operator T} 115

Let us define the function f. Consider, for z € D,

ug(z) = gt and  f(z) =
(z -1+ E;c)ei“k)37

u(2). (5.2.9)

M-

For every e eTand1<k< N, define

(ew) :/0 |uk(rew)\dr.

We will use the following estimate about ¢,, to be proved later.
Claim. Let 6 € R such that |§ — ai| < 7. Then

i . 82
@k(eg)smm{ e ng}

We prove this claim at the end of the proof.
Observe that, if (r,e?) € Dy, then

[re® — (14 eg)el| < rle? — el | + (1 4¢4) — 7
<rdep+ (L4ep) — (1 — e — deg) < 2(1+0)eg, < ey,

consequently

€2

(3Ek) 27€]€7

Jur(re”)| =

and, by Lemma 5.2.9 with ¢ in the place of 7,

. ) 1 ¢
ug(re™®)||g (re®)|(1 — 1) > %5(1 —0)eg >

and

o(1—=68)  (20e)%c(1-10) S 8¢y,
27z, 27¢ey = 14

/ | Ryug| dma > ma(Dy) (5.2.10)
Dy,

Therefore, for every k, we have, since |Ryh(r,e)| < B|h(re®)),
c8? i0 i0
| Rofldma = [ Rgul=-3 [ (Rguslame = SB[ gie) dm(e?)
D D ik I Dr jk

As Ly C Ji and the J.’s are pairwise disjoint, so are the Ly’s and the Dy’s. Hence,
adding up these inequalities from k = 1 to k = N, using (5.2.7) and taking into
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116 Chapter 5. Integration operators

account that Ly C T\ J;, for k # j, we get

[ 1Radma = Z/ |Rgf\dm2>—zek—32 5 /% ) di(e?)

J=1 k=1k#j
_14Zek—32/ dm(e™”).
By the Claim, we have

[ eemamen = [ pi(c)do

T\.Ij /15]'<\97aj\<7r

T 82 +oo gt 16e2
52/ —;dtgms?/ = =T
Me; me; B2 Mg

Putting together the last two estimates, if M > QX}:&# B, we obtain

2 N 2 NV
/D|Rgf\dm2 > (%—%)Z% > %ZEM

and, by (5.2.8),

52 cs?
/ |Ry f| dmg > 6775 b =«
D

28 6M  168M

We have established (5.2.4) (c).
Now we prove the bound for p1 4(f). Naturally we have

palh < (5 [ (S i)' as )/q.

T k=1

In order to apply the estimate in the Claim, the condition | — ag| < 7 has to be
satisfied. Let us assume that all the ai’s belong to the interval [0, 27), then, for all
0 € (—m,m], either |6 — ag| <7 or |§ — (ar — 27)| < 7. Define

I,j = [ag — e, a + €k and I = [ay — 270 — e, ap — 27 + &)

Observe that, if ¢ is the characteristic function of the interval [a — €, a + €] and Mg
is its Hardy-Littlewood maximal function, we have Mg(t) =1, if t € (a —e,a + ¢),
and, for t ¢ (a —e,a + ¢),

Mo > = [ gy du—
g(t) > —— gu)du= ——.
2t —al Ji—jt—q) 2|t — a

Now if g,j is the characteristic function of I ,j and g, is the characteristic function
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5.2. Weak compactness of the integration operator T} 117

of I, using the Claim, we have, for every 6 € (—m, 7],

pr(e?) < 32[(Mg)2(0) + (Mg; ) (0)].

Therefore,

N 1/q
q
) <52 [ (v’ + (vor o) ) =B H e

=1

where
H = (Ll(var) + (Mgp))"

Applying Theorem 3.2.7, there exists a constant A 2, > 0 such that

— 1/2
IH | 2oy < Aspgllbllzaey,  for b= (3 (50> + (g7)%) "
i

Since all the intervals I?s and I ’s are pairwise disjoint, we see easily that h is the
characteristic of the union of all these intervals and so ||| f2ar) < (47)'/%4. Finally

we get
Pra(f) < 320 H||Z2q(gy < 3243 5|70y < 3243 5, (4m) "¢ =: C,

and we finish because we have proved (5.2.4) (b).

Proof of the Claim. By rotation invariance, we can assume a; = 0. Then, for all
0 € [~m, 7] and all r € [0,1], we have |re?® — (1 + ;)| > |(1 + ;) — r|. This yields
lup(re?)| < |ug(r)|, and

2

( i@) < ( iO) /1 €k d ( Ei r=1 <
€ e = r=(—*
PRl = P o Oten—rp 201 + e — )20

<1. (52.11)

N | =

On the other side, for all z = e’ € D, we have

[sind| >2|0|/x, if 0< 0] <7/2,
l+eg—2z>1—2> (5.2.12)
it 7/2<|0] <.
Therefore, if 7/2 < [0| < 7, we have
. . 52
I1—re®P > 1 —re®? =1+1% —2rcosf > 1+12 and lug (re')| < T2
T
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118 Chapter 5. Integration operators

Integrating
1 2 3.2 2
; dr TE 7w 8¢ 8e T
Z9<2/7:J<77k < Zk if —<|<m (5213
@k(e)—ekol_'_rg 4 —3||2 ||27 1 2—||—7T (‘) )
For 1 < |0| < 7/2, we use the first case in (5.2.12). We have
, 3wl w382 8l T
19<2(i) <Ik T2k o R g <lg<s. (5214
eret) < ekl5q) = so)2 ~ 4o S o slfj<3 (6219

Finally, for || < 1, we have

1 1-16 1 3
dr o qr T
9 2 2
wk(’)<6/ -fSE/ 7+E/ < drs
Flo IL—reid =8 g (1—rp  * 1-j0 8103

and we get
1 w3 1 7w\ ¢ 8¢?
0y < ¢ < 7) < (7 f)i Tk o< |0 <1 (5.2.15
(Pk(e ) > €k 2|9|2 8|9‘2 =\9 + ] ‘9|2 |9|2 1 = ‘ | ( )
Putting together (5.2.11), (5.2.13), (5.2.14), and (5.2.15), the claim follows. O

Theorem 5.2.11. Let 1 < ¢ < +oo and g € B. Then T, : RM(1,q) = RM(1,q) s
weakly compact if and only if g € By .

Proof. Assume that g € By ,,. For each €,6 > 0, we set
A(8,¢) == {9 eT: (1-r)g(re®)| <e, forallre(l-34, 1)} .

Fixed m € N. By hypothesis, we have that

1 1
mi |Al —, — — 2T as n — 0o,
n’ 2m

since A (%, %) CcA (%ﬂ, %) Hence, for each m € N there is n,, € N such that

Since (ﬂmZkA (ﬁ, 2%))0 =Unsi A Lm

(5.2.16)

AMBITO- PREFIJO

GEISER
N° registro
94s21N0000

CSV FECHA Y HORA DEL DOCUMENTO
GEISER-beee-fa0d-14a0-4131-95fa-6ec7-108e-02fb 19/07/2021 11:29:08 Horario peninsular
DIRECCION DE VALIDACION Va||dez del documento

beee-fa0 5fa-6ec?.



https://sede.administracionespublicas.gob.es/valida

Cadigo seguro de Verificacion : GEISER-beee-fa0d-14a0-4131-95fa-6ec7-108e-02fb | Puede verificar la integridad de este documento en la siguiente direccion : https://sede.administracionespublicas.gob.es/valida

5.2. Weak compactness of the integration operator T} 119

Fix € > 0, by (5.2.16), there is k = k(e) such that m;(A4;) > 27 — € where

A=) 4 (:Tn;n) (5.2.17)

m>k

This means that given 6 € A., for each m > k,
(1=r)lg(re”)| < 1/27

whenever 1 — 1/ny, <r < 1.
To obtain the weak compactness, we apply Lemma 5.2.1. Let {f.} € Bras(1,q)

be a sequence uniformly convergent to 0 on compact sets. Define the functions

1
H,(6) ::/0 |fn(rei9)g/(rei9)|(lfr) dr and F,(0):= / |fn(re )\ dr.

Using that T}, is bounded on RM(1,q) and Proposition 4.2.7, the sequence {H,} is
bounded on L4(T). Then, by the reflexivity of this space, we can find a subsequence
{H,,} convergent in the weak topology to a function h € L(T). Therefore, there
is Gy, € co{Hy,, Hp,,,, ...} such that |Gy — h Le(ry — O (see Theorem A.2.1). We
claim that h = 0 almost everywhere. To settle this fact, fix e > 0. By (5.2.17), there
are N = N(¢) € N and a measurable set A, with m;(A4.) > 27 — ¢ and for every
e A. and m > N,

(1=r)lg'(re”)| < 1/2™

whenever 1 — 1/n,, <7 < 1. We may assume that 1/2 < ¢ and that for m > M,
and r < 1—1/ny,

[fn(re®)g (re)|(1 =) < €

(remember that the sequence {f,} converges uniformly to 0 on the disc centered at
0 and radius 1 — 1/ny). Thus, for n > My and 6 € A,

1-1/nn ) ) 1 ) )
H,(0) = /0 Fa(re)d (re®)|(1 - 1) dr + / Fa(re®) g (re®)|(1 - 1) dr

—l/nN
<e+4eF,(0).
(5.2.18)

So, it follows that |[Hyxa.[|pa(r) < 2¢ for all n > N. Hence, |Gnxa.|lpar) < 3¢ for
n large enough. This implies that |hxA.llLa(r) < 3e. The arbitrariness of ¢ and the
fact that m;(As) > 2m —e implies that h =0 dlmost everywhere and [|Gy||Lo(my — 0.
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120 Chapter 5. Integration operators

Notice that we can express Gy in the following way

[e.¢]
Gr = Z ay,jHy,
j=k

where ay,; > 0, 372, g j = 1 and, for each k, the set {j > k : ay; # 0} is finite.

Thus the functions

o0
Gk =Y kjifn;s
j=n

are well-defined and it follows, using Lemma 4.1.2, that
1 _ 1 _ ' o0
[ agntre®) dr < [ latre®)lgtre (1 - 1) dr < Y i (6) = Gu(o)
0 0 :
j=k

Hence p1,4(Tygx) — 0 when k — oo. Therefore, using Lemma 5.2.1 we conclude that
Ty: RM(1,q9) = RM(1,q) is weakly compact.

For the converse implication assume that g € B\ By,. By Propositions 4.1.3
and 4.2.7, given f € RM(1,q), it holds that p14(Tyf) =< ||Ryfllv;, where R is
the operator introduced in Theorem 5.2.10 with the identification Y1, C Y11 =
LY([0,1) x T). Therefore, R, : RM(1,q) — L*([0,1) x T) is bounded and not weakly
compact. By Lemma 5.2.1, there exists a sequence {f,,} in the unit ball of RM (1, q)
convergent to 0 uniformly on compact sets of D such that no convex combination
gk € co{ fi, frv1,. .. } satisties that || Rggrllr1(jo,1)xT) — 0 when & — co. Applying
again Propositions 4.2.7, no convex combination gi € co{ f, fr+1,...} satisfies that
p1,1(Ty9%) — 0 when k — oo. By Lemma 5.2.1(2), T, : RM(1,q) = RM(1,1) is not
weakly compact and, by Proposition 5.2.5, Ty : RM(1,¢q) — RM(1,g) is not weakly

compact. 0

We point out that beyond what Proposition 5.2.5 might suggest, the weak com-
pactness T, : RM(1,q) — RM(1,q) does not depend on ¢ when it runs the interval
(1, +0).

Remark 5.2.12. Using [57, Proposition 5.4, p. 601], there are g1, g2 € B such that

1

, for all z € D.
1— |z

91(2)] + 192(2)] =

Therefore either g; or g2 does not belong to By, so that B\ By, is not empty.
Moreover the function g(z) = log(1 —z), z € D, belongs to By \ Bo. In fact, writing
ga(2) = log(1 — ze") for § € [0,7) and z € D, one can see that |gg — 5]z > 1 if
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5.2. Weak compactness of the integration operator T} 121

6 + 6, because

I 1= OD)1 —|z]) 1= e @=0)(1 =)
90 — 9gllB = p su — =
g D |1 — zeif|[1 - zeif| ~ re[o 1 [1—re-ei||1 — re=i0eif]
1 9 0) 1 9 0)
zsup 7| |2hm7| |:1
refo,1) |1 — reilf- O] 7 r=17 |1 — reil0-0)]

Then By, is a non-separable closed subspace of B. The separability of By and
the non-separability of By ,, show that the second one is much bigger than the first
one. Therefore there are integral operators T, bounded and not weekly compact on
RM(1,q) and integral operators T, weakly compact and not compact.

Remark 5.2.13. For ¢ = 1, Theorem 5.2.11 is not valid. Since RM(1,1) = ¢!, the
operator Ty : RM(1,1) — RM (1, 1) is weakly compact if and only if T, : RM(1,1) —
RM(1,1) is compact if and only if g € By.

Remark 5.2.14. We also have that Theorem 5.2.11 is not valid for ¢ = +00. Exam-
ple 5.2.3 shows that for g(z) = —log(1—z) the operator T, : RM (1, 00) = RM(1,00)
is not weakly compact, but g € By ,,. We point out that we have no characterization

of the weak compactness of Ty, on RM (1, 00).

5.2.3 The case ¢=1

To finish, we turn our attention to the weak compactness of T, : RM(p,1) —
RM(p,1). In fact, we are going to prove that the weak compactness and the com-
pactness are equivalent. The following four lemmas will be necessary to give a char-
acterization of the weak compactness of T; by means of sequences in (RM(p,1))*

which are equivalent to the basis of ¢.

Lemma 5.2.15. Let 1 < p < +o00 and let {z,} be a sequence in D such that there
are constants C1,Ca, C3 > 0 satisfying:

1

LY @)L = [zal) 7 < O ppa(f) for all f € RM(p,1).

2. For allm € N, there is fp, € RM(p, 1) with pp1(fm) < Ca such that
1

(U= | 7 2 o 3 U1 J2al) 7 <
n#m

Then {(1 — |zn\)1+% 82, } 1s equivalent to the basis of ¢y in (RM(p,1))*.

Proof. We will present the proof for p finite, being the other case similar. It is
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122 Chapter 5. Integration operators

sufficient to prove that there are constants A > 0 and B > 0 such that

ol 1
> k(1 —|z)) e,
k=1

A < <B
1r§r}3§XN{Iak|} < < lganN{lak\}

(RM(p,1))*

for every N and for every sequence {ay}.

First, using assertion (1), we have that

= sup
JEBRM(p,1)

S (1 — )5 )

k=1

N
Yo ar(l— |z s,
k=1

(RM(p,1))*

oo
1+
< max {|ag sup FC)|(1— |2z » < C7 max {|ax|}.
sl _sup 5170l - ) max (o]}

The remaining inequality proceeds as follows employing this time assertion (2).

We choose m such that maxi<p<n{|ox|} = |am|. Then, we obtain that

1
S a1 — |z rs,

1
>
=

N
> (= |27 fin(z)
k=1

(RM(p,1))*

N
z'céflu—\zmn |fm<zm>|—c% D Lokl (1= fal) 7 e

k=1, k#m

ax {|og|}.

— 205C% 1<k<N

The proof for the following lemma follows in a similar way.

Lemma 5.2.16. Let 1 < p < +o00 and let {z,} be a sequence in D such that there
are constants C1,Ca, C3 > 0 satisfying:

1

1o Y0 [ ()l (U= Jza)* 7 < O ppa(f) for all f € RM(p,1).

2. For allm € N, there is fn, € RM(p, 1) with pp1(fm) < Co such that
1

1 l
FnGm)(L=lzmD™ 7 2 o 3 Il (1= )7 < 5
n#m

Then {(1 — |zn\)2+% 6L} is equivalent to the basis of co in (RM(p,1))*.

Lemma 5.2.17. Let ¢ € (0,1/2), then there are two constants ui, u2, depending
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5.2. Weak compactness of the integration operator T} 123

only on ¢, such that for all f € H(D)

s g [ e [ e ap) a
2)| < —— 35 pe)| dp | dt,
(1 - ‘ZD O—c(1-7) r—c(1-r)

0+c(1—r) r+c(l1—r) )
(1= [DIf'(2)] < 1 MT )2 /9 " (/_ e | (pe™)| dp) dt,

where z = re® with 1 > r > %

Proof. Let ¢ € (0,1/2), z = ¢’ € D and f € H(D). It can be proved that for

AE (O7 we have that

1
Via+tc?
D(z,Ae(1—|2])) C{pe" €D: pel,te J}

where I =[r—c(l—r),r+c(l—r)and J=[0 —c(l —7r),0 +c(1 —71)].
Applying the mean value inequality over D(z, Ac(1 — |z|)) we have that

1
O S a7 gy 0 0

1 O+c(1-7) r+c(1-r) it
< - f(pe®| dp | dt.
7A22(1 —r)? /96(1r) /rc(lv") et

The estimate of the derivative follows in analogous way, but using Cauchy’s

integral formula as we did in the proof of Proposition 1.5.6. OJ

Lemma 5.2.18. Let 1 < p < 400 and {z} C D\ 3D such that % <5

with B € (014+1> Then both {(1 — |za])" 7 6., } and {(1 — |za)>"7 8.} are
equivalent to t1h+62 baZis of co in (RM(p,1))*.
Proof. We will prove the result just for {(1 — |zn\)1+% J:,} using Lemma 5.2.15
and omit the proof of the other case because it can be obtained following a similar
argument. Set z, = e’ and ¢, = 1 — r,,. For a certain constant ¢ € (0,1/2) we
define the sets

Iy = 10n — (1 —1),0n + c(1 —1y)]

and
Ip o= [rn — (1 = 1), + c(1 — 1))

Now, we denote by Ay, := Upsply where m(A,) <3222 1 2cep < n—gen.
Let f € Brus(p,1)- Applying Lemma 5.2.17 to each element of the sequence {z,},
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124 Chapter 5. Integration operators

we obtain that

1
(L= [zal) 7 [£(z0)] < w, “)| dpdt.

We split the integrals, apply Holder’s inequality in the first integral and Proposition
1.5.2 in the second integral:

_ 141 H1 it
(=l st < [ [ it tdpae 5 [ st o

e, )V . lp Cram(Az)m(J,
S %/ </ ‘f(pe t)lp dp) dt+ 1/ / H ( ) ( ) 1+l
e L\A, \Ju, edm (1= (rn+c(l—1y)) ">

/ 1p 2C¢,
<z [ (/ £(pe' |Pdp) pr—
In\An n?(l—c) ">

Since {I,, \ 4,} are disjoint sets, we have that

> 1/p WQCcul
Z(l_|2n‘) ‘f( )| < (2c) +71+l:cl-
n=1 31—c) e
Hence, we have proved that the sequence {z,} satisfies statement (1) of Lemma 5.2.15.

To prove the remaining condition we consider the family of holomorphic functions

fu(z) = (11;7”%%, z € D. We have to show that {f,} satisfies statement (2) of
Lemma 5.2. 15n

Let us see that pp1(fn) S 1. First of all, we observe that

o 1 (1 B Tn)p 1/p 4o
ppﬁl(f ) /0 (/0 ‘1 _ %7‘610|2p+1 7“) o

/4 1 1 1/p do
< 8(1 - Tn)A (/0 ‘1 _ ,r,rnei9|2p+1 dT) %

Since

11— rre®? = (1= rrp)? + 270 (1 = cos(0)) > 2rr, (1 — cos(6))

T 1,
>9(1 — - > ~\a- > —
> 2(1 - §)(1 — cos(6)) > 2 (1 4) (1= cos(6)) > 1.0
whenever 0 <0 <7/4and 1>7r > 6 , we have

/77/4 /1 1 p 1/p do - /lrn /1 1 g 1/p do
0 o |1 —rrpei|2ptl 2~ Jo o |1 —rre|2p+1 o2m

1-0

+/”/4 / 1 . +/1 1 ; g
1oy \Jo |1 —rrpei?|?rtl 10 [1 — rrye?|?rHl 27
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5.2. Weak compactness of the integration operator T} 125

</1—rn /1 1 ; 1/p ﬁ
—Jo 0 (1_Trn)2p+1 ' 2m

/4 1 Lo 7 g
" 2p+1 “v
+ /1Tn (/0 ‘<1 — rrp) 20t dr +4 /ﬂ 92p+1 dr o

™

1—7, 1 e
<
~ 2m(2pry)'/P ((1 —Tn)2p>

+43/7r/4 S A O
1-r, \2prn \ 0% g2r+1 T o

lp rm/4
< ! p 2+ ) / L
21 (2prp)1/P(1 — 1) 21 (2pr,)VP )1, 62
1 s @prD)YP s (@p+ D)V

< + .
= 2m(2prn)V/P(1 — 1) 21 (2prp)V/P(1 —ry) = 27(2pry) VP (1 —1y)
Therefore, we conclude that

2p+1)/P 18
VT TT I o,

<43 =
ppJ(fn) — 4 pl/p T

To finish the proof, we have to show that for a certain constant C5 > 0 it holds

1

637 )Si-

()| (1 = |2)H7 >

S ) (1 2
n#m

It is easy to see that

1 1
| frn (zm)|(1 — ‘zm|)1+p - ( 2 )2+7 (1 Tm)ler
1—rz)""r
1 1 1
= > = —>0.

(14+m)?Ts 22t Cs

If K > m then

1+1
1 1—r 1 €k P
()| (1 = |2) 7 < m (1—1%)”“( ) '

And if £ < m, then

141 1-r 141 €
| fm(2)[(1 = |2i]) 77 < Sr(l—m) =
Tk) P €k
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126 Chapter 5. Integration operators

1

Now, bearing in mind that 0 < 8 < and 5’;—:1 < B for all n, we obtain

14245
. [e%s) R m—1
Sl —lz) e < Y0 g+ pE
k#m k=m+1 k=1

1

gty p-pm 28 1
< —_—
71—ﬁ“%+ - <175<203

1
Therefore, applying Lemma 5.2.15 we have proved that {(1 — |2,|)""% ..} is
equivalent to the basis of ¢y in (RM (p,1))*. O

As a consequence of these lemmas we obtain in the following three results new
characterizations of the compactness of T, : RM(p,1) — RM(p,1) and its equiva-

lence with the weak compactness.

Theorem 5.2.19. Let g € B and1 <p < +o0. If Ty : RM(p,1) = RM(p,1) is not

compact, then T fizes a copy of co.

Proof. Since g € B and Ty : RM(p,1) — RM(p,1) is not compact, by Theorem

5.1.3, there are constants C,0 > 0 and a sequence {z,} where |z,,| — 1 such that
8 < |g'(2a)l(1 = |zal) < C.
Using that

1 1 1 1
Ty (L= |zal)*78L,) = ¢/ () (L= 2a))* 702, 19/ (z)l(1= [2al) 7 < (1= ]zal) 5,

1_ n .
and extracting a subsequence such that % < k% with 8 € (0, L >, by
"k 142°7p
Lemma 5.2.18, we conclude that T fixes a copy of co. O

Corollary 5.2.20. Let g € B and 1 < p < +00. Then the following are equivalent:
1. T, : RM(p,1) = RM(p,1) is not compact;
2. Ty fizes a copy of co;
3. Ty fizes a copy of (1.

Proof. Being clear that (3) implies (1) and, using Theorem 5.2.19, that (1) implies
(2), we just have to justify that (2) implies (3). But this is a consequence of the
fact that if the adjoint of a bounded operator between two Banach spaces fixes a
copy of ¢, then the operator fixes a copy of £!. This result is probably well-known
by specialist (and essentially due to C. Bessaga and A. Pelczyriski), but we could

not find any reference so that we schedule its proof for the sake of completeness.
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5.2. Weak compactness of the integration operator T} 127

Assume that T : X — Y is bounded and T™ is fixes a copy of ¢g. Then T™ is not
unconditionally converging (see Theorem A.3.4), so that T is not an ¢!-cosingular
operator (see Theorem A.3.6). But a standard argument shows that in this case T

fixes a copy of £1. O

It is worth pointing out that if an operator fixes a copy of £! then, in general, its

adjoint does not fix a copy of ¢ [41, Example 1.2].

Corollary 5.2.21. Let g € B and 1 < p < +o0. Then T, : RM(p,1) - RM(p, 1)
is weakly compact if and only if it is compact (and if and only if g € By).
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6.1. Tent spaces 131

This chapter is dedicated to present part of the work about tent spaces carried
out in collaboration with Prof. P. Galanopoulos (see [4]). This collaboration began
during my research stay at the Aristotle University of Thessaloniki at the beginning
of 2020. We introduce the tent spaces and some properties that will be of great
importance in the study of our spaces of average radial integrability. In particular,
we show that, for 1 < p, ¢ < 400, we can express the RM (p, q) space as a tent space
for certain measure. With this fact we can extend Proposition 4.2.7 of Chapter 4 for
the cases (p,00), with 1 < p < +o0.

In addition, in the last sections we study a problem of Carleson measure, posed
by Luecking in [48], which allows us to obtain a characterization of the boundedness
of the integration operators T, : RM(p,q) — H?® and T, : RM (p,q) — RM(t,s) for
1<p,q,t,s < +00.

6.1 Tent spaces
Let £ € T. We define the non-tangential regions I'(£) and S¢(§) as follows
L = {r{em ) <1l—r, 0<r< 1},
Sc(€)={2€D:|z2=§ <C(1—|z])},

where C' > 1 and |0| := min {|0 4 2kn| : k € Z}. Let us remember that Stolz regions
Sc(€) were already introduced in Chapter 1.

The boundary of T'(§) is a curve that goes non-tangentially to £. See Figure 6.1a.
In fact, for C' large enough one can see that I'(§) C Sc(€) (see Figure 6.1b) and for
C close to 1, if z € S¢(€) and z is close to &, it holds that z € T'(€) (see Figure 6.1c).

>

(a) (b) ()
Figure 6.1
Tent spaces T)f were introduced by Coifman, Meyer, and Stein in [22] to provide

a natural setting for the study of things like maximal functions, square functions,

and to simplify some results about Cauchy integrals on Lipschitz curves. Since then,
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132 Chapter 6. Tent spaces

these spaces have been studied widely by many authors (e.g. [47], [48], [42], [11], [21],
[53], [50]). Let us recall their definitions.

Definition 6.1.1. The tent space T), when 0 < p,q < +o0, consists of those

measurable functions f on D such that

1/q

q/p
_ 2)|P de(z) 00
1£llzg = /T(/F(g)f( )| 1_Z|> |de| | < +oo. (6.1.1)

Analogously, the space T, consists of those measurable functions f on I with

1/q
Hf||Tgo = (/ esssup | f(2)|? d£|) < 400, if g < +oo, (6.1.2)

T 2€D(¢)

where the essential supremum is taken with respect to the Lebesgue measure msy. For
the case ¢ = 00 and p < +00, the space T° consists of those measurable functions
f on D with

1/p
1
Ifllge = sup (h [ iser dm(z)) <o (613)
£eT D(&,h)ND

0<h<1

Notice that f € Tp° if and only if duy(2) = [f(2)[P dm2(2) is a Carleson measure on
D (see Section 6.4 of this chapter, especially condition (6.4.1)).

A first non-elementary result we will use is the following lemma.

Lemma 6.1.2. [11, Lemma 4, p. 66] Let 0 < p,q < +oo, C > 1, and X\ >
max{1l,p/q}. Then there are positive constants Cy = Ci(p,q,A\,C) and
Cy = Co(p, q, A\, C) such that

o1 [ sclenrriae < [ ( / (ﬁ:ZDA du(z))mwa <G [ u(Sc(e) g

for every positive measure i on .

Remark 6.1.3. Using Lemma 6.1.2 for the measure du¢(z) = |f(2)[? deZ), it is

clear that in (6.1.1) one can replace the set I'(§) for any Stolz region Sc(§) getting

an equivalent norm.

Definition 6.1.4. If we take holomorphic functions instead of measurable functions,

we define the tent space of holomorphic functions as AT} := T N H(D).

In [53] Perili proved the Littlewood-Paley inequalities for tent spaces AT}.
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6.1. Tent spaces 133

Theorem 6.1.5. [53, Theorem 2, p. 9] Let 1 < p,q < +00. Then, we have that
1/ () = 2D)llzg < N1 f |z
for f € H(D).

The following remark is a technical issue that we will use from time to time

through the chapter.
Remark 6.1.6. Let C > 1 and z € D, then

/ yr(eo(2) |d€) < / Ysoe)(2) d€] = (1 J2]).
T T

Firstly, we can assume without loss of generality that z € [0,1). The estimate

/ xro(2) [dé] = (1 - 2)
T

follows immediately, because z € T'(e'?) if and only if || < 1 — 2.

In order to prove the estimate

/T Xso(e)(2) ld€] = (1 - 2),

1+z

we will study the following two cases. If C' > , we have that

[z =& <14+2z<C(1-2)

for all £ € T. So that, [; Xso(e)(?) |d€| = 2m. Now, assume that C' < %in One can

check easily that

| xseiote) el = 200,
where 6 € [0, 7] is such that |z — | = C(1 — 2). So that, we have that

(€ - 11— 217

1 —cos(fy) = 2]

Using that %5 < 91=cos(t) C%( ) < 1,for 0 <8 <7/2, and C < Hz , we obtain that
6o =< /1 —cos(bp) < (1 - z).

Therefore, we conclude that

/ Xso(e)(2) d€] = (1 - |2]).
T
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134 Chapter 6. Tent spaces

The following lemma will be useful in order to obtain equivalent expressions when

we consider different non-tangential regions.

Lemma 6.1.7. Let My > M > 1. There is a constant C > 0 such that

/( wpaﬂ|msc/<sw&ﬂ|%
T \ 2k€5ar, () T \zx€Snm(§)

for all 0 < g < +00, and for all sequences {z} C D and {\;} C C.

Proof. If 2 € D, we define the open arcs Ly (z) = {£ € T : 2 € Sy(§)}. Take
fu(§) = SUD,, €5),(€) [Ak|?. Since

/Wﬂ@vwa:q/mAWlmu&eﬂ‘:U@N>A»dx
T 0

for all measurable functions, to prove this lemma, it is enough to show that there is

a constant C' > 0 such that

mi({E€T : fan(§) > ) <Cmi({E €T : fu(6) > a})

for all o > 0.
Fix a > 0 and let A be the set

A={keN : | N> a}.
One can check that

{€eT : fu(§) > a} = | Lan (21)

keA

and analogously for M.
Since there is a compact set F' C (Jyc 4 Lo, (2x) such that

mn(F) 2 5 (€€ T« f1(6) > a}),

we can obtain a finite cover {Lyy, (21) : k € Ag} of F, where Ag C A is a finite set.
Applying the covering lemma (see [61, Lemma 7.3, p. 137]), there is a sub-collection
of these arcs {Lpp, (21) @ k € A1}, with A; C Ap, which are pairwise disjoint and

mi (F) < 3 Z ml(LMl(zk)).

k€A
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6.2. Tent spaces and RM (p, q) 135

Hence, it follows that

mi({E €T : far, (§) > a}) <6 Y ma(Lu(zr)-

keA;
Now, by Remark 6.1.6, there exists C; = Cy(M, M) such that mi(Lyg (2)) <
C1 mi(La(z)) for all z € D. So that, it follows
mi({E€T : far () >a}) <6 Y mi(Lag(2k) <6C1 Y mi(Lar(z)).
keAy keAy
Moreover, the sets {Ly(zr) : k € A;} are pairwise disjoint because Lps(z) C
L, (21) where My > M > 1. Therefore, we conclude that
mi({€€T : far, (§) > a}) 6Cy D ma(Lar(z)) < 6C1 my <U LM(Z,C)>
keAq keA
=6Cmi({§€T : fu(§) >a}).
O

6.2 Tent spaces and RM(p,q)

In this section, we provide an identification of the spaces RM (p, q) as tent spaces Ty
for holomorphic functions. This relationship between Triebel spaces, a more general
family of spaces that includes our RM (p, q) spaces, and tent spaces is commented in
some works, such as [64], [32] and [21]. Nevertheless, we could not find any explicit
reference with a proof of this fact, so that we include it.

We start with the case p = +o00.
Theorem 6.2.1. Let 1 < q < +o0o. Then H? = RM (0, q) = AT%.

Proof. First, we take C' > 0 such that I'(¢) C S¢ (&) for every £ € T. Fix f € H(D).
By Theorem 1.2.5, we have that there is a constant v = v(C') such that

q _ 7 |d | |d
P (f) /T (rzﬁ)ﬂran) de| < /T (Zg&mzn) de|

= 1713, < /T ( sup If(z)|q> 1d€] < A £

2€Sc(§)
Since RM (00,q) = H? (see page 23), we are done. O

Remark 6.2.2. Notice that above proof shows that one can obtain an equivalent
norm in AT replacing in (6.1.2) the set T'(¢) by any Stolz region S¢(€). This fact
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136 Chapter 6. Tent spaces

complements Remark 6.1.3 for the case p = 4+00. This can also be obtained applying
Lemma 6.1.7 to {z;} a dense sequence in D and with A\ = f(z,) for all k.

In the next result we use a similar argument to one used by Pavlovi¢ in [51] in

order to prove Littlewood-Paley type inequalities for Hardy spaces.

Theorem 6.2.3. Let 1 < p,q < +oo. Then for f € H(D) we have that

ppa(f) = 1 flizg,
ppa(f'(2) A = [21) < ' ()X = [zl 7z

In particular, RM (p,q) = ATy.

Proof. Fix f € H(D). First of all, we will show, for C' =7,

1/q
2 , dma(w) Q/p‘ﬁ
Pra(f) S (/0 (/Sc(ew) |f(w)] 1_|w|) %) : (6.2.1)

Fixed 6 € [0,27], we have

1—2— (n+1)

/ |f( re’g )|P dr—Z/ re’g )P dr
1-2-n

<SS s [flretpen -2 )

n— 01 —2-ngr<1—2-(nt1)

= Z 9~ (n+1) sup |f(re®)P.

2-(ntl) <] —p<g2-n

Applying the mean value property for subharmonic functions, given 1 — 2™ < r <

1 — 2=+ we obtain

9—(n+2)

2=
\fre \”<*/ / |f(re® + pe'®)[Pp dy dp

<55 o O dmae)

where Ep(0) = {z €D : |z — (1 - 27")e”| < 525}, Thus,

% 9 (nt1)

19
[ 15 Wi 2325 [ P dmata)

Moreover, it is easy to see that E;(0) N Ey(0) = 0, if |j — 1| > 3. For z € E,(0) we

have
3 1 1

+1-—=1

‘Z‘ < on+2 on N 2(n+2)’
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6.2. Tent spaces and RM (p, q) 137

and we deduce

1
on+2 + 27

lz—ef| <|z—(1—2")e? + (1 -2 — | <

7

That is, E, () C S7(e?) for all n € N. Therefore, it follows that
1 o0
; (1 - |wl)
f(re9P dr < C 2"/ fw)|P dma(w
[ e ar<e3: |<>|(1_|w|) (w)

<QCZ/ W) ¢ () pm2(0)

1 — ‘UJ| Sr(eif) 1- |’LU|

From this, we clearly have (6.2.1).

Now, we prove that

2m d ( ) q/p m 1/q
P mo(Ww av
(/o (/r(ew) - |w] ) 27r> S ppalf):

Notice that for £ € T

/ |F e dmg / /9 e P (L) 7 db dr

[ 1—9—(n+1)
<y / / )P (1 — )" dbdr
1-2—n |0]<2—n
2—(n +1)

n=0
1
Z/9<2 /12 Fre®e)P(L =)L dr do

< Zz”“/ ho((1 = 27" 2)ge?) do

|0]<2—™

where
1—-9— (n+1)

(=

For each n, the function h, is logarithmically-subharmonic (see Theorem A.4.1).
Bearing in mind that |(1 —27"72)¢e® — ¢| < €272 for |] < 27", where C' is an
absolute constant, it follows that (1 — 2-("+2))¢ei? € S (¢) and

1 o0
i0 a1
/0 /6|<1_r|f(re OIP(L—r)~"db dr <4 M.hn(€)

P
dr.

n=0
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138 Chapter 6. Tent spaces

where, as usual, M, denotes the non-tangential maximal operator, that is, M,u(§) =
SUP.cg,, (¢) u(2) for every positive function w: D — R.

Applying Theorem A.4.2; there is a constant C(p, ¢q) such that

1 a/p 1/q

WP — )"t do d d

/ ( [ weerora=r) ) s
00 q/p 1/q

< 45" M.h, d
< /T < > (5)) de]

00 q/p 1/q

hn, d
SC’(p,q)Oilélgl /T<n§=;) (35)) |d€|
1/q

00 1—9—(n+1) 7”8€ P qa/p

:C(p,q)oiligl /1r<nzzo/12—n f(l_Q_n’_Q) dr) 4]

Doing the change of variable u = ;—%=, it follows

1_9—(n+1) p 172:(:+1)
J F(sm)| o= [T i sop a2 0 ar
1 _ _

—2—n

Therefore,

q/p
/ (/ P )|) e
T \J/T() z

00 a1 9—(n+2) q/p
<Clg) sw | [ (Z / f )P dv-) ]
o<s<1 \JT \ g /1-2-n

<2C(p,q) sup Pp,q(fs)~
0<s<1

1/q

By Proposition 1.5.11(1), we conclude that

1/q

a/p
» dm(z)
/11‘ (/F(g) 17(=0) 1- |z|> €] S ppalf)-

Following the same argument, we can obtain the equivalent result for the deriva-

tive. O
AMBITO- PREFIJO CSV FECHA Y HORA DEL DOCUMENTO
GEISER GEISER-beee-fa0d-14a0-4131-95fa-6ec7-108e-02fb 19/07/2021 11:29:08 Horario peninsular
Ne registro DIRECCION DE VALIDACION Validez del documento
4s21N0000130 https://sede.administracionespublicas.gob.es/valida Copia
GEISER-beee-fa0d-14a0-4131-95fa-6ec7-108e-02fb


https://sede.administracionespublicas.gob.es/valida

Cadigo seguro de Verificacion : GEISER-beee-fa0d-14a0-4131-95fa-6ec7-108e-02fb | Puede verificar la integridad de este documento en la siguiente direccion : https://sede.administracionespublicas.gob.es/valida

6.2. Tent spaces and RM (p, q) 139

On the contrary to the case when ¢ is finite, RM (p,00) does not coincide with

T;’O as we show in the next result.

Theorem 6.2.4. Let 1 < p < +oo. Then RM(p,00) C AT° C Hye, where Hy? is
the space of the holomorphic functions f such that (1 — |z|)1/p\f( )| is bounded in D.

Proof. Let f be a function that belongs to RM(p,oc). Fixed w = e € D\ {0},

one can easily check that
D 1-rnDc {pew :pel0,1), |0 —¢| <2(1- r)} =: A(re”).

It follows that

//D(ei9,1—r)m]l»|f( I dmafz /rel 2 dma(z)
)P dp d
/{0 - /pre )P dp dip
<AL =7)pp oo (f)-

Therefore, dividing by 1—r and taking supremum we obtain that RM (p, 00) C ATpe.

Moreover, RM (p,00) # AT;°, because the function f(z) = (1 — 2)~1/? does not
belong to RM (p, 00) (see Example 1.3.1), but does to AT;°. To check the belonging
of f to AT;® it is enough to prove that there is a constant C' > 0 such that

1/ 1
— —— dma(z2) < C
h D(1,h)ND 11— 2] 2(7)

for all h € (0,1). Using a change of variable to polar coordinates, we obtain

1 1
/ —— dma(z) < / ——— dma(z)
D1, 11— 2| pm) 11— 2]

27
/ / P dp do = 27k

for all h € (0,1). Therefore, f € AT;®.

Let us show the inclusion AT® C Hy®. Let f € AT;®. Since f is a holomorphic
function in D, in order to show that f € Hjj;’, it is enough to consider the supremum
in the set |z| > 1/3. Applying the mean value property, for z = r£ € D\ D(0,1/3),

r =|z|, it follows

1/p 1/p
-l ire < (5) (fr /| (flr)ﬂw)pdma(w)) .

2
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140 Chapter 6. Tent spaces

Since D (z, I_TIZ‘> CD(3(1—r))ND, we have

1/p 1/p
(1= =) M715(2) < (i) (:»)(12_) /D sy 1O dmg(w)>

6 1/p
<(2) 15l

Thus, we have shown that AT}® C H. To check that AT # H, we use the fact
that there are f, g € H such that

1f(2)] +g(2)] > (1 — |2)V/P

for all z € D (see [1, Lemma 1, p. 401]). Since (1 — |2|)~/? is not LP(D)-integrable,
then either f or g is not in AP. So that, HY ¢ AP. Moreover, one have that
AT° C AP, because f € ATC if and only if the measure dpus(z) = |f[P dma(2) is a
Carleson measure. Therefore, one can conclude that there is a function in Hf}f that
does not belong to AT;*. So that we are done. O

In the case of RM(p, q) spaces, the Littlewood-Paley type inequalities for certain
cases have been proved in Proposition 4.1.3 and Proposition 4.2.7. Another novelty
of this section is that Proposition 4.2.7 is extended to RM(p, 1), for 1 < p < +oo.

It is enough to combine Theorem 6.1.5, due to Perild, and Theorem 6.2.3.

Corollary 6.2.5. Let 1 < p,q < +0o. Then for f € H(D) we have that

Pra(f) = ppa(f'(2)(1 = [2]).

6.3 Tent space of sequences T)/(7)

The discrete version of tent spaces will be an important tool to obtain the main
results of this chapter. Most of the issues we present in this section are well-known
for specialist so that many times we only need state them and provide a reference.
Let us recall that the hyperbolic metric (also called the Bergman metric or the
Poincaré metric) is given by (1 — \z|2)71 |dz| (see [18, p. 10]) and whose induced

distance on D is given by

_ 1 1+ |z (w)|
pen) =y (120

z—w
1—zw’

distance) on D and let A(z,7) = {w € D : f(z,w) < r} be the hyperbolic disc of

where ¢, (w) = is the hyperbolic distance (also known as Bergman or Poincaré
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6.3. Tent space of sequences T (Z) 141

radius r > 0 centered at z € D. It is well-known (see for instance [28, p. 40]) that

A(z,7) is an euclidean disc where its euclidean center is

. 2(1 — tanh?(r))
© 1 — tanh?(r)|2[?

and its euclidean radius is

_ tanh(r)(1 — |2[*)
1 — tanh?(r)|2|2

So that, it follows that

mtanh?(r)(1 — |2))? < ma(A(z,1)) < (1—z2)2 (6.3.1)

Definition 6.3.1. The sequence Z = {z,} is a separated sequence if there is a
constant § > 0 such that 8(z;,2;) > ¢ for j # k. Moreover, a sequence Z = {2,} is
said to be an (r, x)-lattice (in the hyperbolic distance), for r > £ > 0, if

1. D=, Azg, 1),
2. the sets A(zy, k) are pairwise disjoint.
Notice that any (r, x)-lattice is a separated sequence with constant 0 = 2k.

Remark 6.3.2. Let us see that if z,w € D such that 8(z,w) < r, then there is a
constant C'= C(r) > 0 such that (1 — |2]) <1 —[w| < C(1 — |2|). It is enough to

show that 11_7‘5}“ < C. Using that 1 — |p,(w)|? = Mﬁ#, it follows
1|2 _ (1—J2%)?
1T—|w)2 (11— |p.(w)]?)|1 —wz|?
Thus, we have
1|2 _1412)2 1.12)2
R (e R e = P

1—|w> = (1 —tanh?(r))[1 —@z|2 = (1 —tanh?(r))(1 —|z[)2 ~ 1 — tanh?(r)’
because |, (w)| = tanh(8(z,w)) < tanh(r).

Proposition 6.3.3. Let K > 1, R > 0, and an (r, k)-lattice Z = {z,}. There is a
positive integer N = N(K, R, Z) such that for each point z € D there are at most N
hyperbolic discs A(zy, Kr) satisfying A(z, R) N A(zg, Kr) # 0.

Proof. Fix z€ D and J, = {2, € Z : A(zk, Kr) N A(z, R) # 0}. Triangle inequality
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142 Chapter 6. Tent spaces

shows

U A(zg, K1) C A(2,2K7r + R).

2 €J,

Moreover, since A(zg, k) C A(zg, Kr), it follows

U A(zg, k) C A(z,2Kr + R).

2K €J,

Using (6.3.1) and the fact that the sets A(zy, k) are pairwise disjoint, we have that
there are C1 = C4(r, k) and Cy = Ca(r, K, R) such that

Cr > (= 1z)? < > ma(A(z, k) < ma(A(z,2K7 + R)) < Co(1 - |2])%.

2k €J, 2k €J,

By Remark 6.3.2 there is C = C(r, K, R) > 0 such that
(#J:) C1 C (1= |2P) < a1~ |2,

because ((z, z;) < Kr + R. So that, #.J, < % for all z € D.
O

Next lemma is due to Wu and we include its proof for the sake of completeness.

Lemma 6.3.4. [66, Lemma 2.3, p. 992/ Let M > 1, r > 0 and £ € T. If
M, = (M +1)e? — 1, then
A(z,r) C Su.(§)

for all z € Sp(§).

Proof. Let z € Spr(€) and w € A(z,r). We have to show that w € Sy, (€). Using

the triangle inequality, we obtain

€ —wl <€ =2+ [z —w| < M(1 - [2]) + |z — w|
S M1 = |wl+ |z —w|) + |z — w|
=M1 - |w|) + (M +1)|z — wl.

Recall that the euclidean center and radius of the disc A(w,r) are ¢ = %
and R — tanh(r)(1—|w|?)

T tanh? () [w ] respectively. Since w € A(z,r) is equivalent to z € A(w, ),
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6.3. Tent space of sequences Ty (Z) 143

we have

|z —w| < |z —c|+|c— w
- tanh(7')(12— |w|?) + [l (1 1= tax;hQ(r) )
1 — tanh”(r)|w|? 1 — tanh”(r)|w|?
_ tanh(r)(1 — |w[?)
~ 1 —tanh(r)|jw|

Therefore, we conclude

tanh(r)(1 — |w|?)

|6 —w| < M1 - |w|) + (M +1) T — tanh ()]

< (M +(M+1) ff;ﬁﬁ%) (1— u))

1+ tanh(r) 2 tanh(r)
- (Ml — tanh(r) i 1- tanh(r)> (1 —Jwl)

= (M + 1) 1) (1~ Jul).

O

Lemma 6.3.5. Let C > 1 and an (r,x)-lattice Z = {z}. There is N such that for
alln € N and € € T there are N hyperbolic discs A(zx,r) that cover the set

1 1

Proof. Assume without loss of generality that £ = 1. We fix ap, = 1 — 2% for all

n € N.

Using that 1 — [pa,, (2)> = (1]2)(1—a})

2. we have that
[1—an 2|

1 1
1— 2> - -
‘SOOML(Z)| = gntl ‘1 — OénZ|2

for z € AL == Sc(1)N{z €D : 5t <1— 2] < 5 }. Triangle inequality shows

2C
1—apz| <|1—z]+ 2|1 —an| < C(1—1|2]) + C(1 — ay) < £

for z € AZ. So that, it follows

1
1= |@a, (2)]* > 1602

Therefore, for all n € N we have A7, C A (ozn,tanh’1 <,/1 - ﬁ)) Applying
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144 Chapter 6. Tent spaces

Proposition 6.3.3, there are at most N hyperbolic discs such that

A (an,tanh_l ( 1- 16102)) NA(z,r) # 0.

Therefore, A is included in the union of such discs and we are done. O

Example 6.3.6. Let Z be the sequence formed by the centers of the Luecking regions
(see Definition 4.2.1). Then there exist r > x > 0 such that Z is an (r, x)-lattice.

. 2m(2j+1)
Proof. Observe that the centers of the Luecking regions are z, ; = (1 — 211%) e’ anFl

for all n € NU{0} and j € {0,1,...,2" — 1}. First, let us check that there is r > 0
such that R, ; C A(zp;,7) for all n € NU {0} and j € {0,1,...,2" — 1}. Let

z € Ry j. Considering the family of all path v in R, ; joining z with z, ;j, we have

: |dw| 1.
) <inf [ ———— < 2""!inflength
ﬁ(Z,Zn,]) — H,} /y 1— |w|2 = lrﬂ} eng (’Y)?

where length(y) denotes the euclidean length of the curve . It is clear that we
can always find such a path whose length is smaller than the length of the path

represented in the Figure 6.2. Consequently,

1 2 1
B(2, 2ny) < 2" length(y;) = 2"*! <2n+2 + on+1 <1 - 2n+1>>

1 1 1

71

Figure 6.2
So that we can take r = 27 + %

Now, we show that there is k > 0 such that A(z,;,k) C R, ; for all n € NU {0}
and j € {0,1,...,2" —1}. If we consider the Luecking region R, j, we can take x > 0
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6.3. Tent space of sequences T (Z) 145

such that

. 1 izw(zjtn 1 i2"<27”;1>
k<minq B znj, | 1— on e ont B Zngs (11— ontl e 2nt .
Indeed
1Y) ;2reitn 1 ont3 _ 3 1 4
3 (o (1 35) ) = e (i) > 215 (3)

1 ;2m(25+1) 1 3(27+2 — 1) 1 3
6 <Zn,j; <1 - 2n+1> e 2ontl > = 5 ].Og <2n+3_3 > §log 5 .

So that, taking kK = %log (min {%, % ) = %log (%), we obtain that A(z, j, k) C Rp ;.

Since the Luecking regions are pairwise disjoint, then so are the hyperbolic discs
A(znj, K). O

and

We are aware that the constants r and x that we have obtained in above example

are far from optimal, but for our purposes they are enough.

Definition 6.3.7. Let Z = {z,} be an (r, k)-lattice and 0 < p,q < +oo. We say
that {\,} € TZ(2) if

1/q

q/p
H{/\TL}HT,‘,’(Z) = /ﬂ‘( Z )‘np) |d§| < +00, (6'3‘2)
3]

Zn €T (

the sequence {\,} € TL(Z) if

q 1/q
{An e (2) = (/( sup IAnI) df) < 400, (6.3.3)
T \zn€l(e)

and {\,} € T7°(2) if

1/p
1
[{AnHITse(z) = sup (h > I/\n|p(1—|2n|2)) < +oo0. (6.3.4)

0<§L<1 zn€D(E,h)ND

Remark 6.3.8. Using Lemma 6.1.2 for the measure = ) |A,[Pd;,, one can also
replace the set T'(€) in (6.3.2) for any Stolz region S (€) getting an equivalent norm.
The next version of the sub-mean value property will be useful several times in

what remains of this chapter. As usual we write f(©) = f.

Lemma 6.3.9. [/8, p. 338 (See also [28, Corollary 1, p. 68] for the case n =0)
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146 Chapter 6. Tent spaces

If0<p<+oo, r>0,neNU{0}, and f is analytic in D, then

|f(")(a)|p§(1—|a1|)2‘*'m’/A( )\f(w)|l’ dma(w),

for each point a € D.

The relationship between the discrete version of tent spaces and the continuous

version is given in the next proposition.

Proposition 6.3.10. Let 0 < p,q¢ < oo and Z = {2z} be an (r,k)-lattice. Given
[ € AT and N\ = M\ (f) = SUD e Ao |f(w)|(1 = |zx)/P. Then

HfHTg = ||/\k\|Tg(Z)-

Proof. Take z, € A(zy,) such that |f(Z)| = SUD A o) |f(w)|. First, let us check
that ||| f(Ze)|(1— \2k|)1/p”Tg(z) S | fllzg- Applying the mean value property over the
hyperbolic disc A(Z, s) (see Lemma 6.3.9) with s < 3r, we obtain

a/p 1/

I = L2 Pl z) = /T Yo EIPQ =) | 1]

2.€SMm(€)

q/p 1/q

( /. . )f<z>|p(1dﬁ”f;f))2) (- lal) |l

Since A(Z,s) C A(zg,4r), applying Remark 6.3.2 we have

A

ZkES]\,[(ﬁ)

I (E)I = L2 Pl 2)

a/p 1/q
dma(z)
SIS ( [ uerE )
T PG A(zg,4r) k
By Lemma 6.3.4, we can take My > M > 1 such that
U A(zg, 4r) C Sar, (§)
A(zg,4r)NSp (£)F#0
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6.3. Tent space of sequences Ty (Z) 147

and applying Remark 6.3.2, it follows

1 Zl (X = 12D P g 2

a/p 1/q
< » dmg( )) ;
h (/I‘ (zkegj\:/f(f) (/A(Zkv | ( )| ‘ | | €|
dma(2) q/p
mol\zZ
= (/T (/sm(s) (Zke;m@m 0l )) IS H ) d&)

Due to the fact that to Z = {2} is an (r, k)-lattice, by Proposition 6.3.3 there is N

such that
ZXA(Z;CAT) (Z) <N
k

for all z € D. Therefore, we obtain

1/q

1 G = 126D Pl 2)
1/q

a/p
< NP » dma(z) < NPl
- </T </SM+<5> FEF T ) df) SNV llzg-

Now, we proceed with the converse inequality. Using the pointwise estimate
|f(2)] < 2k [F(2)IXA (2, (2) and the fact (given by Proposition 6.3.4) that we can
take M4 > M > 1 such that

U A(Zk, 7") C S]W+ (5)7
A(zg,m)NSn (6)#0

it follows

a/p la
- 2)|P de(z)
7l = (/T (/SM@If( ) 1_Z|) |d5|)

dms (2) a/p Va

p molz

< ( / (; / a1 1_|Z|> dfl)

af/p Va

» dma(z)
= (/11‘ ( Z /A(zk,r) 7 1—|z] ) df) .

21€51, (€)

Taking 2, € A(zg,r) such that |f(Z)] == SUD Ao |f( )| and applying (6.3.1)
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148 Chapter 6. Tent spaces

and Remark 6.3.2, we have

a/p 1/a

S lrGIPA = lzkl) | ldg]

2, €SM ()

11£ )X = |2k]) 172 z).

[ fll e

AN

X(

Therefore, we are done. O

In [21] Cohn and Verbitsky proved a result about factorizations of tent spaces of
functions over the upper half-space. Throughout this chapter, we will use a result
concerning factorizations of tent spaces of sequences due to Miihkinen, Pau, Perila,
and Wang. Before stating their result we recall that given three quasinormed spaces
of sequences X, Y and W, we say that W = X - Y, if for z = {z} € X and
y = {yn} €Y, we have |[{zrycHlw < |zllx|lylly, and every w = {wr} € W can
be expressed as {wy} = {zpyx} with ||w|lw 2 inf|z|x]ly|ly, where the infimum is
taken over all possible factorizations of w.

The announced result of Miihkinen, Pau, Peréld, and Wang is the following.

Proposition 6.3.11. [50, Proposition 6, p. 19] Let 0 < p,q < +00 and Z = {z}

be an (r,k)-lattice. If p < p1,p2 < +00, ¢ < q1,¢92 < +00, with min{p1,¢1} < +oo

and min{ps, g2} < +o0, and they satisfy % = p% + p%, and % = qil + q%. Then
THZ) =T3(Z) T3 (Z).

Remark 6.3.12. In [50, Proposition 6, p. 19] this result is stated for the cases p <

p1,p2 < 400 and ¢ < q1,q2 < +00. However, their argument clearly works in the

extreme cases.

The following propositions give us the duality for tent spaces of sequences. They

will be a cornerstone in the proof of the main result of this chapter.

Proposition 6.3.13. [11, Lemma 6, p. 68] Let Z = {z1} be an (r,x)-lattice and

1 <p< 400, 1<q< +oo. Then (T(Z))* = T;],/(Z), where % +i =1 and

% + % = 1. The isomorphism between TZ?,/(Z) and (T (Z))* is given by the operator
{b} = (5 {b})
where (-, {bg}) is defined by

({ax}, {b}) = Zak br(1 = |zxl),  {ar} € TH(2).

k
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6.3. Tent space of sequences T (Z) 149

n fact, 1108}y = s {IS anbel = 2]+ [{anHlggez = 1}
P

Proposition 6.3.14. [11, Proposition 2, p. 72] Let Z = {z} be an (r, x)-lattice

and 0 < p <1< q < +oo. Then (T{(Z))* = T&(Z) where L+ L = 1. The

isomorphism between TgC’(Z) and (T3(Z))* is given by the operator

(b} = (- {bk})

where (-, {bx}) is defined by

{ar (o) = D an be(1 = |zl),  {ar} € TH(Z).
k

In fact, {0k}l par = sup 1225, arbe(1 = |2e))] = [{artlrez) =1

Proposition 6.3.15. [42, Lemma 3.4, p. 184] Let Z = {zx} be an (r, k)-lattice

and 1 < p < +oo. Then (T)(Z))* = T5°(Z), where % + z% = 1. The isomorphism
1 x :

between T°(Z) and (T,(Z))* is given by the operator

{bs} = (5 {bx})

where (-, {br}) is defined by

{aeh, {be}) =D ar be(1 = |z]),  {ax} € Ty (2).
k

I fact, {0t z) = sup { IS oxbiL = )] < HonHlnyz) = 1}-

A particular version of the next proposition can be seen in [48, Proposition 2,
p. 352]. In this paper, Luecking proved it for the case when the (r, x)-lattice is the
one given by the centers of the Luecking regions (see Example 6.3.6). Our proof is a

modification of the Luecking’s one.

Proposition 6.3.16. Let Z = {z;} be an (r,k)-lattice. If either 0 < p < 400,
0<g<lor0O<p<l1,g=1, then

sup {

for any sequence {ay}.

Yoarbe(l = lz)| = o} lrsz) = 1} = Sl;plakl(l — |zt
k

Proof. If z € D, we define the set L(z) ={£ € T : z € I'(¢)}. For an interval I on T,

we denote by T'(I) the complement of the union of every nontangential region I'(€)
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150 Chapter 6. Tent spaces

such that & ¢ I. First, we will check that there is a constant A such that

> abi(1 — [z])

sip lag|(1 — |zk|)1_1/q < Asup{
k

b {0k lpe2) = 1}- (6.3.5)

Fix ko. Consider the sequence {by} such that by = 0 when k # ko and by, =
(1 — |2k, |) /4. By Remark 6.1.6, it is clear that

1/q
1t s ) = ( [0 ) xro ) |ds|) <1
Hence

1-1
‘akn‘(l - |zk0‘) 4= |ako||bk0|(1 - |Zlc0|)
< sup { Zakbk(l — |2k|)
and we have (6.3.5).

k
Now, we proceed with the proof of the converse inequality.

Koz 2y = 1}

Claim: If I is an interval on T and & € I, then there is a constant C' > 1 and an
endpoint « of T such that I'(€) \ T(I) C Sc().

Proof of the claim: We can assume without loss of generality that
I={" €T :0e (-0 6)}
for 8y € (0,7]. Fix v € [0, 6p).

One can easily check that

D(eM)\T(I) C T(e™)N {IZI <l- h;aol} = A(y).

Therefore, it follows that for re’® € A(y)

|reiﬁ - ewo\ < \rew — e 4 e — e
= /(1 =7)2+2r(1 —cos(B — 7)) + v/2(1 — cos(y — bo))
<VA=r2+ B+ = <2+ V2)(1 7).

Setting C' = 2 + /2, we have that T'(e?) \ T(I) C Sc(e'%) and the claim holds.
1
Let {ay,}1, be a sequence such that |ag| < (1—|z|)e " and let {b;,} be an arbitrary
sequence in Ty (Z). Without loss of generality we can assume that both sequences

are positive and {by} is eventually zero. We need to show that there is a positive
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6.3. Tent space of sequences Ty (Z) 151

constant Cy such that

Y arbi(1 = [z]) < Coll{ba}lzs2)- (6.3.6)
k=0
For each m € Z, let
1/p
En,={¢€T: Mool | >2m

2,€S¢c(€)

The set Ey, is open. Let It ,, I2m, ... denote the decomposition of E,, into disjoint
open intervals. Let Gy, := (J; T(Ijm). Since the norms of T} (Z) with different

nontangential regions are equivalent, the norm of {bs}x is equivalent to

1/q
(Z 2W|Em|> .

Now we continue with the estimation of the sum in (6.3.6). Because {z : by # 0} C
Um Gm \ Gm-‘,—l, we have

Dlabe(—lzl) =Y > apb(1— |z])
k

m oz eGm\Gm+l

=53) JID SR RURICY Tk

m  k zp€Gm\Gm41

Since § € L(z) if and only if z; € T'(§) and T'(§) N T'(Ljm) = 0 unless & € Iy, it

follows that

Yoarbs(—la) =) D arbe(l =) (6:3.7)
k

m ZkEGm\Gm+1

X;Z/ > axby |dé|.

Lim €N T (1 )\ Gt

Assume that p > 1 and ¢ < 1. Then

1/p 1/p'

Z apby < Z b Z o

Zker(g)mT(Ij,m)\Gm+1 Zker(é)\GWH»l Zker(‘s)ﬁT(Ij,m)

On the one hand, if ¢ ¢ E,, 11, then the first factor of the right is less than 2m*!
because the set T'(§) \ Gmt1 C Sc(€). On the other hand, if £ € Ep,41, then it
belongs to some I 41 for some j. So that, using the previous claim, I'(§) \ G411 C
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152 Chapter 6. Tent spaces

T'() \T(Ijm+1) C Sc(a), for an endpoint o of I py1. Also, the first factor is less
than 2% because a ¢ Ent1. Therefore, it follows that

Z apby < om+l Z ail

2, €L(E)NT (Ij,m)\Gm+1 2, €0(E)NT(Lj,m)

Let us continue with the estimation of the second factor. Using Lemma 6.3.5, in

I'(€) there are at most N points 2 such that 1 — 5% < |z < 1— 2,1%, n € N. Notice

277.
that N does not depend on n. Thus

/v 1/
/ 171 /
Y & <Y g
2, €0(E)NT (Ij,m) 2k €LENT (1j,m)
1/
s| X @) gt
27”<‘1j,m|
Therefore, we have
1
Z akbk 5 Qm‘lj’mh .

2k €L(ENT (Ij,m)\Gm+1

Using (6.3.7) and the fact that ¢ < 1, it follows

1_ 1
SCUTEIPIED 95 9 IERVMERTEES 3 SER ML
k mo g Y lim mj

1/q

1/q
<[y, :(szq|Em> S Hbe} g z)-
m j m

The case ¢,p < 1 follows similarly, using the estimation

1/p
Z apby < Z bi sup  ag
2k €0(E)NT (1j,m ) \Gmt1 2k €L (E\Cmt1 2, €T (Ij,m)
S sup (L—fal)i Tt S 2Ll

2k €T (Ij,m)
O

Remark 6.3.17. We point out that in [48, Proposition 2, p. 352] above result for the
(r, k)-lattice given in Example 6.3.6 is stated for 0 < p < 400 and 0 < ¢ < 1, but if
p>1and g =1, its proof does not work.

The following result, due to Peréld, will be an important tool in the characteri-
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6.4. Carleson measures 153

zation of the Carleson measures in the next section.

Proposition 6.3.18. [53, Lemma 14, p. 24] Let Z = {z,} be an (r, k)-lattice,
0 < p,g < 400, and M > max{l,p/q,1/q,1/p} + 1/p. Then the operator S :
THZ) — AT}, where

[,,

SH{ ) (2 ZN@ ‘Zk| L

1s bounded.

6.4 Carleson measures

Assume that X is a quasi-Banach space of analytic functions in D. For s > 0, a
positive Borel measure g on the unit disc is called (s, X)-Carleson measure if there

is a positive constant C' > 0 such that

/D F@)l du(w) < C|fI

for all fe X.
The notion of (s, X)-Carleson measures appeared in the work [20] of Carleson on
the theory of interpolating sequences for Hardy spaces. He proved that the (p, HP)-

Carleson measures are exactly described by the geometric condition

sup us)) < +o00, (6.4.1)
cr ||

where the supremum is taken over all I intervals of T,

S(I):{zeDzl—I|§|z<1 and |§|EI}7

and |I| is the arc length of I. From now on, if y is a positive Borel measure on D

that satisfies (6.4.1) then we will refer to it simply as a Carleson measure.
This section is devoted to the study of Carleson measure type problems for tent

spaces. Namely, given s,p, ¢ € (0,00), find necessary and sufficient conditions for a

positive Borel measure 1 on D in order to exist a positive constant C' such that

1/s
(L8 au@) < Clilg. torai g < azy. (6.42)

Moreover, Luecking in [48, p. 356] pursued these ideas even further by posing
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154 Chapter 6. Tent spaces

the following:
Problem: Let p,q,s,t > 0. Characterize the positive Borel measures p on D

for which there is a positive constant C' such that

s/t
L[ el ae) ey, oraifeary.  ©43)
T \/T(¢) P

Setting p = ¢, that is the Bergman case, this problem was solved by Wu [66, Theorem
1, p. 996; Theorem 2, p. 998; Theorem 3, p. 1002; Theorem 4, p. 1006].

In the next result we solve this problem for all p and q.

Theorem 6.4.1. Let 0 < p,q,s,t < 400, M > 1, Z = {z} an (r, k)-lattice, and let

1 be a positive measure on D. Then the following are equivalent:

1. There is a constant C > 0 such that

1/s

s/t
(/ (/ If(w)tdu(w)) Idfl) < Ol flzs
T S (€)

for all f € AT}.
2. The measure u satisfies the following:

(a) If0 < s < q< 400, 0<t<p<+oo, then

(p—t)gs

TR N
/'Jl' ( Z(€)< 1- |Z]€D1/p ) ) |d§| < 4o00.

2, €S

(b)) If0 < s<qg<+00,0<p<t<+oo, then

s

1/t A q=s
/ sup BT ( (Zk711;)) |d¢| < +o0.
T \zeSm (&) (1—|ZkD P

(¢c) f0<g<s<400,0<pt<ooorl<g=s<+oo, 0<p<t<+oo,

then
N
sup % < +00.
B = [z])r T
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6.4. Carleson measures 155

(d) f0<qg=s5<400,0<t<p< o0, then

pt

ot T
1 Az, 7)) P
sup | sup = 1] E (1£|z()1/1'2) (1= [z]) < 400,
EeT \ el 2ves(D) k

where I runs the intervals in T,
S(I):{zeD:l—I|§|z<1 and |Z|EI}7
z

and |I| is the arc length of I.

Proof. First, we will prove that (2) implies (1). Let b > max{,1}. By Lemma 6.3.4,
one can take a constant M, > M > 1 such that, for all £ € T,

U A(zg,7) C Sar, (6). (6.4.4)
A(zp,r)NSp (§)#0

Fix f € ATJ. Using the pointwise estimate |f(z)| < Y. 1f(2)[xA () (2), it

follows
1
s/t s
t
L] 1wl duw)) lag
T \/Snm(€)
s/t s
t
Sy ) duw) ) |de]
T\ 7 AGr)NSM(E)
s/t %
< sup | f(w)|' u(A (2, 7)) |d¢|
T 2E€Su, (€) WEA(zkT)
For the simplicity of the presentation we set |fx| := sup,, AGrT) |f(w)|. Bearing in
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156 Chapter 6. Tent spaces

mind Lemma 6.1.2 and b > max{1, 1}, we have

1
s

s/t
/ (/ If(w)tdu(w)) de] (6.4.5)
T S (&)

@ =

s/t
S R D SRR T
T 2, €8n (§)
bs/bt b%
bt
([ X (s waeam)”)
T 2, €8 (§)

)(

17l (A ) H gz -

S

Using the duality relation for the Tlf’t (Z) as stated in Proposition 6.3.13, we get

Ll 1P (A Gy 7)) s 2 (6.4.6)
= sup D Ml fl Y0 P A, 7)) (1= |2l
AR>0 p

I oy <1
T(bt,)/ z

— A /b1 _ 1ot (A, 1— )
sup Ek klfel (1 = Jzkl) (L= o)/ (1= |z])

k=
[I{x sy, <1
|{ k}HT((bbt)),/(Z)

By Proposition 6.3.10, we have

1Flzg = I41ARICE = (26D P Yl 2y = 1K1 £l o (1 = |2k|)1/bp}|\bT:§(Z)-
Therefore, for any sequence of positive numbers { A} € T((lftsjzl (Z), Proposition 6.3.11
implies that
bs)’ b B sz—
DI = [2]) V) € T (2) - T31(2) = T30 (2).

+p(bt—1)
Taking into account the conditions (2)(a)-(d) together with Proposition 6.3.13,
Proposition 6.3.14, Proposition 6.3.15, and Proposition 6.3.16, respectively, we obtain
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6.4. Carleson measures 157

that there is a constant C'(u) > 0 (see the estimated value of C(u) below) such that
SR G N
K|Sk — |2k — |2k 4.
p (1= [zx]) /0P

< O () I el o1 = |2 )PPy P
Ts+q bs—1) (Z)

S OO0 HNH g AL = 27

(bt)! P

= O Iy AL = ) P g
(bt)

S CO0P MM 1 Lans-
(vt)’

Now, we proceed to clarify which is the constant C(u) in each of the cases of the
statement (2).

(a) By Proposition 6.3.13, it follows that

1/b
amv{WWM%m} _HMWM%M}
- _ 1/b, bgs - _ 1 _qs_
PO | W | W=y |

(b) Using Proposition 6.3.13 for the cases s < ¢, p =t and Proposition 6.3.14 for

| A )
= (1= Ja)i/P

TE5°(2) ‘

the case s < q, p < t we have that
(A (2, 7))
(1= [zx]) /0P

(c) By means of Proposition 6.3.16, the constant C(11) in these cases is determined
by

1/b
C(p) =

qs

T (2)

1/bt
_ o (A2 7))

u%mew“w@W””Y@

1,11
Bl |ag)rTae

(d) In the remaining cases, we apply Proposition 6.3.15 to obtain

1/b
Az, ) N A, 7))
R = A=
7%, (Z) T°§Tt(Z)
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158 Chapter 6. Tent spaces

Therefore, combining (6.4.5), (6.4.6), and (6.4.7), we conclude that

s/t 1/s
( / ( / ) du(w)) Idil) < s
T S (€)

Now, we continue with the proof of (1) implies (2). By Lemma 6.3.4, A(z,r) C
S, (€) for all z € Spr(€) where M, = (M +1)e? —1. By hypothesis and Lemma 6.1.2
there is C' > 1 such that

s/t 1/s
/ ( [ s du(Z)) ) <oy ©49)
T \/ 5w ()

for all f € AT}. Take A\ = {)\;} a sequence of TJ(Z) and let ry : [0,1] —
{-=1,1} be the Rademacher functions (see Subsection A.6). Moreover, for K >
max {1,p/q,1/q,1/p} + 1/p, we consider the function

1
(1—|as)™
Z}\k?"k W 5 z €D.

From (6.4.8) and Proposition 6.3.18, it follows that

s/t
/(/ |Fx(z)td/4(z)> €] S 11 Akll7a 29
T S, (€)

Integrating both sides with respect to x, we obtain

1 s/t
/ / / Bl du(=) ) el do S 1wl
o JT \Usu,(© Y

Applying Fubini’s theorem and Khinchine-Kahane-Kalton inequality (see Theorem A.6.2),

s/t

1

/ (/ / Fz(z)ltdu(Z)dw) 1d€] S 1Ml
T 0 JSum, (&)

Now, by means of Khinchine’s inequality (see Theorem A.6.1) we have

it follows

s/t

AN
L\ (ZA P 24%) au(z) | el S Plgc
My
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6.4. Carleson measures 159

It holds that
1 — |2

XA(Z]C,T‘) (z) Z € ]D)7

because, using Remark 6.3.2, it follows that

(= laf)? (1= los ()P — |al?) s (1= tanh?(r))?

1 —2zz]2 1—1z)? 2

for z € A(zg, 7).
In addition, each z € D belongs to no more than N = N(r, k) discs A(zg, ) (see
Proposition 6.3.3). Using the fact that

Jwlle < max{1, N2} ),

for w € CN and, combining it with the estimation above, one can see that

( ) s/t
XA(z,r)\Z
E P VA [ L LR A T d
/T</SM*(§) X & (1_|2k|)t/p a )> 4]
s/t

t/2
s/t—s XA(zk,r)(z)
< max{1, N¥/-5/2) / / PIERACCEILSZES R N P
e\ s \ =M=

< s/t-s/2 2 (1= |a)* v "
< max(u ey [ -, (;M 1—m<> du(z) | - lde]
< max{1, N*/'7%/2} 1Akl 7)-
Hence, it follows that
s/t
LS i EEED ) i S w0, N

2,€SMm(§)

_bs
On the other hand, take b such that tb > 1 and sb > 1. For any {7}, € T, ' (2),
-1

after applying Remark 6.1.6, Fubini’s theorem, and Hélder’s inequality twice, one
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160 Chapter 6. Tent spaces

gets that
WA 1/b
ZT A (W) (1— |z)) (6.4.9)
WA 1/b
=3 ( — (kf)l/))) [ xsuea g

*/ Tl (1AGT) ’ d¢|
“h RN RE

2, €S0 (€)
1/th bzl
~ t/
T ZkGSM(ﬁ) ( |Z e 2,€SMm (&)
S/t 1/b8
<\ [ X S |
T \zvesu(e (1= =0) T
< max{1, N~ Qb}H)\kHl/b HTkH bs
bt
b—l

By Proposition 6.3.11 we have that

_bs
(A"} € Ts+z,;':s U(2) =T 1(2) - T 2).

b,
t+p(bt—1) bt—1 P

Then, using (6.4.9) together with Proposition 6.3.13, Proposition 6.3.14, Proposi-
tion 6.3.15, and Proposition 6.3.16 respectively, we obtain that (2) holds. Therefore,

we are done. O

In [48] Luecking proved the following result in the setting of tent spaces of analytic
functions defined on the upper half-plane. His argument can be adapted for tent
spaces of holomorphic functions on the unit disc. Thus we omit the proof of the

following theorem.

Theorem 6.4.2. [/8, Theorem 8, p. 854] Let 0 < s,p,q < +00 such that if s = q
then p < q, Z = {2z} the (r,k)-lattice consisting of the centers of the Luecking
regions, and n € NU{0}. Let p1 be a finite positive measure on . Then the following

assertions are equivalent.

1. There is a constant C' > 0 such that

( [y du(w)>1/s < Cllfllgs

for all f € AT},
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6.4. Carleson measures 161

2. The sequence

pe = p(Ry) (1= |z) 7>,

where Ry, is a Luecking region and zj is the center of this region, satisfies one
of the following:

9
(a) If s < p,q, then {u} € T%°(Z).
p—s

_q
(b) If p<s<gq, then {p} € Tos * (2).
(c) If g< s orp<s=gq, then {ug(l — \zk|)1_é} is a bounded sequence.

In fact, the cases 0 < s = ¢ < p < 400 in above theorem appeared in [48,
Theorem 3, p. 354], but its proof does not work. We finish the subsection tackling

this cases.

Theorem 6.4.3. Let 0 < s < p < 400, Z = {2} the (r, k)-lattice consisting of the
centers of the Luecking regions, and n € NU{0}. Let u be a finite positive measure
on D. Then, there is a constant C' > 0 such that

1/s
( [ du(w)> < Clf s (6.4.10)
D

for all f € ATS if and only if {(R")} eTs (2).

Fontl
lz&)P ps

Proof. First, we prove that the belonging of {(1“()%} to T% (Z) implies
p—s
(6.4.10). Let f € AT}, then

FM <™ (E) xR (2), 2z €D,

k

where Ry, is a Luecking region and Z; € Ry, is such that | f(™) (2,)] := SUP,, R, | £ (w)].

So that
L1 dute EDSEE
s 4 p(Ry)
= 2O (@ [l (1 ).
P (1 =Tzl
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162 Chapter 6. Tent spaces

Hence, by hypothesis and Proposition 6.3.15 it follows

[1£@) dut ) <SG (-2 <1—|(§k)++( ~ Ja)
<

{ w(R) }
LA japtet

Let us check that

7 G 0= )5 i ).

T (2)

pP—s

A G =1z ™z 2 S 15 -

Using Example 6.3.6, we obtain that there is 7 > 0 such that Ry C A(zx, 7). Apply-
ing the mean value property over the hyperbolic disc A(Zk,7) (see Lemma 6.3.9), it

follows

IK1F™ Gl* (1= 12> T i, (2
p/s

s/p
=/ ( > (1—zk|>1+p") g

2€SMm(€)

s/p
(1= [a])"" —
ﬁ/T( S g [ 1 s >) el

2€SMm (&)

Since A(2k,n) C A(zg, 2n), by Remark 6.3.2 we have

A GO =1z g, )
s/p
» dma(w)
s/T( > [ irw) 1_|w|> de].

2, ESM (€) (21,2m)
By Lemma 6.3.4 we can take M, > M > 1 such that

U A 2n) € Sar, (9)
2,€Sm(€)

So that, we have

AR EN N C R EN) En PR

s/p
dmg(w)
5/T(/SM+@( > xate >) Fw)P M) de).

2,E€SM ()
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6.4. Carleson measures 163

Since each w € D belongs at most to N hyperbolic discs A(zg,2n) (see Proposi-
tion 6.3.3), we conclude that

7 G = )5 i ) S 1l

Conversely, assume now that there is a constant C' > 0 such that

(Lrowr du(w)>1/s < Cllfllry

for all f € AT;. Let us see that ”(&‘)} €T% (Z). Let A = {)\} be a
p—s

(1=lzp
sequence of T7(Z) and 7y, : [0,1] — {—1,1} the Rademacher functions. Moreover,
for M > max{1,p/s,1/s,1/p} + 1/p we consider the function

N — )™
Z k(e (1 —zg2)M

Using Proposition 6.3.18, we have that

1/s
(LI @l autw)) < 17l Wl

Integrating with respect to x, we obtain

// |F () do du(w) <

By means of Khinchine’s inequality (see Theorem A.6.1)

s/2
1 - |Zk\)2M*2/p
2

Thus

_2\ 8/2
Aot P =)™ N T g
11— 2zg[2M+2n ) S Iz (2)

Since xg,(2) S ‘tlzi:zl‘, we have that

s/2
X s
/ (Z A |2Rk)z> di(z) S M7z
K

2n+
(1= [z 7
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164 Chapter 6. Tent spaces

Therefore, it follows that

s M(Rk)
Akl g (1= [z]) S A
Ek: (1= ) o

se = Akl e .
2 T32) = LMYl (2)

The arbitrariness of {|Ax|*}r in Tpl/S(Z) and Proposition 6.3.15 show that

(i Lers @ a
( P p—s

1—|zp)
6.5 Integration operator

In Chapter 5, we proved that the operator
Ty : RM(p,q) — RM(p,q)

is bounded, for 1 <p < 400, 1 < g < 400, if and only if g € B (see Theorem 5.1.3).
Now we are going to apply the main result of this chapter to study integration
operators acting between different RM (p, q) spaces.

Many authors have considered the action of T; between distinct Bergman and
Hardy spaces (see, i.e., [67], [50]). In this section, we consider the more general

question of characterizing the symbols g such that
T,: RM(p,q) = RM(t,s)

is bounded for 1 < p,q,t, s < 4o0. It turns out that Theorem 6.4.1 is the key to this
study.
First we present the answer to the question under consideration when the pa-

rameters are finite.

Theorem 6.5.1. Let 1 < p,q,s,t < 400 and g € H(D). The following statements

are equivalent:
1. The operator Tq : RM (p,q) — RM(t, s) is bounded.
2. If Z = {2z} is an (r,k)-lattice and denoting dug(z) := |¢'(2)|" dma(z) it holds
(a) If1 <s<q<400,1<t<p<+oo, then

(p—t)gqs

pt

1/t 5\ (as)pt
Az, T P
[ = (M(») ] < 400,
T 2.€SMm(€) (1- |Zk|)p ¢
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6.5. Integration operator 165

(b)) If1<s<qg<+o0, 1 <p<t<+oo, then

qs

1/t i
/( sup Mg A2k T)) (A(zf,r)) ) |d¢] < +o0.
T

2€8(8) (1 — |ap)p Tt

(¢c) f1<g<s<+4o0,1<pt<oorl<g=s<+oo, 1<p<t<+oo,
then

1/t

g (A2, 7))
sup T 1,1 1 4
E (et

< +00.

(d) f1<qg=s5<400,1<t<p< o0, then

—t
pt B

1/t p—t pt
1 py (A(zg, 7
cap [sup > (M) (I—lal)| < +oo,
e \ el M1 ooy \(1 = [2x])» "

where I is an interval of T, S(I) = {z eD:1-|I|<|z| <1 and é—l € I}
and |I| is the arc length of I.

3. The function g € H(D) satisfies that

(a) f1<s<qg<+4o00,1<t<p< o0,

t
gERM(p, e >
p—t g—s

(b)) If1<s<g<+00, 1 <p<t<+oo,

1 a8

1
g =) T e s

(¢c) f1<g<s<+4oo,1<pt<ocorl<g=s<+o0, 1<p<t<+oo,

1_1

1,1 1
77 < oo

sup |g'(2)](1 — |z])
zeD

(d) f1<qg=s5<+400,1<t<p< o0, the measure
Pt ot
du(z) = |g'(2)[7=¢ (1 — |2])»=7 dma(2)

is a Carleson measure.
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166 Chapter 6. Tent spaces

Proof. Fix M > 1. In the begining of the proof we remind that, given f € H(D),

s/t
prs(Ty(f) = ( / ( /S T e dm2<w>> dfl)
s/t
- ( / ( / F@)[Hlg ()1 — ]! dm2<w>) |d§|)
T S (€)

by Theorem 6.2.3 and Theorem 6.1.5. Now, consider p the measure

1/s

1/s

dp(w) = |g' (w)|"(1 = Jw])' ™" dma(w) = (1 = |w])' ™" dpug(w).
In addition, taking into account that given the (r, x)-lattice {z},
1—|w| =<1—|z,
for any w in the hyperbolic disc A(zg, ) (see Remark 6.3.2), and we have

(A, 7)) = (1= |2]) ™ g (A2, 7))

Bearing in mind these facts, the equivalences between (1) and (2) follow immediately
by using Theorem 6.4.1.

From now on, we prove the equivalence between (2) and (3). We split the proof
in different cases.

Let us prove that (2)(a) is equivalent to (3)(a). The idea of the proof is to show
that

(p—t)gs

)
p—ft (g—s)pt
T (1— |zt h
2,€SMm (&) k
(p—t)gs

ot ot (g—s)pt
<[ et )
T \/Sm(E)

First, let us check that

(p—t)gs

1/t pp—ft (q:s)pt
[ g;(ﬂg@%jz) e 652)
T zkESM(E) (]' - ‘Zk|)p ¢

(p=t)gs

ot Tt (g—s)pt
< [ ([ e )
T \/Sm(E)
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6.5. Integration operator 167

Setting |¢'(Zk)] := SUD,, X (zrr) |¢'(w)] we have

(p—t)qs
pt

1/t i (a—s)pt
(A(2,7))
/T Z(s) ((“9 Zfé‘l) “

2LESM 1- |Zk|)p
ot (p—t)gs
= (g—s)pt
1_ 144
S/ > ( sup  [g(w)|(1 — |z])? P+) |d¢]|
T 2k E€S (€) wEA(z,r)
(p—t)gqs
. pt (g—s)pt
- L1491\ p=t
~ [ X (weEia- i) de].
T \zeesu(e

At this point we apply again the mean value property over the hyperbolic disc
A(Zg, s) with s < 3r:

(p—t)gs

[ E

pt
2k E€SM
(p—t)gs

LN (g—s)
i A N
Lo 12T de|
@ \(1—=[z|)»"7
(g—s)pt

S’/T Z (e </A(£k78) lg' (w)] dmz(w)> |d€].

2 €Sm (€)

Since A(Z,s) C A(zg,4r) and by Remark 6.3.2, we have

(p—t)gs

”—tt (g—s)pt
((ué“m(zm ) )

JA>

1,1 4
ZkESM(E) 1- |zk|)p ¢
(p—t)gs
. . (g—s)pt
_pt_ Pt _7q
S / > ( / |9/ (w)[777 (1 = )77 dmz(w)> de].
T Zkesl\l (5) A(zk,47“)
Taking M, > M > 1 such that
U Al dr) € Sar (9),
A(zi,m)NSar (§)#0
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168 Chapter 6. Tent spaces

we get that
R =
[ ¥ (ué”(A(W»)“ el
1,1 9
T\ .oesm(e) \(L—lzk])? "7
(p—t)gs
o/ (w)] 77 o
< / / D Natun®) | S dma(w) de].
T SMJr(g) Zk-ESM(f) ( |U)|) -t

Since each z € D belongs to no more than N hyperbolic discs A(zg, 4r) (with N only

depending on the lattice, see Proposition 6.3.3), we conclude that

2\ 50
/ 3 (lm%m) e
1,1
T 2.€SMm(€) (1_|Zk‘)p+t !
(p—t)gs
pt_ oty (g—s)pt
S/ / g/ (w)[»=F (1 — [w])P=F"" dma(w) |d¢|
T \JSnm (§)

(p—t)gs
" ot (g—s)pt
, _pt_ pt_q
< /(/ 19/ ()77 (1 = )7 dma(w) de].
T Sm ()

Last inequality follows by Lemma 6.1.2. So that, (6.5.2) holds.

Now, we proceed with the converse inequality. Using the pointwise estimate

19'(2)] < 32k 19'(2)IXA(2,r) (2) and the fact (given by Proposition 6.3.4) that we can
take My > M > 1 such that

U A(zg, ) C Sn, (€),

A(zp,m)NSa (§) 70

it follows

T

pt pt q—s)p

/T< s g/ ()7 (1 — Jw]) 7= 1dm2<w>> de|
M

(p—t)gqs
(g—s)pt

( |9/ (w) 777 (1 = )7~ dm2(w)> £q
Sm(&)NA(zk,T)

(p—t)gs
(g—s)pt

19/ ()7 (1 = [w])7 7 dma(uw) de|.

2k ESMJr Zk’r)

Taking 7}, € A(zy,r) such that |¢'(5)] == = SUD, AT |¢'(w)|, and applying (6.3.1)
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6.5. Integration operator 169

and Remark 6.3.2, we have

(p—t)gs

(g—s)pt
/ (/ 16 () P2 (1 — )P dm2<w>> de]
T S (€)
(p—t)gs
B — o (g—s)pt
< /T S g (= |l de].

2pE€SM (€)

By the mean value property over the hyperbolic disc A(Z,s) with s < 3r (see

Lemma 6.3.9), we obtain

(p—t)gs

ot ot (g—s)pt
/ (/ 1o (@) (1 — )P dm(w)) de]
T S (€)

<.
T

z,€8M ()

(p—t)gs
(g—s)pt

d Pt pt_
( /A NG (172%) (1— |zt dé|.

Since A(Zg,s) C A(zg,4r) and Remark 6.3.2, we have

(p—t)gs

_pt Pt (q—s)pt
/ (/ ‘g/(w)|p*t(1 — |wl|)?=* dmz(w)> g |
T \7/Sm ()

P

(p—t)gs
(g—s)pt
t

: /T Z </A(zk,4r) Ig’(w)\ dmZ(w)) (1= [zx]) »=F |d¢|

2, €80 (€)
» (p—t)gs
e (g—s)pt
ey XaGarary (W)]g (W) dma(w) 7
’S Z Z 1+1—¢ |d§|
T 2R €S (6) J (1= Tfzkl) ">
Applying Remark 6.3.2, it follows that
Ep*f/))q;
pt pt q—s)p
/1r </S © |9/ ()77 (1 = Jw])7= " de(w)> |dé]
M
(p—t)gqs

pt (a—s)pt

p—t

ny (A, 1))
§/T Z Z ﬁ |dg].

zkESA,4+(£) 2 €A(zg,5m) (1 - |Zj

Because each z € D belongs to no more than N = N(r, k) discs (see Proposition 6.3.3)
and using the fact that
t/p ,
[wller < N7P[|w]] 2,
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170 Chapter 6. Tent spaces

for all w € CV, we obtain
(p—t)gs

pt pt_y (g—s)pt
/(/ 1o ()P (1~ w]) P dm2<w>> de]
T S (&)

pt

1/t i (g—s)pt
ip [ e (Alz,7))
DS Y (( 1+1_1> de].

ZkESM+(£) ZjEA(zk,57) 1- |Z]D P

(p—t)gs

By Proposition 6.3.4, one can take M, > M, > 1 such that

U Al 5r) € S (9).

z1€5m (§)
Hence, we have
(p—t)gs
, pt Pty (g—s)pt
/ / 9" (w) [P~ (1 = fw[)7="" dma(w) |d¢|
T \/Sm(§)
(p—t)gs
(p—t)as ul/t(A( ) PN\ (g=s)pt
S N (a—5)p2 / Z Z XA(Z]‘,57’) (Zk) (gﬁl_l> |d§|
J ZkESMJr (17|z]‘)t P
(p—t)gs 1/t A( . pp—tt EZ):?)Z;
R / Z (W) Z XA(z,5r) (%K) |d¢|
T 2;€8S1, (€) (1= 1[z])¢ €8, (€)

Since there are at most Ny = Nj(r, k) points z; of the (r,x)-lattice (see Proposi-

tion 6.3.3) such that z; € A(z;,57) for all j € N, we have

(p—t)qs

(g—s)pt
L[ i w " dnaw)) g
T S (§)
(p—t)gs

(p—t)gs  (p=t)gs Ut(A(z- ) p%tt (a=slpt
< N2 N / P e €]
~ T ( 771

2;€8M,(§) 1- ‘Z |)
pt Eqit))qpi
1 p—t -F
< Z /t( (Z] T)) v ‘df|
~ T 771 :
Z]‘ESM(O (1 - |Z]|)

Last inequality follows by Lemma 6.1.2. Therefore (6.5.1) holds.
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6.5. Integration operator 171

Combining Theorem 6.1.5 and Theorem 6.2.3, it follows

.

q—s
pt TLt
p—t p—t

p—t'q—

Pt o ()= Nlgl g = Nlg'(2)(1— 2]}
T —Ss

By (6.5.1) and Remark 6.1.3, we conclude

(p—t)gs

pt

1/t =t (g—s)pt
- g (Alzk: 7))
Vs ) /T Z(s) (( 1) “

L 11
Pt 2LESM 1- |Zk‘)p+t

So that, we have proved that (2)(a) and (3)(a) are equivalent.

Let us show the equivalence between (2)(b) and (3)(b). We have to show that

qs

/T ( sup |g/(w)(1—|w|>1+1‘i)“ d| (6.5.3)

weSH(§)

x/ ( s Mﬂ dé|.
T \2k€Sm(€) (1 — |z|)P "¢

First, we will show that

qs

Vt(A (o e
/ ( sup W) |d¢| (6.5.4)
T B

seesn(©) (1— |z))r

/ 1+1-1 "
< sup |g'(w)|(1 = |w[)"¢ 7 |d¢].
T \weSu(§)

Taking supremum over each hyperbolic disc A(zg,r), we have

qs

1/t a—s
g (Azg,r
/ “up Lﬁl d]
T \zk€Sm(€) (1 — |z|)2 "¢
qs

1411, o
< / sip [ sup (1 )R w)] de].
T \2k€Sm(8) \weA(zg,r)

Since one can take My > M > 1 such that

U A(zg, 1) C Sar(§),
A(zk,m)NSar (§)#0

AMBITO- PREFIJO CSV FECHA Y HORA DEL DOCUMENTO
GEISER GEISER-beee-fa0d-14a0-4131-95fa-6ec7-108e-02fb 19/07/2021 11:29:08 Horario peninsular
Ne registro DIRECCION DE VALIDACION Validez del documento
4s21N0000130 https://sede.administracionespublicas.gob.es/valida Copia
GEISER-beee-fa0d-14a0-4131-95fa-6ec7-108e-02fb


https://sede.administracionespublicas.gob.es/valida

Cadigo seguro de Verificacion : GEISER-beee-fa0d-14a0-4131-95fa-6ec7-108e-02fb | Puede verificar la integridad de este documento en la siguiente direccion : https://sede.administracionespublicas.gob.es/valida

172 Chapter 6. Tent spaces

it follows that

qs

1/t a—s
g (A(zg,r
/ sup % |d£|
T \zx€Sm(€) (1 — |z|)p "¢
qs

/ 141-1 o
< sup |g"(w)|(1 = Jw]) "7 |d¢]
T ’w€SM+(£)

qs
1_1\"°
<(/’< s g/ ()1~ ) de].
T \weSn(€)

Last inequality follows by Lemma 6.1.7 applied to {z;} a dense sequence in D . So
that, (6.5.4) holds.

Now, we continue with the proof of the converse inequality. Using the fact (given
by Proposition 6.3.4) that we can take My > M > 1 such that

S =

U A(zk, ) C S, (6),

A(z,m)NSr (§)#D

we have

qs

1_1\"°
/( sup g/ (w)|(1— |w|)'* p) |d¢|
T \weSn(€)

1_1\7°
:/( sup sup  |g/(w)|(1 — w])' ) |d¢].
T ZkGSA,[+(§)wEA(Zk,T)

qs

B =

Taking z, € A(zg,r) such that |¢'(Z)| = supwemm'(u})\ and applying Re-

mark 6.3.2, we have
qs

/ 1411 o
/ sup [g/(w)|(L— [w)*F | |de
T \weSn(§)

qs

5/<Sw W%mvvm”iﬂ_m.
T

zk€SM, (§)

By the mean value property over the hyperbolic disc A(Zg,s) with s < 3r (see
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6.5. Integration operator 173

Lemma 6.3.9), we obtain

qs

1_1\"°
/ ( sup g/ (w)|(1 = [w])' ) |dg|
T \weSn(€)

1/t q-—s
dmo(w 1_1
[l s ([ W ) -] e
7\ sesu, © \ags) (1= |2])

Since A(Zg, 8) C A(zg, 4r) and by Remark 6.3.2, it follows

qs

1_1\7”
/( sup g/ (w)[(1 = fw])" " p) |d¢]
T wESM'(E)
1/t
_1_
§/ sup (/ |9'(w)tdm2(w)> (1—|zl)
T \ 2k€Sn, (6) \/ Alzr,4r)

1/t =
Az, 4r
:/< s W) |dg |
T \z1€Sm, (€) (1_|zk‘)t P

3=

|d¢]

Because each z € D belongs to no more than N = N(r, k) discs (see Proposition 6.3.3)
and using the fact that
lwlle < N*=Jlw]l e

for all w € CV, we obtain

1_1\7°
/( sup g (w)|(1 — Jw])' p) |d€]
T \weSn(€)

s(1—t 1/t .
qu.éisr)/ sup Z g (A(zlj,r))
T

€Sur, (€) 1— |z) Tt !
FREIMS) 5 e A(zy,,5r) ( |Zk?D v

qs
q—s

|d€].

Since there are at most N1 = Ni(r, ) points zj of the (r, k)-lattice (see Proposi-
tion 6.3.3) such that z; € A(z;,57) for all j € N, we have

qs
q—s

/ 1+1-4
/( sup | (w)|(1 - w])+ ) de|
T \weSn(€)

1/t a—s

gs(1—t) A j

SN;Ht/ sp N[ sup M BET) de].
T \ek€8u, (€ \m€A(xsr) (1 — [z])t o !
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174 Chapter 6. Tent spaces

By Proposition 6.3.4, one can take M, > My > 1 such that

U A(zg,5r) C Sy, (€).

2, E€Sn (€)

So that, we obtain

qs

1_1\"”
/( sup g/ (w)|(1 — Jw]) p) |d¢|
T wES]\,j(E)

s 1/t q—s
s(1-t) qs A R
< NSNS / sup sp Lo BG1) de]
T ZkES]L{+(€) ZJEA(Z;C,BT) (1 _ ‘Zk|)7+5—

qs

1/t Alzn.r a-s
) /< . u<<k+>>1) ¢
T \zk€SMm, (&) (1 - ‘Zk|)t i

5/( up (Bl ) g
T \2k€Sum(€) (1 — |zx]) ¢ " P

Last inequality follows by Lemma 6.1.7. Therefore, we have proved that (2)(b) and
(3)(b) are equivalent.

The equivalence between (2)(c) and (8)(c) follows immediately. Observe that for
each A(zg, 1)

1_1

Ut A
Hg ( (Zk,’l“)) < Su]g ‘gl(z)l(l o |Z|)l+%+%7p
z€

(1 |a)ptatisat ™

So, one implication holds. Now, set z € D. Applying the mean value property it

occurs that

1/t
1,1 1 1 t_t_t_
(N1~ ) < (/A< I L™ 1dm(w)> |

Since the number of the hyperbolic discs A(zg,7) such that A(zg,7) N A(z,7) # 0

can be at most a fixed number (see Proposition 6.3.3), we have

1/t
TR /" (A(er)
g @I DT pee
E (L= fal)r et
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Now, we show that (3)(d) implies (2)(d). Fix an arc I C T. Then

VA (27 =
) (“g (Bl ))1) (1= |

1,1
aves(ry \N(L—]zg[)P

DG e e

ZkES(I)

where |¢'(Z)| = SUD,, AT |¢'(w)]. Using the mean value property on A(Z,s)
(see Lemma 6.3.9) with s < 3r, it follows

pt

Lt 25, T =
3 (“y (May ”1) (14

11
aesn \(1—[zk])P

S 2 (1—|24])? </A(2k,s)g(w)| dm?<w)>

zreS(I)

Since A(Zg, s) C A(zg,4r), we obtain

pt

YAz, 7 =
) <(“g (& f“ﬁl) (1=l
) t

aes \(1—[z])?
pt pt
DY (1—|2k|)j‘ (/ g’ (w)[= dmz(w)>
2es(I A(zg,4r)
pt pt
D> / (1= ) P lg () P25 dmaw).
eS(I A(zg,4r)

Taking an arc I C T such that U, cg) A2k, 4r) C S(I4) with [I| < |I1] and

employing the finite covering property of the lattice we have

A \ T o
3 (“ (=l 5 [ 05l @) dmaa

2peS(I) 1—[el)p

which is enough in order to claim that we have accomplished our aim.
Let us continue proving that (2)(d) implies (3)(d). Fix an arc I C T. Then

| =g ) dmau)
5(1)
S ) dm)
L S(HNA(zg,r)

Bearing in mind that we can take I such that Ju ., ,ns(r20 A(2k:7) C S(14) with
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176 Chapter 6. Tent spaces

|T] < |I+|, we have

_pt_ _pt_ _pt_
/S L=l 7 dma(w Z / (1 [wl) P |g/ () 7 dima(w)
Zk:

Zk GS

= Y (- /A NGl " dmaw).

z,€8(14)
The application of the submean value property leads to

[ =l @) dimago)
5(1)

p

pt 1 . Pt
S Y a-kF . (u—kn /. gl dmao )) dima(w)

ZkES(IJr)
pt
1 =i
= Z (1- |zk\)ppftt—2ﬁ+2 (,ugt (A(zk,Qr))p t
zkES(I+)
_pt
Pt 5 p 1 p—t
= Y (1 [P (u;<A<zk,2r>) (1~ )
zr€S(Iy)
oG |
g (A(zg, 2r
= Z 9—171 (1 = fz])-
t

zR€S(I4) (1 - |Zk‘);

Since the hyperbolic discs A(zg,2r) can be covered at most by a fixed number
of hyperbolic discs A(z;,7) and by the fact that one can take I, C T such that
Usres(ry) Alzr,3r) € S(1i) with [I; < ||, then

[ O 0l oy 5 3 | I 1,

aes(r) \(1— |2])p
Therefore, we are done. U

Notice that, a priori, statement (2) depends on the (r, k)-lattice we are using.
But the equivalence with (1) shows that it is independent of the lattice.

Now it remains to study the integration operator T, when one of the parameters
is not finite. In particular, if ¢ = 400 we have the case T, : RM(p,q) — H?,
because RM (00, s) = H® (see Chapter 1). For cases 0 < p = ¢, s < 400, that is, the
integration operator Ty, : A? — H*® has been studied by Wu in [67] and subsequently
by Miihkinen, Pau, Perild, and Wang in [50] for the multivariable case. Remember
that RM (p, p) = AP (see Chapter 1). The following result provides a characterization
of the integration operator T, : RM (p, q) — H® for the cases 1 < p,q,s < +00.
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6.5. Integration operator 177

Hardy spaces HP can also be seen as unweighted tent spaces. Following an idea

of Calderon, Pavlovic proved that

Theorem 6.5.2. [51, Theorem 1.8, p. 172] Let 0 < p,q < 400 and M > 1. If f is
an analytic function with f(0) =0, then

p/q
= w)| T2 (w) | dms(w
1w = (/T (/SM@ F@)|7 2] (w)? dima >> dfl)

Theorem 6.5.3. Let 1 < p,q,s < +00 and g € H(D). The following statements are

1/p

equivalent:
1. The operator Tq : RM (p, q) — H® is bounded.
2. If Z = {z} is an (r,k)-lattice and denoting duy(z) = |g'(2)|* dm(z) it holds
(a) If 1 <s<q<+400,2<p< +oo,
(p=2)as

PRNERE A L B
A (<1|zk>1/p> el e

2,€L(§)

() If1<s<qg<+o0, 1 <p<2,

qs

1/2 =
/ ( wp ug@%r))> ] < 400,
T

sere) (1= |ze])P

(¢c) [f1<g<s<+400,1<p<oorl<g=s<+4o0,1<p<2,

(d) f1<qg=s5<400,2<p< +00,

p—2

Y2 Az, = ”
sup (sup} Z (W) (1- |Zk)) < 400,

ZkES(I)

where I is an interval of T, S(I) = {z eD:1-|I<|z| <1 and é—l € I}
and |I| is the arc length of I.

3. The function g € H(D) satisfies that

AMBITO- PREFIJO CSV FECHA Y HORA DEL DOCUMENTO
GEISER GEISER-beee-fa0d-14a0-4131-95fa-6ec7-108e-02fb 19/07/2021 11:29:08 Horario peninsular
Ne registro DIRECCION DE VALIDACION Validez del documento
94s21N0000130 https://sede.administracionespublicas.gob.es/valida Copia
GEISER-beee-fa0d-14a0-4131-95fa-6ec7-108e-02fb


https://sede.administracionespublicas.gob.es/valida

Cadigo seguro de Verificacion : GEISER-beee-fa0d-14a0-4131-95fa-6ec7-108e-02fb | Puede verificar la integridad de este documento en la siguiente direccion : https://sede.administracionespublicas.gob.es/valida

178 Chapter 6. Tent spaces

(a) f1<s<qg<400,2<p<+00,

(b) If1<s<qg<+00,1<p<2,
1-1 =
g/ (A= z]) 7P € T,
(¢c) f1<g<s<+oo,1<p<ooorl<g=s<+oo,1<p<2,

sup |g'(2)] (1 — |2
zeD

2;
(d) F1< q=s5< +00,2 < p < +00, the measure |¢'(2)|72 (1-|2|) 72 dma(2)

is a Carleson measure.

Proof. The proof of the equivalences between (1) and (2) follows as a consequence

of Theorem 6.4.1. This is due to the equivalent description of the Hardy norm as

1/s

s/2
1Tyl = /T (/S (£)|f<w>|2|g'<w>|2dm(z)) de]

(see Theorem 6.5.2) and to the consideration du(z) = |¢'(2)|* dma(z).

The remaining equivalence results using the same arguments that were used in

the proof of Theorem 6.5.1. O
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A1l. On LP withp <1 181

In this appendix we state (and reference) some widely known results we have
used in the previous chapters. We are confident the reader is acquainted with most

of them, but we have decided to gather them here for the sake of being self-contained.

A1l On P withp<1
LP spaces are a key topic for any mathematician. Nevertheless, when p < 1, the
properties of LP are less familiar. Thus, we briefly recall two results about them.

Definition A.1.1. The real-valued map | - || on the vector space X is a quasinorm

if it satisfies the following conditions for all z,y € X and all scalar a:
L lz] =0,
2. ||z]] = 0 if and only if z = 0,
3. llaz|| = |al|z],
4. there is a constant C' > 1 such that ||z + y|| < C (||lz|| + |y])-

If the vector space X is equipped with a quasinorm || - ||, it is said to be a quasi-
normed vector space. Such quasinorm induces a vector topology on X, where a

neighbourhood basis at the point ¢ € X is given by the sets
Vi(xo)={z € X :|lz—xo| <1/n}, neN.

Moreover, if it is also a complete space, then it is called a quasi-Banach space.

Notice that, for many purposes, statement 4 in above definition is a fine substitute

for the triangle inequality.

Theorem A.1.2. Let X, Y be quasi-Banach spaces. The linear operatorT : X —Y
is continuous if and only if there is a constant C' > 0 such that | Tz|y < C|lz|x for
alz e X.

Given p < 1 and a measure u on 2, the space LP(u) is a quasi-Banach space.

Indeed, given f,g € LP(u) we have that

1f +glle < 27 Y2( fllie + llgll o).

In fact,
dUﬂ%=Kﬂf—qu

is a complete metric on LP(p). Notice that this metric is invariant under translation,

that is,
d(f +h,g+h)=d(f.9),  f.g.heLlP(u).
AMBITO- PREFIJO CSV FECHA Y HORA DEL DOCUMENTO
GEISER GEISER-beee-fa0d-14a0-4131-95fa-6ec7-108e-02fb 19/07/2021 11:29:08 Horario peninsular
Ne registro DIRECCION DE VALIDACION Validez del documento
4s21N0000130 https://sede.administracionespublicas.gob.es/valida Copia
GEISER-beee-fa0d-14a0-4131-95fa-6ec7-108e-02fb


https://sede.administracionespublicas.gob.es/valida

Cadigo seguro de Verificacion : GEISER-beee-fa0d-14a0-4131-95fa-6ec7-108e-02fb | Puede verificar la integridad de este documento en la siguiente direccion : https://sede.administracionespublicas.gob.es/valida

182 Appendix A. Selection of some used —and probably little-known— results

Therefore, for 0 < p < 1, LP(u1) is a topological vector space complete with respect
to a translation invariant metric (so that, it is an F-space), and we have notions of
continuity, completeness, and boundedness here. Thus several consequences of the
Baire category theorem as applied to Banach spaces carry over without change to
LP(u): the open mapping theorem, the closed graph theorem, and the principle of

uniform boundedness. In particular, we have used

Theorem A.1.3. [62, p. 50-51] Let X, Y be F-spaces. The linear operator T :
X =Y is continuous if and only if the graph G = {(x,Tz): x € X} of T is closed
n X xY.

It is easy to see that, in general, LP(u) is not locally convex if 0 < p < 1.

A.2 On the weak topology

A relevant notion in our work has been the weak and weak-* topologies on Banach
spaces. They play an important role, both in the general theory and in applications.
These topologies allow easy use of compactness arguments, and so they are helpful
in existence proofs.

We used several properties of the weak-# topology in Chapter 3. As a matter
of fact, we used Alaoglu theorem (Bx~ is weak-* compact), Goldstine theorem (Bx
is weak-+ dense in Bx=»), and the metrizability of Bx+ with the weak-+ topology
whenever X is a separable Banach space. We refer the reader to the book [65] for
these properties.

With respect to the weak topology, the following result helps us to introduce the

norm in the study of the weak compactness:

Theorem A.2.1. [65, Corollary on p. 28] Let X be a Banach space. If the sequence
{zn} C X converges to x € X in the weak topology, then there exists a sequence {y;},

with yj € co{aj,xj41,...} for all j, such that ||y; — x| — 0, when j — oc.
Two fundamental properties when one manages weakly compact operators are:
Theorem A.2.2. [65, Theorem 6, p. 52] Let X and Y be Banach spaces.

e An operator T : X — Y is weakly compact if and only if T* : Y* — X* is

weakly compact.

o An operator T : X — Y is weakly compact if and only if T**(X**) C i(Y),

where i is the canonical inclusion map from'Y into Y**.

We end this section by showing different characterizations of the compactness in

the weak topology in L':
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A.3. Fixing copies of a given Banach space 183

Definition A.2.3. A subset H of L'(y) is uniformly integrable if

lim / du=20
i E\fl 1

uniformly in f € H.

Theorem A.2.4 (Dunford-Pettis Theorem). (see [26, Theorem 15, p. 76] or [65, p.
137]) A subset H of L*(p) is relatively weakly compact if and only if it is bounded

and uniformly integrable.

Theorem A.2.5 (Kadec-Pelczyriski). [25, p. 93, Corollary] Let H be a nonweakly
compact bounded set of L' (1), where u is a positive finite measure. Then H contains

a sequence {fn} which is equivalent to the canonical basis of £*.

A.3 Fixing copies of a given Banach space

Definition A.3.1. Let X, Y, and E be Banach spaces. An operator T': X — Y is
said to fix a copy of E if there is a subspace A C X such that A is isomorphic to F
and T': A — T(A) is an isomorphism.

Typical Banach spaces E considered in the literature are the spaces of sequences
co, O', and €.

An elementary argument shows the following result:

Theorem A.3.2. Let X, Y, Z, and E be Banach spaces and let T : X — Y and
S Y — Z be linear operators. If the operator S oT fizes a copy of E, then the
operators T and S fix a copy of E.

A notion closely related to fixing copies of ¢y is the unconditional convergence:

Definition A.3.3. Let X and Y be Banach spaces. The bounded linear oper-
ator T : X — Y is unconditionally converging if ) ., Tx, is unconditionally
convergent whenever Y ., x, is weakly unconditionally éauchy (that is, whenever
Y onst 2 (@n)] < +o0 for all 2* € X*).

Based on ideas from Bessaga and Pelczyniski characterizing the existence of copies

of ¢o in Banach space, (see [15, Theorem 5]), it can be obtained:

Theorem A.3.4. [25, Exercise 8, page 54]. Let X andY be Banach spaces. The
bounded linear operator T : X — Y is unconditionally converging if and only if T

does not fix a copy of cy.

Definition A.3.5. Let X and Y be Banach spaces. The linear operator T: X — Y
is El-cosingular if there are no epimorphisms h; : X — ¢! and hy : Y — £ such that

h1 = h2 oT.
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184 Appendix A. Selection of some used —and probably little-known— results

Theorem A.3.6. (see [52], [41, page 273].) Let T : X — Y be a bounded linear
operator, where X and Y be Banach spaces. T* is unconditionally converging if and

only if T is £'-cosingular.

Remark A.3.7. Let us see that if T : X — Y is not ¢'-cosingular, then T fixes a
copy of ¢1. Since T : X — Y is not ¢'-cosingular, then there are epimorphisms
hi:X — 0" and hy : Y — ¢! such that hy = hp o T. By the open mapping theorem,
there is bounded sequence {z;} C X such that

hi(zj) = hg o T(z;) =¢; = (0,...,0,

Now, we consider the operator © : ¢! — X given by O({q;}) = D20 QT

Bearing in mind that hy; = hg o T, we have

o o
el = |mn | Y aya < lhall || D oy T(;)
=0 Jj=0

o0 Y

Moreover, by the boundedness of the operator T : X — Y and the fact that {z;} is

a bounded sequence, it follows

1 & o0 oo
[l Do) <|D_agas|| <D lalllaslx < supllasll | {ajHla-
3=0 y  |]5=0 x =0 J

Hence, we obtain that T : X — Y fixes a copy of ¢! and we are done.

A.4 Logarithmically-subharmonic functions

Let us recall that a positive function v : @ — R, being Q a domain in R", is
said to be a logarithmically-subharmonic function if logou is subharmonic. Every
logarithmically-subharmonic function is subharmonic, but the converse is not true.

The interest of this subclass of subharmonic functions is that it has more stability

properties than the whole family of subharmonic functions.

Theorem A.4.1. [59, p. 36] Let u be a continuous function on {(x,y) :x € G C
R™ y € D C R"}, where G and D are domains. If for each y € D the function

u(z,y) is a logarithmically-subharmonic in G as a function of z, then the function

Fla) = /D u(e,y) du(y),

where p is the volume measure in R", is also logarithmically-subharmonic in G.
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A.5. Lindelof’s theorem 185

A deep result due to Pavlovié (and based on previous results of Fefferman and

Stein) shows:

Theorem A.4.2. [51, Theorem 1.8, p. 173] Let 0 < p,q < 4o00. Let {fn} be a
sequence of logarithmically-subharmonic functions onID. Then there exists a constant
Cp,q such that

00 p/q 00 p/q
/1r (;}(M*fn(ﬁ))q) \dE\SCp,quEI /T <1;)(fn(r£))q) \de|,

where M, denotes the non-tangential mazimal operator, M. f(§) = sup.cg, () |f(2)]-

A.5 Lindelof’s theorem

In studying boundary behavior of holomorphic maps, it is useful to define different
approaching regions to boundary points. The most common approaching ways to the
boundary are the radial limits, the non-tangential limits and the unrestricted limits.
Concerning the non-tangential limits, one of the basic results about the boundary

behavior of holomorphic functions is Lindel6f’s Theorem.

Theorem A.5.1 (Lindelof’s theorem). [18, Theorem 1.5.7, p. 26] Let f : D — C
be a holomoprhic function. Assume that f(D) is contained in a half-plane. Let
v :[0,1) = D be a continuous curve such that }gr% v(t) = & € T. Suppose that
%gl% f(v(t)) = L € Cw exists. Then éll_}rré f(z)=L.

A.6 Khinchine-Kahane-Kalton inequalities

Let {ry} be the sequence of Rademacher functions on [0, 1], which is defined in the

following way:
r(t) = sgn(sin(2Fnt)), k>0,

where given z € R, sgn(z) = 1if > 0, sgn(z) = 0 if z = 0, and sgn(z) = —1 if

z < 0. First, we set out the classical Khinchine’s inequality.

Theorem A.6.1. [27, Theorem A.2, p. 224] Let 0 < p < +00. Then we have

() ([l )

k

> Nern(t)
k

for any sequence {\¢} of complex numbers.
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The result we will state below is an extension of the Khinchine-Kahane inequality

to quasi-Banach spaces.

Theorem A.6.2. [/4, Theorem 2.1, p. 251] Let 0 < p,q < 400 and let X be a
quasi-Banach space. Then there are A = A(X,p,q) > 0 and B = B(X,p,q) such

that
1 P q 1/q
' o ( dt)
0 X X

> et fi

k
k
P 1/p
X
for any sequence {fk} C X.
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